





For the case where both RC-FEC and RL-FEC have the same time constant x. = x;
simulation was conducted to confirm the accuracy of the FWF general model proposed in

figure 5.17 and 5.20 and Matlab-Simulink circuit model.

B. Case #1: R=1Q: L=1H: C=IF: (K,x.) = (1,1);

C=—=1F, L=—=1H; R= |[==1
R*X¢ K=*C C
R 1
xL:Z_xC:R*C:1 (517)
K=L—C=wf=xLxC=xL2 = x.?

Simulation in figure 5.26 and 5.27 for Matlab-Simulink RC-FEC and its FWF model for

order 40 for lié‘l), ‘/1(11,1) with input voltage V; = 1V and load R = \/%, shows no

intermediate steady states and this due to the fact that
1

_ — 2 _ _ 2 _ 2
K—R—wf—xLxc—xL = X,

1
Xe = 28cpwp =x, =26 pwp and &y =&p = >

—y T

140 CEF-RC & 140 Mode!

G " L L 2 " L " L I i "

(8] 10 20 30 40 50 60 70 8o S0 100
Time:[s)

Figure 5. 26: Matlab-Simulink RC-FEC and FWF general model (Iit,’l), Vi=1V,R = \/%)
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0 10 20 30 40 50 60 70 80 g0 100
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Figure 5. 27: Matlab-Simulink RC-FEC and FWF general model (VY V; = 1V, R = \E)
The figures 5.28 and 5.29 show the behavior of all voltages in each capacitor (odd order) and
all currents of each inductor (even order) using FWF general model of figure 5.17 and

compared with Matlab-Simulink RC-FEC circuit (figure 5.16).

1.2 F

V39
Q
Y

V1, V3, V5,..,
=)
o

@
S

30 40 50 60
Time:[s]

Figure 5. 28: Matlab-Simulink RC-FEC and FWF general model (V\"V, v, V(i R = f =
C
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Figure 5. 29: Matlab-Simulink RC-FEC and FWF general model (189, 140, 10V R = \ﬁ)
RC-FEC and RL-FEC general model can be also derived based on the energy for each
capacitor and inductor.

For RC-FEC energy general model for n = 40 is presented.

1
(ec)(K'xc) —_— C(V(K xc))Z

2j+1 2j+1

(eL)(K xc) - L(I(K xc))

(e)S™ (g“‘ 9 (s))? (5.18)
(K, xc) 2

(ec)2j+1 wf

(e)yyis (9557 ()2

(e )(K xc) w}%

m

Below is the energy general model for RC-FEC n = 40 with input energy e;

(Kx.) (K.x.) (K.x.)
(eL) (ec) (eL)zg (8 )U“ )
c

m X K. —2, (KX)\2 (K.x

€; Z(Igg r‘c)) 2(9( Xe) )2 R wrl(gw ) (g3 c))Z
(Koo Ko
(ec)s (e, ) (gc)”“
_24, (KX _2, (K —2, (Kx)\2
o w2 (g5 ) o 072 (gl o 072(g{"") >

Figure 5. 30: n*® even order RC-FEC general model using energy wave between branches.
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5.7 Fibonacci wave functions applied to transmission lines
In the literature, several papers have studied and modeled the transmission cables [2] with a
variety of analytical methods but very few have noticed that Fibonacci numbers and especially

Pascal’s triangle can be used [2], [3].

It is well known that transmission cables can be modeled with a recursive LC depending on
the length of the cable. There have been studies to analyze the input impedance as well as the
load impedance to better understand the reflection phenomena when the input impedance is
different from the load. In [2], it was shown that in a transmission cable with a short—circuit
(R=09Q), the input impedance or admittance can be found using Pascal’s triangle for the case
L=1H and C=1F. This is a particular case of Pascal’s triangle general form detailed in Table
5.2 with K=1 and x, = <.

Table 4.6 is the Pascal triangle general form for boundary systems with the multiplication
coefficients based only on parameter K.

Below is an example of g;4(s) using Pascal’s triangle for Fibonacci boundary systems

dengﬁ’x) = 15 + 1xs13 + 13Ks'? + 12Kxs! + 66K2s'0 + 55K %xs°
+ 165K3s8 + 120K3xs7 + 210K*s® + 126K*xs> + 126K°s*
+ 56K°xs3 + 28K°%s? + 7K®xs + 1K’
deni’;’x) = 1513 + 1x512 + 12Ks'! + 11Kxs° + 55K2s% + 45K %xs®
+120K3s7 + 84K3xs® + 126K *s® + 70K *xs* + 56K°s®  (5.19)
+ 21K°>xs% + 7K%s + 1K%x
dent™ = 1512 + 1xs11 + 11Ks™0 + 10Kxs° + 45K258 + 36K ?xs’
+ 84K3s% + 56K3xs® + 70K*s* + 35K*xs3 + 21K°>s?
+ 6K>xs? + 1K°

For RL-FEC circuit in figure 5.19 for order 13 and 14
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K,
(Kxp) Kden( xL)(s)

(K,x )
(W) : 13 (S) N (K xL)( )
(K xL)
Kden; (s)
( )(K XL) _ — 95{: XL)(S) — TXL)_ (520)
(s)
R
X = XL = Z
For RC-FEC circuit in figure 5.16 for order 13 and 14
(kxo) _ g _ Kdeniy (o)
(—) =914 () = TC)(T
K x, (5.21)
( )(KxL) (K xc)( §) = Kdenﬁ ) )(5)
(K xc)(s)
X =X, = E

Note that depending on the Fibonacci circuit, either RC-FEC or RL-FEC, one can easily
determine the input impedance or input admittance for any order n and for both short-circuit
and open-circuit using only general Pascal’s triangle table 4.6 or (5.19), (5.20) and (5.21).
For the purpose of comparison with [2] for a short-circuit case (R = 0Q2), x, = < using RC-
FEC and x; = 0 using RL-FEC, equations (5.19), (5.20) and (5.21) become:
153 + 12Ks' + 55K?s° + 120K 357
k0) _ (K, 0)(5) — K +126K*s> + 56K°s3 + 7K°®s

(_ 141" = J1a 157% + 13Ks'2 + 66K 2510 + 165K358
+210K*s® + 126K°s* + 28K°®s% + 1K7

1512 + 11Ks10 + 45K258 + 84K 356
k0) _ (KO),  _ +70K%s* + 21K°s% 4+ 1K®
(_)m =913 () = K T3 K511 4 55K259 4 120K3s7

+126K*s5 + 56K553 + 7KSs

(5.22)
1512 + 11Ks10 + 45K2s8 + 84K 35
(1_0 (Keo) _ (K)o o, +70K*s* + 21K5s2 + 1K°®
cyree T e 0 1sB3 4+ 12Ks' +55K25% + 120K3s7
+126K*s5 + 56K5s3 + 7K 6s

1s't + 10Ks° + 36K2%s7
(Lo (Kem) (K oy +56k3s5 + 35K*s® + 6K s’
LI;713¢ 13c¢ 1512 + 11Ks10 + 45K258 + 84K 356
+70K*%s* + 21K5s2 + 1K6
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For an open-circuit (R = «.Q), x, = 0 using RC-FEC and for RL-FEC x; = <. Equations
(5.19), (5.20) and (5.21) become:

1513 + 12Ks1! + 55K2s° + 120K 3s’
I 4.5 5.3 6
(_")gl;,o) _ ggl:,o)(s) — K +126K 52 + 561{2 s1o+ 7K°®s —
CV; ¢ ¢ 1s1% + 13Ks1%2 + 66K %510 + 165K3s
+210K*%s® + 126K5s* + 28K6s2 + 1K7

1512 + 11Ks10 4+ 45K2s8 + 84K 3s°
Vo \(k0) _ (x0) +70K*s* + 21K5s2 + 1K
—)iqr = Gqa. = 5.23
(Lli)“C Gizc () = K= 1513 + 12Ks11 + 55K25% + 120K 3s7 (5-23)
+126K4s5 + 56K5s3 + 7K6s

1512 + 11K s10 + 45K?%s8 + 84K 35
Vo (ko) _ (k) +70K*s* + 21K5s2 + 1K©
e = el () = K g T 55K269 + 120K357
+126K%*s5 + 56K5s3 + 7K°®s

15t + 10Ks® + 36K2%s7
(ﬁ’_ (ko) _ (K@) oy ey +56K3s> + 35K%s® + 6K°s!
cy,/13L 13L 1512 + 11Ks10 4+ 45K 258 4+ 84K3s°
+70K*s* + 21K>s2 + 1K*®

Simulation for short and open circuit were conducted using FWF general model and Matlab-
Simulink RC-FEC and RL-FEC for n = 40 . y(*t=0, j(121=0) jO.xe=0) 1y (12e=0) o

shown in figure 5.31, 5.32, 5.33 and 5.34.

With open-circuit (R = «0Q) or short-circuit (R = 0Q) RL-FEC and RC-FEC, their
respective FWF general model show continuous oscillations for constant unit and for pulse
unit input and are exactly identical with Matlab-Simulink circuit model. These behaviors can
be used in reflection wave analysis related to transmission lines with load in matching

impedance, and with short load or without load.
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Figure 5. 34: Matlab-Simulink RC-FEC and FWF general model (I3, V; = 1V 35s pulse,R = » Q)

5.8 Conclusion

In this chapter, a complete LC ladder general model is highlighted as an application of
Fibonacci wave functions FWFs that was introduced in chapter 4. The importance for L.C
ladder comes from its application that can be found in the literature like lossless transmission
lines model, the sound propagation model in the ear and in quantum mechanics in the
understanding of the interaction between particles. The detailed model that is proposed for
each LC ladder branch with precise Fibonacci wave functions shows that the FWF general
model and its corresponding Matlab-Simulink circuit_ model are perfectly identical for each
inductor current and capacitor voltage with load, without load (R = 0€2) or with infinite load
(R = 0Q). The FWF general model using the charge in the capacitor and the flux in the
inductor for each branch is also presented for all charge and flux LC ladder branches.

The LC ladder input impedance and admittance can be derived using Pascal’s triangle general
form presented in section VII with defined coefficients K, x; and x.

Transmission lines, short-circuit and open-circuit were studied and simulated for both

Fibonacci model and Fibonacci electrical circuit to show that these are particular cases of the
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general model and their Fibonacci wave functions are easy to determine based on Pascal’s
triangle for short load (x, = @ and x; = 0) and for open load (x; = o and x, = 0).

The LC ladder general model for energy transfer between L and C in each section could be
used for many other applications that use lossless LC recursive circuit as model for more

research and analysis especially, in quantum mechanics, biology and communication.
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Chapter 6: Fibonacci wave functions application to spring mass chain

6.1 Introduction

In chapter 4, we introduced Fibonacci wave functions (FWFs). These functions have the
particularity of being irreducible, presenting multiple intermediate stationary regimes before
reaching the final steady-state. These steady states present oscillations with low amplitudes.
These FWFs have been created theoretically from a first-order transfer function source.

In this chapter, the Fibonacci spring-mass chain (FSMC) is introduced as another application
is presented. It has exactly the same FWFs than those mentioned in chapter 3 as mathematical
model. The Fibonacci spring-mass chain (FSMCs) can be used to model the interaction of
small particles in quantum mechanics and in fluid mechanics using this new FSMC general
model. This chapter will be divided into three major parts. Part one, will be dedicated to
FSMC theory. Part two will be dedicated to two case studies with one and two final steady
states. Finally, the last part will treat the FSMC general model and its simulation to highlight

the interaction between each mass based on its position in the chain.

6.2 Fibonacci Spring mass chain

Let’s recall that Fibonacci wave function source has the following form.

K

S+ x,

glm (s) = ©6.1)

K= w}g and Xm = 2 fmfa)f

The first order spring-mass is shown in figure 6.1:
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m
Fi | I—>vo

Figure 6. |: First order of FSMC

ks
22:—1 :i_ﬁ :_1_ K :_1_9(""%)(5)
F, ms+k, kss_l_ﬁ ke s+x, k!
m
(% (kxm) — K — g(k:xm) (S)
F;, 1 s+x, !
K=E=wf and xm=2§mfwf=E
m m

Where wy is the Fibonacci natural frequency.
$my is the Fibonacci damping ratio.

The transfer function of the second order FSMC shown below will be.

k., m
v >
Fp <«

ks

Figure 6. 2: Second order of FSMC

k:m
R Al GRS O,
v = (gl ms) + )y =
S

ks ksm
F k' m K k, m
) = = g0 ()
: s+
S+ X
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This transfer function is exactly that of Fibonacci determined in chapter 4. The transfer

function of third order FSMC is

m Lk m

Fi—)r

v, -—
ks

Figure 6. 3: Third order of FSMC

ksm (s + ggk’xm) (s)) v,

kxm
F; = (mgé * )(s) +ms)vo = .
N

KsVo (kxm) K _ (kxm)
s +

(

S+ Xm

The 4 order for FSMC transfer function.

Figure 6. 4: Forth order of FSMC

Koxm
1 oy, 5y m(s+88©)E
v = (k_g3 (s) +—)E) =
S

kg ksm
(i (k.xm) — K — g(’\’-,xm) (S)
my;”* s+ K R '
St——fx—
S+

S+ xXn

The 5" order for the FSMC transfer function.
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Figure 6. 5: Fifth order of FSMC

ksm (s + gik'xm) (s)) v,
ks

F = (m gik’xm) (s) + ms)vo =

kv K
(% gk,xm) — e — gék,xm) (S)
t S+ 7
S + 74
s+
S+

K
S+ X,

One can see that an n‘"* order F-Spring-Mass with n even will have speed as input and force

as output.
n=n,+n,

n, is the total number of springs in the chain.

n,, is the total number of masses in the chain.

m m kg m

Figure 6. 6: n*" even order of FSMC
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The FWF will be.

Fo tkxp) K (exm)
—), Y = ———— =g, " V(5) 6.5
(mvi " S+ gn-1)(5) In (6.5)

In the case where the circuit is of odd order n, the transfer function will be.

ksv, (kxm) K (kxm)
o E—————=y0, (s 6.6
(Fi S+ Gn-1)(s) g ) (6.6)
m m

Figure 6. 7: n** odd order of FSMC

In general, F-Spring-Mass chain with even order n has speed as input and force as output; it

has a final steady-state value m * x,,, of unit input speed.

For F-Spring- Mass chain with n odd order with force as input and speed as output has a final

steady-state value
sXm

The table below shows all FSMC FWFs.

Table 6. 1: F-Spring-Mass Chain Fibonacci wave functions FWFs

ks Vo, (ke xm) (k. Xm) ksv, (k. xm) (k. x ) K
. ’ = ’ S)= _— rml— m = —
( F 9 7m(s) s+ x. ( F, 7 NG 1s + 1x,,
Fo (k. xm)
: ), *
( 0 gk:xm) — ggk:xm)(s) — 7 muv; 2
mv; S —
St Xy (k,xm)( ) Ks + Kx,,
S) =
92 152 + x5 + 1K
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KsVo. tkexm) _ (k)
KsVo (kxm) _ (kxm) K ( £ )3 =93 (s)
( F 3 - g3 (S) = K 3
L S + —K
s+ Ks® + Ksx,, + K?
s+ x, =
153 + 1x,,52 + 2Ks + 1Kx,,
E) (kxm) (k.xm) K FO (k,xm) (k.xm)
CLm = gm(s) = (2 = gl ()
— 4 . ++ my,* 4
s+ ——p—
5++L Ks3 + Kxps? + 2K%s + K?xp,
s+x =
m 1s* + 1x,53 + 3Ks2 + 2Kx,,s + 1K2

Fo Stexrm) _ (kxm) oy K (e Kdenl ™ (s)
( n = Gn (S)_ (kx ) g m(s):
v " (s) " sdent™*m™)(s) + num(kx’")(s)
n even k, m

(RXm)( 5 = Kden( * )(s)

= —k ~
(ksvo (kxm) _ (k'Xm)(S) _ K den‘El * )(5)
Fi n = Gn - (k xm)(s)

n odd

From table 6.1, Pascal triangle general form in table 6.2 is used to determine each Fibonacci

wave function for any FSMC order.

Table 6. 2: Pascal's triangle general torm with coefficients of multiplication (k, x,,).

Kkt xk? < K* K3 x K¢ x K’ x KB

X 3K L)KZL) KJT_;MT_-) KST-—; KST_-> K7T-—-> KST—->

1 1 1
{ !
1 1 1
1 1
1 L
16 1 l 5
en 7 1 1 6
1 1 7 21 35 35 Ta—> |
1 1 8 28 56 0 T———)zs 8
1 ! 9 36 84 126 36
1 1 10 45 120T——)210 252 210
1 1 1 35 65 330 462
1 l 2 __)96 220 495 79
| Q S 78 286 715
- 1 1 364
1e 1 1 p!
de [ 1
de l
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Below is an example of g14 *m) (s) and gik xm)(s) using Pascal’s triangle Table 2.

den ™) () = 151* + 12,513 + 13K5™2 + 12K 2,51 + 66K 2510 + 55K 2x,, 5
+ 165K3s8 + 120K3x,,57 + 210K*s® + 126K *x,,,s° + 126K °s*
+56K°x,s% + 28K°s% + 7K%x,,s + 1K’

den™ ™) () = 1513 + 12,512 + 12K + 11K X520 + 55K25% + 45K 2x,, 58
+ 120K357 + 84K3x,,5% + 126K*s5 + 70K *x,,s* + 56K °s3
+ 21K°x,,5% + 7K®s + 1K%x,,

den(kx’")(s) =152 + 1x,,5'* + 11K5'0 + 10K x,,,5° + 45K?%58 4+ 36K ?x,,s”7
+ 84K3s® + 56K3x,,5° + 70K*s* + 35K*x,,5% + 21K5s?
+ 6K°x,s' + 1K°®

(6.7)
KX,
(Fo (kxm) _ (kxm)( )= den( ™) (s5)
muv; 14 (kxm)( )
K xm
ksv, (kxm) _ (kxy) _ den( * )(S)
( ) =0 )= den(k xm)(S)
k
Xm = Ev =2 ffa)f

6.3 Simulation of FMSC

Simulations were conducted for all Fibonacci wave function up to order 40 for FSMC to

confirm that these coupled spring mass chain follow the logic of a recursive Fibonacci

sequence detailed in chapter 4.
A. Case #1: k, = INs/m; m = 1kg, ks = IN/m; (K,x,,) = (1,1),

In this case we can easily calculate the parameters K and x,, or wy and &, to determine the

Fibonacci wave functions from the table using Pascal’s Triangle.
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Order 40 FWF taken as example is an even function, using Pascal's triangle to determine its

numerator and denominator coefficients as detailed in chapter 4 gives.

( Fo Stexm) _ glam) (g = K
mv, 40 40 o 93k Xm) (s)
(k.xm)
(Fo (6xm) _ o 06xm) oy Kdenyg™™ (s)
my;”*° 0 sden(k Am) (s) + numg];’xm) (s)
(kxm)
( Fo Stexm) _ gl (g) = Kdensyg™™ (s)
muv; 40 (kxm)( )

(k,xm)

Simulations of m * g,,"™ (s) model is illustrated in figure 6.8 below. The final steady-state

IS m* X, = 1.

T T T T r T
[
I'

1 - w,'.w--- 1 r | | n nw M‘d Vial ',‘ A I -ﬂu'l | P AR AAAAANAAA A AR A AP A e AAAAN ]

Output force F40
[=]
o]

0.4 - -
025 B
(a)Zoom |
0 | N . ) ) .
o 50 100 150 200 250 300

Time (seconds)



1.015 T T T T T T L T ™

1.01 F k

X 1.005 -
L
[+5)
2
b= i
=3
S=2
=
S
0.995 4
(b)Zoom 2
0.99 | -

300 350 400 450 500 550 600 650 700 750
Time (seconds)

Figure 6. 8: FMSC ( FisV = m » g6V (), v; = 1m/s)

In the same way the FWF g(k xm)(s) which is odd, is determined using Pascal's triangle.

(ksvo (kxm) _ (kxm)(s) K
; 39 kXm
F, s+ g™ (s)
kxm
(ksvo (kxm) g(kxm)(s) Kdeni(’,sx )(S)
— )39 39 K, Xm K. Xm
Fi sden( * )(s)+num§8x )(s)

ksvo (k K. Xm K den xm)(s)
CEON™ = g () = —p
4

(k xm)( )

1

Simulations of order 39 FSMC (U" exm) _ L g39 m)(s) is illustrated in figure 6.9. It is

. K
clear that the final steady-state is p =1

s*Xm
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Figure 6. 9: FSMC (v{;" = o g5V (s), F; = 1N)
6.4 N Order Fibonacci spring mass chain general model
The N%order F-Mass-Spring is perfectly modeled. All forces and speeds are perfectly
determined by the Fibonacci wave functions illustrated in section 1. The model is illustrated

in the figure 6.10 for order 40 and can be extended to an infinite Spring-Mass chain knowing

that each FWF can be determined using Pascal’s triangle general form in table 2.
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(k,xp) (k.xyn) (kxm) (kxyg)
Vi ng ™ (s) fuo U e " N U ) v
———] MYao > k_g39 (s) Mysg (s) k_g37 (s)
s s
(k.xm) X (k.xm)
i 1 ) vy (kXm) B 1 () w
“n mm X
> k_g3 (S) > ’n‘gz (S) k—gl (S) —>
s s

Figure 6. 10: n** even order FSMC Model using FWFs for each section for (vl(.k’x”‘), FI(.k'x”‘)) variables

This model can be presented with the variable momentum ugk‘x"') = mvj(k’x"') for each mass
k,
(k,Xm) — FI'( )

and position X;

; P related to each spring as shown in figure 6.11.
N

(kxm) pm) eam) o)
K Xpm) 39 38 (koxm) 37
i L ) © L mass () g1 mgss ™ (s)
— .k. 40 (S) > 39 " gggv'nv)(s) 37
s s
(k) (k) (kxXm) ()
X, (kx) ‘“3 X, (koxm) '“1 v
mgs (s) > _g(k.rm)(s) mg, (s)
k7

Figure 6. 11: n'® even order FSMC Model using FWFs for each section for (p'*™ xj(k'x'"))

j b

A. Case #2: k,=4 Ns/m ; ky=1 N/m; m=1Kg,; (K,xn) = (1,4),

105
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N
ik 3
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Figure 6. 12: FSMC general model for ng)"‘) with input v; = 1m/s)

1.2 ¢ .

FMSC Section v17

n L

o] 100 200 300 400 500 600 700 800 900 1000
Time (seconds)

Figure 6. 13: FSMC general model for v{5Vwith input v; = 1m/s)

The figures 6.14 and 6.15 show the behavior of all speeds for each mass (odd FWFs) and all
forces for each spring (even FWFs). Simulation shows also the delay of each branch based on

its position from the input source.
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Figure 6. 15: FSMC general model for (vgm), v(31'4),..,vg1§4).for v; = 1m/s)
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B. Case #1: k,=1 Ns/m ; ks=1 N/'m; m=1Kg;, (K, x,) = (1,1),

K
K:ﬁzw]%=xm; Xm =L2=1; ky, = Jmk; =1

The simulation in figure 16 and 17 below for the FSMC model for order 40 shows no

intermediate steady states and this is due to the fact that

FSMC for F40

FSMC for vd

k 2 2 1
K===wf=x," xpm=2¢{ws & ==
m f m > m ff f» ff 2
|f|
[

1 lw__; VM!‘M‘HWAJVM“M«WWWW.WM AP e
0.8} .
0.6 | -

|'

04 | .
o2k -
(U » N n X N N N 1

o 50 100 150 200 250 300 350 400
Time (seconds)
. . 1,1 .
Figure 6. 16: FSMC general model for Fg,o ) with imput v; = 1, k,, = /mky)
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Figure 6. 17: FSMC general model for v(gl'l)with inputv; = 1, k, = /mky)
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The figures 6.18 and 6.19 show the behavior of all speeds for each mass (odd order) and all

forces for each spring (even order) using general model of figure 6.10.
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Figure 6. 18: FSMC general model for Fgl’l), Fgl'l),..Fgldl)with inputv; = 1, k,, = ymk)
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EFSMC general model can be also determined based on the energy for each capacitor and

inductor. For FMSC energy general model for order 40 is presented.

1
k' m kl m
(em)gjfl) = Em(v(.x )2

1
Kk, xm K. Xm
(es)( .x ) _ (F( X ))2

2j - 2k 2j
(k.xm) (k.xm) 2
(e)sexm  (gfm(s)) o
(kxm) w2 (69)
(em)21‘+1 f
(K, xm) (kxm) 2
(em)STT (gT())
(kxm) Z
() wf
Below is the energy general model for FSMC order 40 with input energy (e)"*
(Kxm) m X v
(e5)a0 (em)g:) : (es g;? ) (“’rn)g.}‘;mJ
(Kox)
e); - Xm — . rn - X - (X
(e); w2 (gl my? o w2(gEmy2 | wr2(gEemye J o2y
(Koxm) (K.Xm) .
(e, i.«',r,,,) (em)3 (es5); (em (1“’")
> wfz(gél\'.xm))z > w/—'z(géh',mJ)z o w[-z(git'\‘_rm))z_>

Figure 6. 20: n*" even F-Spring-Mass Model using FWFs for energy transfer between sections.

6.5 FSMC with infinite and zero k,, viscous damper

Note that based on FSMC in figure 6.6, one can easily determine the transfer function for any
order n for infinite or zero k,, viscous damper using only Pascal’s triangle general form with
Xm = 0 or x,, = « shown in Table 6.3.

For x,, = o; k,, = oo. Viscous damper infinite resistance, Sections 14 and 13 in FSMC,

with (g)gﬁ’m) (s), (g)gg’oo)(s) are determined in (6.10).



1512 + 11Ks10 + 45K 258 + 84K 356
o F (k) _ ()69 (5) = i » +70K*s* + 21K5s2 + 1K°©

mv; 1513 + 12K5s11 + 55K25% + 120K 357
+126K%*s5 + 56K5s3 + 7K 6s
1s1 + 10Ks® + 36K2s7 (6.10)
ksv, (62) _ (=) +56K3s5 + 35K%s3 + 6K5s!
CF, = (9157 () = K 7o T 1K510 4 45K 25 + 84K3s°

+70K*s* + 21K>s% + 1K®

For x,, = 0; k, = 0. Viscous damper with no resistance, sections 14 and 13 in FSMC with

their FWFs (g)(k 0 (s), (g)(k 0 )(s) are shown in (6.11).

1513 + 12Ks™ + 55K2s% + 120K 3s7
Lo Fo (€0) _ (060 () = K +126K*s5 + 56K55% + 7KSs
my; 1514 + 13Ks12 + 66K2510 + 165K 358
+210K*s6 + 126K5s* + 28K6s2 + 1K7

6.11)

1s'? + 11Ks' + 45K2s® + 84K3s®
(k Voy(60) _ (9060 () = i +70K*s* + 21K5s? + 1K°®
Fi 1s13 + 12Ks11 + 55K 257 + 120K 3s7
+126K*sS + 56K5s3 + 7K 6s

Simulation of FSMC general model order 40 is shown in figure 6.21 and 6.22 for F¢”, and

v as an example with unit and pulse input speed

Table 6. 3: Pascal's triangle for Fibonacci FMSC boundary systems (k, 0) & (k, )

XK xk? xKd xK* xKS Kkt

TE den
den l =X
1 X ¢
1 =0
dan 1 =
1 5 AT P )
1 u T =
1 S S . s ) 8
0 i 36 > 12645 126 | 84 36
1 1 w:@zmmt ) 210 2
1 E B _.;si,f_:)lqi 7330 462 46
donl3 e 20 495 7
denid | ; 7 715
Ader I
1 )
ler 1
1
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Figure 6. 21: FSMC general model (F:.‘O), v;=1m/s, k, =0)
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Figure 6. 22: FSMC general model (F(;”, v; = 1m/s (pulse of 20s),k, = 0)
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Figure 6. 23: FSMC general model (v(211,0)’ v;=1m/s k,=0)

114



1

WU ‘
}‘H HHHHHH

QOutput speed v21
Q

h
——
s, T —
_
T ==
—
—_—

o 100 200 300 400 500 600 700 800 9200 1000
Time:[s]

Figure 6. 24: FSMC general model (vgll'o), v; = 1m/s (pulse of 20s),k, =0)

6.6 Conclusion

[n this chapter, we introduced a complete spring-mass chain general model using Fibonacci
wave functions FWFs that was developed in chapter 3. The importance of spring-mass chain
like LC ladder network comes from its application that can be found in the literature [35],
[36], [37] and [38] especially in quantum mechanics or fluid mechanics to understand the
interaction between the particles. The detailed model that is proposed for each spring-mass
section with precise Fibonacci wave functions can help understand perfectly the behavior and

the interaction between each section using the variables (v**™, F“*»)). The general model

using the momentum and the position is also presented for each section in the chain (uf"'x’"),

x].(k'x"‘)).

The particular cases when the viscous damper coefficient is zero or infinite were studied and
simulated. These cases are particular cases of general model and their Fibonacci wave

functions are easy to determine based on Pascal’s triangle with x,, = o and x,,, = 0.
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The spring-mass chain general model using energy between each spring and mass in the chain
is also presented to highlight the energy transfer from input source toward the last section in

the chain.
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Chapter 7: Fibonacci wave functions application to inverse LC ladder

network

7.1 Introduction
The FWFs have been created theoretically from a first-order original wave function. The goal
was to find transfer functions with high degree that cannot be reduced by any classical

reduction methods found in the literature in order to show the limits of these methods.

In this chapter, new electrical circuit application of FWFs called inverse Fibonacci electrical
circuits (1IFECs) are introduced to model perfectly the recursive inverse LC ladder network.

These IFECs can be used to model piezoelectric, [3], [6].

This chapter is organized as follows. Section II describes a general model of series resistive-
capacitive inverse Fibonacci electrical circuit (IRC-FEC). Section III presents a comparative
study of inverse Fibonacci wave functions (iFWFs) and Matlab-Simulink iRC-FEC. Section
[V describes a general model of parallel resistive—inductive inverse Fibonacci electrical
circuit (IRL-FEC). Section V gives a comparative study of iIFWF and Matlab-Simulink
circuit model iRL-FEC. The n'" order iRC-FEC and iRL-FEC models are presented in section

VI

7.2 Inverse RC Fibonacci electrical circuit (iRC-FEC)

The original Fibonacci wave function has the following form.

K

(k.xc)
§) = ——
9-17() s7l 4 x,

(7.1)
K= a)}% and  x. = 2§ fwy
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The first order electrical circuit RC-FEC is presented in figure 7.1.

}-I—‘—"—l
T

Armplitude
Figure 7. |: First order iIRC-FEC

I, Cs 1 LC 1 K 1 s
_— = = — = — :—g(K' C)(s)
Vi 14+RCs Ls™*+RC Lst+x. L7771
Ll x . K Kxe )
(70)(_1; ) = P gglx )(S) (7.2)
A [

K=LC and x.=2¢;wf=RC

The second order RC-FEC circuit diagram is shown in figure 7.2 and its wave function in
(7.3).

Figure 7. 2: Second order iRC-FEC

C (s"l + giK'xC) (s)) v,
LC

1
— (K.xc) - —
=7 (g5 ) + s, =

cv, K Koxg
G = r—=0%"0)
i s~ 1 4

(7.3)
s™1 4+ x,
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The wave function of the third order RC-FEC (7.4) is derived from circuit diagram presented

in figure 7.3.

c c
\ \ |
Il—"' r e ‘1‘ r

‘ ]

1

Volage

Figure 7. 3: Third order iRC-FEC

L (s + ggK’xC) (s)) I,
LC

Vi = (€ g9 (s) +sC)V, =

Li, (K.x¢) K (K.xc)
(71_)_3 = K =9_; (s)

(7.4)

sTU+ x,

One can see that an even n‘" order iRC-FEC (figure 7.4) will have current as input and

voltage as output.

n=n.+n, (7.5)

n. is the total number of capacitors in the circuit.

ny, is the total number of inductance in the circuit.

Curent

Figure 7. 4: n** even order iRC-FEC
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The iFWF of this circuit is.

cv,

(K.xc) _ (Kxc)
( 1 )—nx = -1 (K.xco) - g—nx (S)
i O g_(n_l)(s)
For nt"* odd order, the wave function is.
LIO (Kxe) _ K _ (Kxc)
(7)—11 R (K.xc) =d-n (S)
i N €]

Volage

¢

=]

—=—UH—-LT—)I—~T----«I—;I—*°—T—)
@Vi L L L

1]

!

Figure 7. 5: n** odd order iRC-FEC

(7.6)

(7.7)

In general, n'" even order iRC-FEC has current as input and voltage as output. In the same

time the n'" odd order iRC-FEC has voltage as input and current as output.

Table | shows all iIFWFs in RC-FEC case.

Table 7. 1: iRC-FEC Fibonacci wave functions

(%)(K:xc) — (Kxg) — K (%)(K’XC) = (Kxc) = —K
v, 't -1 571+ x, v, ! -t 15714 1x,
(CVO)(K:XC) — (Kx¢) — K 1
[i -2 2 S_l K (%)(K:xc) — (K.xc) - Ks + Kxc
sTh+ x, [ 72 2 1572+ 1x.s7 1 + 1K
Llo kxoy _ ko)
(7)—3 — Y3
i L, (Kxe) _  (Kxg)
K (F)-3" =9
= t
o1 4 K = B Ks™ + Kx.s7'+ K?
sTh = . T 1s3 4+ 1x.572 + 2Ks™1 + 1Kx,
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CV,

(Kxe) _ (Kxe)
( ) -4 Vo, (x, xe) . (Kxe)
X - ) 4
:S—l + K K _ Ks™3 + Kx.s72 4+ 2K%s71 + K?x,
STt ——— 15~ + x5 ° + 3Ks 2 + 2Kx.s ' + 1K?
S 5T,
(%)(_l;,xc) _ (_’:{Xc) _ ; (K.xc)
/; sTH+ g(lzrfc)l)(s) (K xc)(S) = Kden ("El)(s)
n even ‘1den(_'§;ff)l)(5) + num' (n 1)(5)
(Li)(“‘) (S I SN
Vi), O Ty g% (s) o,y _ KAl ()
n odd 9o ) = W

7.3 Simulation of iRC-FEC AND iFWFs
Simulation studies were conducted to compare the previous electrical circuits using Matlab-
Simulink model and with inverse Fibonacci wave functions. The studies confirm that these

circuits follow the logic of a recursive Fibonacci sequence and can be modelled by iFWFs.

A. Case 1: R=1€2: L=1H; C=IF; (K,x.) = (1,1);

In this case (K, x.) = (1,1). Pascal’s Triangle in Table 2 will be used to determine all iIFWFs.

iIFWF of order 14 taken as example is an even function, its numerator and denominator

coefficients are expressed in (7.8) using Table 7.2 with s 71

with s as Laplace variable.

Using Table 7.2, iFWF order 14" is
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K,
(K70 _ g Wxo) Kden 79 (s)
( ) 92147 (s) = T)()

den'™ xC)(s) 13 4 1x,sT2 + 12Ks71 + 11K x5 720 + 55K2s7° + 45K %x,s 78
+ 120;(35~7 + 84K3x,578 + 126K*s™> + 70K *x.s™* + 56K5s3 (7.8)
+ 21K Px.s72 + 7K®s™1 + 1K°x,

den(KxC)(s) =157 + 1x,s7 13 + 13Ks™ 1% + 12Kx,s 711 + 66K?5710 + 55K 2x, s~

+ 165K3578 + 120K3x,577 + 210K*s™® + 126K *x.s7°>
+ 126K°s™* + 56K5x.573 + 28K°®s7%2 + 7K®x,s~ 1 + 1K’

Using Table 7.3, iFWF order 14" is

(CV (Kxe) _ (Kxc)( 5) = Ks den13 xC)(s)
Ii 14 (Kxc)()

den(K *(s) =1+ 1x.s' + 12Ks? + 11Kx.s3 + 55K2s* + 45K 2x,s5 + 120K 356
+ 84K3x,57 + 126K*s8 + 70K *x.s° + 56K°s'0 + 21K >x s! (7.9)
+ 7K®s'? + 1K6x, s'3

denl®™ ) (s) = 1 + 1x.s' + 13Ks2 + 12Kx.s3 + 66K 2s* + 55K 2x,s5 + 165K 3s°
+120K3x,s7 + 210K*s® + 126K *x.s® + 126K°s10 4+ 56K °x s!
+ 28K°%s12 4+ 7K6x.s13 + 1K 7514

Table 7. 2: Pascal's triangle general form with multiplication coefficients (K, x,.).

x K3 x K3 x K® xK’ v K8

*X _)KL T_)zﬂt_;x“t_) AST__> Kﬁt_.) K7T__> KQL—)

713

1 1
1 1 1
1 1 2
4 1 1 3
5 ] | 4
1 1 5 10 1
7 ! 1 6 15 20 15 6 1
1 1 7 21 35 Ta—> 1
! | 8 28 56 T__) 8
{ 1 1 9 6 84 126 f_) 126 6
] 1 1 10 45 120 210 252 210 2
1 1 11 65 330 462 162
3 1 1 m 495 79
id i
1
1
1
1
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Table 7. 3: Pascal's triangle general form Inverse with multiplication coefficients(K, x,).

K¢ xK? Kt tK® 1 K& K’ 196
X i K2¢<—— K3t——K“ i<—— K5¢<—— ke L K’ ¢<— K® L—

TF den
denl 1 |
den 1 1 1
den ! 1 2
dend ! | 3
dend ! 1 4 4
dend 1 1 5 10 10 5
der 1 1 6 15 20 15 1-
den§ 1 1 7 21 35 35 1 4—----1 &1
deng 1 1 8 28 56 70} €5 f(-----zsv 8
denl( 1 I 9 36 B4l G- 126V G- 126V 84 36
denl] 1 I 10 451120V 200y 252 210 2
1 1 11, €-=53Y ,__165v 330 462 y
L2 | '<,_-.56v 220 493 792
i ] L (. 13V 78 286 715
1 1 15 103
dey 1 1 |
den! 1

Simulations of ( )(1 2 ——*g(l,,té)(s) IFWF and iRC-FEC Matlab-Simulink electrical

circuit order 40 are illustrated in figure 7.6.

o2 | (a)Zoom | 1

IRC-FEC Model and iFWF order 40

8] 20 40 60 80 100 120 140
Time in:[s]
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Figure 7. 6: iRC-FEC ( )“4},) == Ly g% (s) with I; = 14)
The (I")(KxC) *g(lgga(s) which is of odd order, will be determined using Pascal's

triangle table 2.

Simulation results of (—)(1 = * g(13(19)(s) and iRC-FEC electrical circuit order 39 are

identical as illustrated in figure 7.7.
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Figure 7. 7: RC-FEC (2 )(1 9 =1+ g% () with v, = 1v
7.4 Inverse RL Fibonacci electrical circuit (iRL-FEC)

IRL-FEC is determined in the same way as RC-FEC. The first order circuit in figure 7.8 and

its IFWF is presented in (7.10).

d

T

Figure 7. 8: First order iRL-FEC

v, sL 1 LC 1 K 1 kxp
I —1+£:E —1+£:ES_1‘|'9CL:EQ_1 ()
S R S R
ANCED) K (K1)
GOEY = =i (7.10)
L
KZLC and X = Zfo(L)f :E

K=LC= x.x, = 4gcffow,%

1
fcffo ZZ
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The 2" order RL-FEC will be defined with current input and voltage output (figure 7.9) and
its IFWF expressed in (7.11).

] ]
Lgné
1 9

Volage
Figure 7. 9: Second order iRL-FEC
(K.xp)
V-=1( Wx) oy 4 g 1)1 :L( T 9, (S))I"
C ¢ LC
(7.11)
Ll, x K
GO = =95
sT+x,

The third order iRL-FEC will be defined with an input voltage and output current (Figure
7.10) and its iFWF in (7.12).

C

oe—) |—=s

J ,1 |
}- g
‘1

]
%

i
Curent
Figure 7. 10: Third order iRL-FEC
(K.xp)
C ( +g- (s)) v,
1 2 0
I (K xp) 1 —
Il—L( () +571) Vp = (7.12)
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cv, K K
(= = e = g% (s)

sTl 4+ x;

In general, iRL-FEC with an even n‘"order in figure 7.11 has voltage as input and current as
output. We have.

n=n,+n

where n. is the total number of capacitors in the circuit, and ny, is the total number of

inductance in the circuit.

ES B

Figure 7. 11: n** even order iRL-FEC

The wave fonction is:

L[o (K.xp) K (K.xp)
(Vi)—n Y= (Kxp) =9G-n ‘ (S)

PCER (7.13)

iRL-FEC with nt" odd order (Figure 7.12) has current as input and voltage as output and its

wave function is expressed in (7.14).

Vo (k.x1) K (K.xp)
()= =g-n " (s)
I; n o1 +g(_’§;ff)1)(s) n (7.14)
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Figure 7. 12: n** odd order iRL-FEC

Table 7.4 shows the iIFWFs in the case of a RL-FEC.

Table 7. 4: IRL-FEC Fibonacct wave functions

o, o« p K
oyt _ gotmy K CE™ =08 = i,
Lot -t s+ x L
Llo kxyy _  wxy) _ K
(7)_2 =9, T
sT1 4+ m (ﬂ)(K,xL) — (K.xp) - Ks + KxL
L 2 -2 1572 4+ 1x,5 + 1K
( )(KXL) (K.xp)
-3 (CV YK K
K Ii -3 -3
T N K _ Ks™2 4+ Kx;s™' + K2
s—1 4 K 1s73 + 1x,s72 4+ 2Ks™ 1 + 1Kx,
s 14+ x
Llo k) _ k)
(7)—4 — Yy
K K,
K ( )( XL) £4XL)
s-1 4 K o _ KsT 4 Kxs? 4+ 2K+ K
s71+ ¢ 1s~* 4 1x,573 4+ 3Ks? + 2Kx;s™1 + 1K?2
s+ T T
s +x;
(ﬂ)(rm) oK) K
;" - ST+ g (-1 (S) ko)
n even (K,xL) _ Kden_(n Ll)(s)
() = s~1den ¥~ (s) + num %) ()
(%)(K,xL) _ o (Kx) _ K —(n-1) —-(n-1)
L o ST+ G- (8)
n odd
(K.xp)
(KXL)( 5= Kden_(n 1)(s)
o (K xL)( )

128




7.5 Simulation of iRL-FEC and iFWFs

Simulations will be made with the same values as iRC-FEC in the previous paragraph

A. Case #1: R=1€: L=1H; C=IF: (K,x,) = (1,1).

(1,1)
Simulations of the iIFWF (“")
Vi/_4

= g%V (s) and iRL-FEC Matlab-Simulink electrical
0

circuit of order 40 are shown in figure 7.13. Results are identical in iIFWF and iRL-FEC
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Figure 7. 13: iRL-FEC (‘)(_40) 290 ). V=1V
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The iFWF (f—)

i

(1.1)

g(13;)(s), is shown in figure 7.14 with its equivalent Matlab-

-39

Simulink electrical circuit iRL-FEC order 39. Again, simulation results are identical between

IFWF and iIRL-FEC.

iRL-FEC mode! and iIFWF order 39
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Figure 7. 14 iRL-FEC (%2) " = 2 g% (s) with I, = 14)
39

il

An n'" order iRL-FEC and its iIFWF behaves exactly the same way as an n'" order RC-FEC

and its iIFWF only i’ x; = x,.

(—

CV)(Kxo gUea) (“ YKxD) 0

Tn n n n Y withx, = x,
I; Vi
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X, =x,=—==RC (7.15)

IRC-FEC & IRL-FEC models and iFWFs order 40
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Figure 7. 15: iRL-FEC and iRC-FEC order 40 ; ((3)(“) =29%0 (), Vi = ) (D% = 27 9% ),
i’ _40 i
I, = 14))
7.6 N*" order inverse LC ladder iRC-FEC and iRL-FEC general model
The n*"order iRC-FEC and iRL-FEC are perfectly modeled. All voltages through each

inductor and currents through each capacitor are perfectly determined by inverse Fibonacci

wave functions illustrated in section II. The model is illustrated in figure 7.17 forn = 40 and
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can be extended to an infinite order knowing that each iIFWF can be determined using

Pascal’s triangle general form in table 7.2 or 7.3.

S ﬁiﬁamj

l V4OJV38
RN A

1 ]

Current
Figure 7. 16: n** even order iRC-FEC
(Kxc) (Kxc) (K.x; (Koxc)
I, 1 A Ly 1 Vg ly;
! K (K (Koxe) Kxc)
—9%a7© L0 2d 5 20%9s
V4(K,xc I§Kxc) Vz(Kxc) I 1(Kxc)
N (K»xc)(s N (K-"-L)(S R (Kxc)(s >
L C

Figure 7. 17: n*® even order iRC-FEC Model using iFWFs for each current and voltage branch.

In the same way, the iRL-FEC model is illustrated in figure 7.19 below for n = 40.

r I
v -

P - *I”?‘ﬁ‘ﬁ

@“” Vaf L L L =
1.1

\/

Volage
Figure 7. 18: n** even order iRL-FEC
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Figure 7. 19: n*® even order iRL-FEC Model using IFWFs for each current and voltage branch.

Simulation was conducted for 1RC-FEC Matlab-Simulink circuit model and the
corresponding general model for n = 40 to confirm the accuracy of the proposed model for
all currents and voltages. Note that the general model can be applied to any order n of the

iIRC-FEC and any order n of iRL-FEC.

A. Case #2: (K,x.) = (1,4), R=10Q2.

K =LC=wf=xx

xC
C="L=04F (7.16)
R
L=2_2sH
=Z=2
L 02s
xL_R_ .

The figures 7.20 and 7.21 show simulation of the general model and Matlab-Simulink iRC-

4)

FEC for voltage V,,f(ol‘d')and the current 1,,({(1)’ through the inductor for the case (K,x,.) =

(1,4). The figures 7.22 and 7.23 show simulation of the current 13%’4)and the voltage 113(91’4)

through the capacitor.
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Figure 7. 22: iRC-FEC circuit and general model for 1%’4) with input I; = 14
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Figure 7. 23: 1RC-FEC circuit and general model for V%’” as integral ofl%’” with input I; = 14

iIFWFs model presented in figures 7.24 and 7.25 are exactly the same as the IRC-FEC Matlab-
Simulink circuit model of all inductors voltages and all capacitors currents and its
corresponding iIFWF. Thus the iRC-FEC and iIRL-FEC can be shaped for any order due to
the fact that every order is well defined with its inverse Fibonacci wave function precisely

determined from Pascal’s triangle general form table 7.2 and table 7.3.
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Figure 7. 24: Matlab-Simulink iRC-FEC and general model (V§1'4), Vgl’4), o V‘(‘lo‘@) across inductors

135



1 F

0.8

Z osf
(=)
£

= 04k
O
—
a

[ p ) 0_2 -
=
[ i
(4]

[} O -
LLl
G

0D .4 -

-D.6 -

Timé in:(s]

Figure 7. 25: Matlab-Simulink iRC-FEC and general model (151’4), I§1.4)‘ o 1519'4)) across capacitors

For the case where both iRC-FEC and iRL-FEC with the same time constant x. = x;.
Simulation was conducted to confirm the accuracy of the iIFWF general model proposed in

figures 7.17 and 7.20.

B. Case #1: R=1Q,; L=1H ; C=IF: (K,x.) = (1,1):

1
C= =1F
R * x,
1
L:K*Cle
L
X, == =X =RC=1 (7.17)
L
R = Ezl

K=LC=wf=xx=x7"=x"

1
Xe = 2pwp = x;, = 28 pwp 5 S =§ep = 5
Simulation in figures 7.26 and 7.27 for the iRC-FEC and its model for order 40 show no

difference between the general model and Matlab-Simulink iRC-FEC for voltage V4(01'1)and

the current Iié’l) through the inductor for the case (K, x.) = (1,1)
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Figure 7. 26: Matlab-Simulink iRC-FEC and general model (Vit", I; = 14,R = \/%)
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Figure 7. 27: Matlab-Simulink iRC-FEC and general model (1%‘1), I;=1A,R = \/%) as integral of V%’l)

Simulation in figure 7.28 and 7.29 for the iRC-FEC and its model for order 40 also show
no difference between the general model and Matlab-Simulink iIRC-FEC for the current

Ié;’l)and the voltage 113(91’1) through the capacitor for the case (K, x.) = (1,1)
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FEC and general model
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V39 with IRC-FEC and general model as integral of 139

Figure 7. 29: Matlab-Simulink iRC-FEC and general model (V3" I, = 14,R = \E) as integral of I
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Figure 7. 28: Matlab-Simulink iRC-FEC and general model (IS5, I; = 14,R = \E)
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Simulation in figure 7.30 and 7.31 for the iRC-FEC and its model for order 40 show no

difference between the general model and Matlab-Simulink iRC-FEC for the voltage

lg(g'l)and the current Ié(l,’l) through the inductor for the case (K, x.) = (1,1)
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Figure 7. 31: Matlab-Simulink iRC-FEC and general model (l%’l), I; =1A,R = \/%) as integral of Vglo'l)

Figures 7.32 and 7.33 show the behavior of all voltages in each inductor (even order) and all
currents of each capacitor (odd order) using general model of figure 7.17 and compared with

iRC-FEC circuit (figure 7.16) for (K, x.) = (1,1).
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Figure 7. 32: Matlab-Simulin iIRC-FEC and general model (V(Zl'l), Vil'l), . Vildl), R= \E) across inductors
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Figure 7. 33: Matlab-Simulink iRC-FEC and general model (I, 1¢, ., IV, R = \E) across capacitors

7.8 Controller Design new Approach applied to iFWFs
The controller design new approach developed in chapter 3 will be applied to these iFWFs

based on their first order transfer function source.

[ =

-1 - —1 _
shx 1
X
L
x=xC:RCorx=xL=E

9% _ @

(7.18)

s 1
s+x

From equation (4.10), coefficients K,,, K; will be determined based on the first order of

equation (7.18).

28wn—(2) w3
= —F ;K =—% 7.19
p &) NS (7.19)
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This controller will be designed for the two cases studied previously (K,x) = (1,1) and

(K,x) = (1,4) and applied to all recursive inverse Fibonacci wave functions.

The closed loop transfer function controller based on equation (7.18) will be.
Kiy 1
C(s) = (Kp + -3 (7.20)

A. Case #1: (K,x) = (1,1).

The choice of w,, should be outside the resonance and anti-resonance frequencies. The chosen

wy is 100 rad/s. For & = 2, the coefficients of the controller using (7.19) are :

K,=399 ; K;=10000 (7.21)

Simulation was conducted in closed loop of all iFWFs systems g(_ll’l) (s),..... g(_l,,f)) (s), the

outputs are exactly the same as shown in figure 7.34.
B. Case #2: (K,x) = (1,4).

From bode figure 4.20, the choice of w,, should be outside the frequencies of resonance and
anti-resonances. The choice of w,, is 250 rad/s and ¢ = 2, and the coefficients of the

controller using (29) are :
K, =3999 ; K;=250000 (7.22)

A simulation was made in closed loop of all FWFs systems ggl'd’) (s), ..... gglo'd’)(s), the

outputs are exactly the same as it is in figure 7.34.
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Figure 7. 34: Output response in closed loop of FWFs ggl’l)(s), ggldl)(s), ggm)(s), ..... gglo"’)(s).
7.9 Inverse Fibonacci boundary wave functions
In the same way as LC ladder network presented in chapter 5 and spring mass chain presented

in chapter 6, the inverse LC ladder network wave functions can be determined easily from

)

Pascal triangle general form. Below is an example of ggkl': using Pascal’s triangle in table

7.2.
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den(_kl'ﬁ) =1s M+ 1xs 13 + 13Ks™ 12 4+ 12Kxs 1 4+ 66K?s™ 10 + 55K ?xs~°
+ 165K3s78 + 120K3xs™7 4+ 210K*s ™ + 126K *xs ™% + 126K°s™*
+ 56K°xs ™3 + 28K6s72 + 7K%xs™1 + 1K’
den®) = 1571 + 1xs ™2 4 12Ks ™1 + 11Kxs ™10+ 55K %57 + 45K °xs ™0 + 120K 7 55,
+84K3xs76 + 126K*s™5 + 70K *xs™* + 56K5s 3 + 21K%xs 2 + 7K®s™1
+ 1K°%x
den™® = 15712 4 1xs™ + 11Ks ™20 + 10Kxs™ + 45K2578 + 36K2xs~7 + 84K 355
+ 56K3xs7% + 70K*s™* + 35K*xs ™3 4+ 21K%s 72 + 6K xs™ ! + 1K°®

For iRL-FEC in figure 7.19 for order 13 and 14.

(K.xp)
oz = gl = KLers ©
1i -13 _13 (K xL)( )
(KxL) (K.xp) Kden xL)(s) (7.24)
G = g0 = T
X =Xx, = E
For iRC-FEC circuit in figure 7.16 for order 13 and 14.
(KXL)
. Kden' (s)
( )(Kxc) _g(fi: )(S) T
(s)
(7.25)
(loytom) _ gy = u
Za enl<) ()

x=x.=RC

Note that based on which Fibonacci circuit, either iRC-FEC or iRL-FEC, one can easily
determine the input impedance or input admittance for any order n and for both short-circuit
and open-circuit using only Pascal’s triangle general form.

For a short-circuit (R = 0Q2), x, = 0 using iIRC-FEC and x;, = o using iRL-FEC. Equations

(7.23), (7.24) and (7.25) become.
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15712 4 11Ks™ 10 + 45K2578 4 84K35~6
(_)(klff 9K 5y = o _FTOKAS™ 4+ 21K572 + 1K

15713 + 12Ks 11 4+ 55259 + 120K 3s~7
+126K%s™5 + 56K5s73 + 7K6s1

1s™1 4+ 10Ks™° + 36K2%s77
LYo (ko) _  (Koo),  _ +56K357°> 4+ 35K%s73 4+ 6K3s7 1!
( ) 130 = 9130 () = K 7m0 9305710 457575 1 84K 350
+70K%s %+ 21K5s 2 + 1K®©

15712 + 11Ks 10 + 45K2578 4 g4K357°
(KO0) _ (K0,  _ +70K*s % 4+ 21K%s7% 4+ 1K°®
( ) 13c = 9-13¢(8) = K g eI S5 k2579 1 120K35
+126K*s~5 + 56553 + 7K65-1

1s™ 183 +12Ks 11 + 55K257% + 120K3s 7
(K0) _ (KO) o\ _ +126K*s™> + 56K3s73 + 7K6s!

( ) Tac = 9-1ac(8) = K * T3 30517 1 66K 2510 + 165K 7579

+210K*s~ 6 + 126K5s~* 4+ 28K6s~2 + 1K7

For an open-circuit (R = «0.Q), x. = o using 1IRC-FEC and for IRL-FEC

Equations (7.23), (7.24) and (7.25) become.

15712 + 11Ks71% + 45K%s78 4+ 84K3s~©
cv, 4_.—4 5.—2 6
(Ko) _ (Koo), N _ +70K*s % 4+ 21K%s %2 4+ 1K
= I; oise = 9t ) = KX o= o s 1T 1 55K2579 4 120K75°7

+126K*s™> + 56K°s~3 + 7K6s™1

1s™ 1 4+ 10Ks™° + 36K?%s77
Ll, 3.-5 4.-3 5.-1
(Ko) _  (Ko®), N _ +56K357> 4+ 35K*s3 + 6K°s
G D-ise = 905 () = K 1o s 10 4 45K75 5 + 84K 350
+70K%s %+ 21K5s2 + 1K®©

15712 + 11Ks7 1% + 45K%578 + 84K3s7°
ooy _ o), _ +70K*s™* + 21K5s 2 + 1K~©
( ) 130 = 9130 (8) = K T3 =TT § 55K2579 1 120K35
+126K*s™> + 56K°s™3 + 7K6s™1

15713 4+ 12Ks 11 + 55K257° + 120K3s™7
Llo (ko) _  (K0), . _ +126K*s™> + 56K°s™3 + 7K~°
( ) 10 = 910 () = K e a1 o6 K25 10 4 165K 350
+210K4s 64+ 126K5s 4 4+ 28K6s=2 + 1K~7

(7.26)

(7.27)

These Boundary wave functions can be also derived easily from Pascal triangle general

form as shown in the table below.
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Table 7. 5: Pascal's triangle general form Inverse for boundary iFWF with (k, 0) & (k, ).
xK Kt xK? Kt xK® x K® K’ K8
X <——K¢<—K2¢<— K3LK“L— KSlé— K L—— K’ lé— K L-'

v=x denld

(=x denld

|x=0 denl3
/[x=0 denis

o
S
— e e e e e b e = e s e
O 00~ N W e 0 D

denl3
denld
denl7
denl§

Simulation for short and open circuit were conducted using general model, iRC-FEC and

IRL-FEC forn =40 . 1/3(31’xL=0), 13(;’”:0), ‘/,J,((,l'xc=0), [2(;,x6=0) with their respective integral

10y (Lm0 xe=0) 1y (xe=0)are shown in figures 7.35, 7.36, 7.37, 7.38, 7.39, 7.40,

7.41 and 7.42.
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Figure 7. 35: iRL-FEC and general model (VY V; = 1V, R = o0Q)
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Figure 7. 37: iRL-FEC and general model (I3, V; = 1V, R = w0Q)
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Figure 7. 38: iRL-FEC and general model (Vglz'o), V; =1V, R = Q) as integral of I§12’0)
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7.10 Conclusion

In this chapter, a complete inverse LC ladder general model based on Fibonacci wave
functions iFWFs was introduced. The importance for inverse LC ladder comes from its
application that can be found in the literature like piezoelectric. The detailed model that is
proposed for each inverse LC ladder branch with precise inverse Fibonacci wave functions
shows that the simulation and the model are perfectly the same for each inductor voltage and
capacitor current.

The inverse LC ladder input impedance or admittance can be derived using Pascal’s triangle
general form presented in two forms in Table 7.2 and Table 7.3 with defined coefficients K,
x; and x..

Short-circuit and open-circuit were studied and simulated for both inverse Fibonacci
boundary wave functions and its Fibonacci electrical circuit to show that these cases are
particular cases of the general model and their Fibonacci wave functions are easy to
determine based on Pascal’s triangle presented in table 7.3 for short load (x, = « and x, =

0) and for open load (x;, = o0 and x. = 0).
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Chapter 8: General conclusion

8.1 General conclusion

This research presents new reduction method based on first order transfer function
approximation. It can be extended to all systems with different type of outputs having different
type of overshoot and oscillations. The concept of similar systems was introduced for the first
time to overcome all mathematical equations needed to model the complex systems and to
avoid classical reduction methods that are based on the knowledge of the transfer function of
the real system. These classical reduction methods use different mathematical theories to
reduce the original systems to an identical reduced system like pade approximation [3], [8],
pole clustering [4], [17] and integral square error (ISE) [1], [6] and many others in the

literature [2], [S], [10], [14-19].

The proposed new reduction method is based on predefined elements v, w2, w3, w4, ws and
we that characterize the real and the approximated system. These weighted elements are
determined only from the complex system output response.

Simulation results in closed loop for the five investigated case studies show the
performance of the new reduction method even if the approximate system is not identical.
The fact that both real and approximated systems are similar in their significant weighted
elements, allows designing controllers based on the approximated first order system. The
design and the implementation of a PI controller using this approach and applied to the real
system show impressive results. The Pl controller was chosen because of its simplicity to

design and implement when applied to a first order system. Another controller type could be
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chosen to control these complex systems since it will be based on this approximated first

order.

Specific systems called Fibonacci systems FWFs with high degree of their transfer functions

have been highlighted from a source of first order transfer function. These FWFs have

interesting behaviors.

v

The coefficients of their denominators perfectly follow the golden triangle or Pascal’s
triangle and they also respect the golden ratio ¢ = 1.618

Their poles are located in harmony with each other following the Fibonacci pattern
and specific distribution for theirs real and imaginary parts.

Frequency spectrum of these FWFs present resonance and anti-resonance frequencies
perfectly ordered in harmony with each other.

Their output responses present multiple intermediate steady states. Theirs final steady
states have continuous oscillations with low amplitudes.

These Fibonacci systems are irreducible. It is impossible to reduce their transfer

functions to a second or third order degree.

Each FWF system g,(lK‘x) (s) has two Fibonacci boundaries 91(11{,0)(3) and g(K'OO)(s)

n

that can be determined from Pascal’s triangle.

The application of any reduction method in the literature as Pade approximation method, the

integral square error (ISE) or other methods cannot reduce such systems to a second or third

order system.
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By applying the controller design new approach to these systems based on their source of
first-order transfer function, the simulation results in closed loop are very impressive for the

fact that all output responses are perfectly same.

In this research, a complete LC ladder general model based on Fibonacci wave functions
FWFs was introduced. The importance for LC ladder comes from its application that can be
found in the literature like lossless transmission lines model, the sound propagation model in
the ear and in quantum mechanics to understand the interaction between the particles. The
detailed model that is proposed for each LC ladder branch with precise Fibonacci transfer
functions shows that the simulation and the model are perfectly same for each inductor current
and capacitor voltage. The general model using the charge in the capacitor and the flux in the
inductor for each branch is also presented for all charge and flux LC ladder branches.

The LC ladder input impedance or admittance can be derived using Pascal’s triangle general
form presented in section VII with defined coefficients K, x; and x,.

Transmission lines, short-circuit and open-circuit were studied and simulated for both
Fibonacci model and Fibonacci electrical circuit to show that these cases are particular cases
of general model and their Fibonacci transfer functions are easy to determine based on
Pascal’s triangle for short load (x, = o and x; = 0) and for open load (x; = o and x, = 0)
and Table 3.1.

The inverse LC ladder network was introduced with its general model using inverse Fibonacci
wave function (1IFWF). The study shown how these wave functions can be determined easily
from Pascal triangle general form using the inverse steps path for any order. The input

impedance or admittance can be also found for the three cases ( with, without or infinite load).
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The LC ladder general model for energy transfer between L and C in each section can be used
for many other applications that use lossless LC recursive circuit as model for more research
and analysis especially, in quantum mechanics, biology and communication.

Fibonacci spring mass chain (FSMC) was also introduced and modelled by these theoretical
FWFs. The FSMC is very important based on their application in quantum mechanics and
fluid mechanics to analyze the behavior of particles from motion point of view. A combination
of LC ladder general model related to charge and flux and FSMC general model related to
momentum and position can help understand the relationship between electrical and

mechanical behavior of particles.
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Appendix A: Résumé étendu

A.1 Introduction

Dans la littérature, la majorité des méthodes de réduction des systémes complexes sont basées
sur la connaissance de leurs fonctions de transfert. Ces méthodes de réduction ont différentes
approches pour réduire ces fonctions de transfert en une fonction de transfert de second ordre
identique. Ces méthodes ont une particularité commune, leurs approches sont basées sur
beaucoup d’équations mathématiques. Une fois le systéme réduit est identifi¢, la conception
du contréleur est mise au point en se basant sur ce systeéme réduit. Ce controleur sera ensuite

appliqué au systeme réel.

A.1.1 Problématique de recherche

La problématique de recherche consiste a mettre au point un controleur d’un systeme de type
boite noire sans avoir a déterminer sa fonction de transfert. A cet effet, il est nécessaire de
développer une approche de réduction ne nécessitant pas beaucoup d’équations

mathématiques en se basant seulement sur la réponse de sortie du systeme de type boite noire.

La notion de systémes similaires sera la colonne vertébrale de cette approche. Cette notion de
similarité¢ entre systemes sera définie en utilisant les éléments de poids qui caractérisent
chaque systéme. Ces éléments de poids doivent étre identiques pour que les deux systémes
soient similaires. Ces éléments seront déterminés seulement a partir de la réponse du systéme

de type boite noire sans avoir a déterminer sa fonction de transfert.
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A.1.2 Objectif de recherche

A.1.2.1 Contribution de recherche

La premiere contribution de cette these est de développer une approche de réduction basée
sur le concept de similarité. Cette technique utilisera uniquement la caractéristique de la
réponse du systeme complexe ou en boite noire. Cette réponse de sortie sera obtenue soit par
expérimentation, soit par simulation. Basé sur cette notion de similitude, il y aura toujours un
systeme similaire de premier ordre qui coincide avec le systeme réel seulement dans ces
¢léments de poids. Pour cela, ces éléments doivent étre bien définis.

Une fois que le systeme de premier ordre est identifié, la conception du contrdleur sera mise
au point et sera appliquée au systéme réel.

La deuxiéme contribution de cette these est d’introduire des systemes théoriques complexes
qui ont la particularité d’avoir des fonctions de transfert irréductibles et que les méthodes de
réduction classiques ne peuvent pas les réduire a des systémes de second ordre. Ceci mettra
en évidence leurs limitations. Par contre, la nouvelle approche basée sur le systéme similaire
de premier ordre sera toujours valide méme si elle est appliquée a ces systemes irréductibles
et nous permettra la mise au point du contrdleur pour ce type de systeme.

La derni¢re contribution de cette thése est de mettre en évidence des applications concretes
de ces systemes théoriques irréductibles dits de Fibonacci.

Des circuits €lectriques récursifs qui ont exactement les mémes fonctions irréductibles de
Fibonacci sont identifiés. Ces circuits inductifs-capacitifs (LC) récursifs sont tres utilisés dans
la modélisation des lignes de transmission ([21], [22], [25]); en biologie pour modéliser la
dynamique des neurones [24] et en mécanique quantique pour modéliser les particules

infiniment petites en utilisant les circuits LC récurrents [23].
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Des systemes mécaniques récurrents (masse-ressort) ont €t€ aussi identifiés comme €tant des
systemes de Fibonacci avec des fonctions de transfert irréductibles. Ces systemes mécaniques
sont aussi tres utilisés dans la modélisation des phénoménes mécaniques des particules surtout
en meécanique des fluides et en mécanique quantique pour pourvoir analyser le comportement

de ces particules du point de vue des vibrations.

A.1.2.1 Structure de la these

Cette these est structurée en huit chapitres. Le premier chapitre est une introduction mettant
en évidence la problématique de recherche dans la littérature des méthodes de réduction
classiques. Le chapitre deux €value deux méthodes de réduction trés connues, I’intégral de
I’erreur quadratique (ISE) et I’approximation pade ainsi que leurs approches de conception de
controleurs. Le chapitre trois est dédié a la nouvelle approche de conception de controleurs
des systemes de types boite noire ainsi qu’une comparaison du point de vue performance avec
les deux méthodes classiques du chapitre deux. Le chapitre quatre est dédi¢ aux systemes
irréductibles de Fibonacci. Le chapitre cing est une application des circuits récurrents LC
comme systemes irréductibles de Fibonacci. Le chapitre six est une application des systeémes
mécaniques récurrents masse-ressort qui sont aussi des systemes irréductibles de Fibonacci.
Le chapitre sept traite une autre application des circuits €lectriques récurrents LC inverse.

Enfin, la conclusion générale de cette these sera au huitieme chapitre.
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A.2 Méthodes classiques de réduction

A.2.1 Intégral de l’erreur quadratique (ISE)

La méthode fondée sur I’intégral de I’erreur quadratique (ISE) présenté dans [3] et détaillée
dans [4] est I’'une des méthodes de réduction connues dans la littérature qui minimise 1’erreur
quadratique entre la réponse de sortie du systeme réel avec sa fonction de transfert bien
déterminée et le modéle réduit inconnu avec une fonction de transfert de second ordre dont
les coefficients sont déterminés en utilisant la théorie de I’ISE.

Définissons un systéme stable ayant une fonction de transtert d’ordre élevé n de la forme

F(s) = Co+C1S+ 4 Cpoqs™? (A3D)
do +dys+ -+ dys™

Pour simplicité ¢, = d, le gain du systeme est 1.

Supposons F(s) a p1, p2,..., pn comme pdles qui peuvent €tre réels ou complexes. Le modele
de réduction est choisi pour étre une fonction de transfert de second ordre, soit avec les poles

réels ou complexes (A.2).

as + bc
(s+b)(s+c)

Gr(s) =

(A.32)
as + % +vy? as + % +y?

52+2,85+[?2+)’2: (+B+jy)(s+B—jy)

Ge(s) =

Les parametres a, b, ¢, a, B,y de ces deux fonctions Gr(s) et Go(s) qui sont normalement
inconnus seront déterminés par la technique ISE. L’index de performance défini par ISE en

(A.3) doit €tre au minimum pour pouvoir déterminer les parametres du modele réduit.
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In = f (gr(®) — £(D)) dt = j (9r(D)? — 298 (0) F(O) + F(D)D)d
0 0

I = f (9c(0) — F(D) dt = f (9e(D)? = 20¢(6) F(O) + F(©))dt
0 0

A.2.2 Approximation Pade

La technique d’approximation Pade est une autre méthode de réduction de fonctions de
transfert d’ordre élevé en une réduite, de préférence de deuxiéme ordre afin de concevoir un
contrdleur qui sera appliqué au systeme réel.

La technique de Pade repose essentiellement sur la réduction de toute fonction f (x) comme
étant un rapport de deux polynémes Py (x) and Qp(x) avec des dégrées N et M respectifs,

Ry m(x) sera défini comme un rapport entre ces deux polyndomes.

Py (x)
Qu(x)

avec a <x<b (A.4)

RN,M(x) =

Le but est de minimiser [’erreur entre la fonction f(x) originale et Ry »(x). Nous allons définir
les deux polyndmes comme suit
Py(x) = po + P1x + p2x* + -+ pyx”
(A.5)
Qu(x) = qo + 1x + @x* + -+ qux™  qo =1

Dans le cas particulier Qu(x) =1 , I'approximation Pade est simplement la série de

Maclaurin-Taylor de f (x).

Assumons la fonction f (x) continue, analytique et ses dérivées sont aussi continues a | origine

x = 0. La série de Taylor-Maclaurin peut €tre écrite sous la forme :

f(x) = ag+ a;x + ax? + -+ ax* + -
(A.6)

f)Qu(x) = Py(x) = Z(x)
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[oe)

0 M N
(Zajxf)(Zijf)—ijxf: z cjx/
=0 =0 =0

J=M+N+1

De cette €quation, on peut déterminer les coefficients g; et p; ce qui nous permet de trouver

Ry m(x) dans (A.4).

A.2.3 Autres méthodes de réduction

La méthode des poles dominants [ 1], regroupement de pdles [3], la méthode de réduction
Big Bang Big Crunch [11] et beaucoup d’autres [14-18] ont le méme objectif, trouver un
systeme réduit identique avec la nécessité de connaitre la fonction de transfert originale.
L’objectif de toutes ces méthodes de réduction n’est pas de trouver un systeme identique
réduit seulement, mais de concevoir un contréleur en boucle fermée qui contrdle parfaitement

le systeme réel de la méme maniere que le modele approximatif.

A.3 Nouvelle approche de réduction

En mathématiques, il est bien connu que deux ensembles A et B sont identiques si :

Vx€E€EAXxEB et VxeEB,xeEA

Ve N ~

Figure A. I:a) Ensembles identiques b) Ensembles similaires

Deux ensembles similaires sont présentés dans la figure A.1(b). Dans ce cas, tout élément
appartenant a I’intersection de A et B doit d’abord étre un élément de poids des deux

ensembles A et B. Les éléments de faibles poids peuvent appartenir ou pas a cette intersection.
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(Vx; x est élément de poids

) = A et B sont similaires
x€ANB

Dans chaque ensemble ou systeme, les éléments de poids doivent étre bien définis afin de

pouvoir conclure sur la similitude entre deux systémes.

Les systemes réels qui peuvent étre mécanique, €électrique, etc., seront définis par leurs
éléments de poids qui les caractérisent. Dans le cas d’un systeme stable, les éléments de poids

seront définis comme suit :

wi: Valeur d’entrée appliquée au systeme

w2 Valeur d'état d’équilibre du systeme

ws: Temps du régime transitoire estimé de la réponse de la sortie
wy: Réponse de sortie en régime transitoire

ws: Gain du systeme

ws: Temps de retard initial de la réponse de sortie

Deux systemes sont semblables si tous les éléments de poids sont communs des deux

systemes, alors les deux systemes seront dits similaires (figure A.2).

(Vx; x est élément de poids

) = A et B sont similaires
x€EANB

Figure A. 2: Deux systémes similaires A et B
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A.3.1 Application de 'approche des systemes similaires aux boites noires
L’approche présentée est appliquée au systéme réel pris comme une boite noire et ayant

acces seulement a sa réponse d’entrée et de sortie.

Une valeur unitaire appliquée a I’entrée du systéme, la réponse sera enregistrée comme
indiqué dans les figures A.3, A.4, A.5 qui sont les trois possibilités qu’un systeéme stable peut
avoir (réponse sans dépassement, réponse avec dépassement et sans oscillations et réponse

avec dépassement et oscillations)

Sortie

temps

2 Tr tl
Figure A. 4: Réponse de sortie du systéme réel avec dépassement et oscillations.
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temps

t Tr t2

Figure A. 5: Réponse de sortie du systéme réel avec dépassement et sans oscillations.

Apres I’enregistrement de la valeur d’entrée et la réponse de sortie, les éléments de poids
du systeme en boite noire peuvent €tre déterminés en utilisant ’approche des systémes
similaires pour approximer le systéme réel avec un systeme a déterminer réduit similaire de
premier ordre. Ce systeme similaire doit avoir les mémes éléments de poids. Un contréleur
sera congu en se basant sur ce simple systeme de premier ordre, ensuite ce controleur sera

appliqué au systéme réel en boite noire.

A.4 Systémes irréductibles et limitations des méthodes classiques

Des nouveaux systemes appelés systemes de Fibonacci sont introduits. Les fonctions de
transfert de ces systemes sont irréductibles, c'est-a-dire qu’ils ne peuvent €tre approximeés ou
réduits a un modele d’ordre inférieur. Leurs fonctions de transfert de Fibonacci ont de
multiples régimes stationnaires intermédiaires. Ces systémes ne peuvent jamais €tre réduits
en un systeme de second ordre en utilisant les méthodes classiques comme ISE et Pade ce qui
montrera leurs limitations. L’emplacement de péles de ces systemes de Fibonacci suit la
spirale connue de Fibonacci et leurs réponses en fréquence présentent de multiples fréquences

de résonances et antirésonance bien ordonnées. Les coefficients de leurs fonctions de transfert
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sont exactement ceux du triangle de Pascal et suivent une distribution bien spécifique en
relation avec le nombre d’or ®=1.618034. Ces fonctions de transfert appelées Fibonacci wave
Jfunctions ou fonctions d’ondes de Fibonacci (FWFs) sont créées avec un simple processus

récurrent basé sur un simple systeme source de premier ordre (Figure A.6).

(k, x)

Entrée g2 (s)

T s+4x

Sortie g% (s)

Figure A. 6: FWFs processus récursif

La table A.1 présente les dénominateurs de toutes les fonctions de transfert suite au

processus récursif de la figure A.6 avec les facteurs (k,x).

Table A. |: Coefficients des dénominateurs des FWFs avec (K, x)

K K
(k,x) (kx)
)= R
g, (s) s+ x (5) 1s + 1x
K
ggk,x)(s) _ - (kx)( 5) = 1Ks + 1Kx
2
S+S+X 1s#+ 1xs+ 1K
(ex) oy _ K
gz () = e 1Ks? + 1Ksx + 1K?
s+—N 95 (s) =
1t K 1s3 + 1xs?2 + 2Ks + 1Kx
S+ x
K kx 1Ks3 + 1Kxs? + 2K?s + 1K %x
SH—0 T 1s* + 1xs3 + 3Ks? + 2Kxs + 1K2
S+s+K
(o) B K (k ) Kden(k ) L(s)
gn ' (s) = (kx) (s) = (kx) (kx)
L(s) sden, 7 (s) + num; ) (s)
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Dans le tableau A.1 les nombres surlignés en rouge sont exactement les coefficients des

dénominateurs du cas (K,x)=(1,1) multiplier par des coefficients.

x; K; xK; K%; xK% K3; xK3; K% xK*%; etc
Tableau A.2 est la forme générale du triangle de Pascal avec les coefficients de multiplication
a partir des valeurs de K et x.
- En se déplacant horizontalement, le nombre de Fibonacci est multiplié par K*.

- En se déplagant verticalement, le nombre de Fibonacci est multiplié par xK*.

Table A. 2: Triangle de Pascal pour les den k%) des fonctions de transfert de Fibonacci.

tK* 1 K3 x K4 x K° x K® x K8

X 3K t__) 1\_)K3T__>K4L_) K’L.} Kﬁt_) A7L_> KS/L—)

A e D N

6 15 20 15 6 1
7 21 35 35 21 7
8 28 56 70 56 2sT
9 36 84 126 T—-—) 126 84
10 45 120 210 252 2

11 55 65 330 462
BA_506] 220 ;?5 79

....._.._.L._.._._._._._._._._.._.._.._.._.

.(
e e e e e e e i el

Ci-dessous un exemple de calcul de glK oz (s) utilisant la table A.2.
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den(s) = 1513 + 1xs12 + 12Ks!! + 11Kxs'® + 55K25° + 45K2xs® + 120K3s7
+ B4K3xs® + 126K*s> + 70K*xs* + 56K5s% + 21K5xs? + 7TK%s + 1K®x

A7
den{®® () = 151 + 12513 + 13Ks'? + 12Kxs' 4+ 66K%s™° + 55K2xs° + 165K3s8 (A7)

+ 120K3xs” + 210K*s® + 126K*xs® + 126K5s* + 56K xs3 + 28K°s?
+ 7K%xs + 1K’

den(K ) (s)
(K x)( )

955 =
L approximation pade [8], [10], ISE [10] et beaucoup d’autres [11], [12], [13] ne peuvent pas

réduire ces systémes en un systeme de deuxieme ou troisieme ordre a cause de leurs régimes

stationnaires intermédiaires. Ces caractéristiques rendent ces systemes FWFs irréductibles.

A.5 Etude de cas et simulations
Les simulations de toutes les FWFs sont présentées ci-dessous dans deux études de cas pour
mettre en €vidence leur comportement tres particulier ainsi que leurs irréductibilités.

Cas #1: (K, x) = (1,1) ;

Ces FWFs sont déterminées jusqu’a gglo'l)(s) en utilisant le triangle de pascal et Matlab.

Figure A.7 ci-dessous.

13" T T T T T T T T T

¥
L 2
==ro O RO RO W

0.95
0.9+

0.85

0.8 +

L " L

0 10 20 30 40 50 60 70 80 90
Time:[s]

Figure A. 7: Réponses de sortie en boucle ouverte des FWFs g @ 1)(s) g(1 1)(s) g(1 1)(s),
ORI OF O ION Y RION R ON IO
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Cas #2: (K,x) =

Ces FWFs sont déterminées jusqu’a ggloA) (s) et illustrées sur la figure A.8 et A.9.

(1,4);

al’ — 3 T e L IS e e
I (1.4) | NP R o i e ;
35 { g2 (S)I' J”! N 1}\._;\-( W
e N 1 VW, i |
|
ak r| ﬂl_lm m" Y 909 (5) _
2.5+ (1,4) |
93 ()
Sortie ‘ N@M\ (1 4) 32
1.5F ‘ {'\LA\
T (14)
il L_ J ,-‘ ! 912 (9)
051 | -
oll . o temps ) ) |
o 50 100 150 200 250 300 350

Figure A. 8: Réponses de sortie en boucle ouverte des FWFs gz1 A (s), ggl 4 (s), gz1 (s,
(1L4) (1.4)
g}z (5), 940 (S

3.5F |
sl | |'h”d
2.5

Sortie
2 —’ |

-0.5 N N M Lemps " L . . Ml
100 150 200 250 300 350 400 450

Flgure A. 9: Réponses de sortie en boucle ouverte des FWFs
977 (s), 9577(9). 9577 (9,957 (). 955V (), 95V (5), 9157 (), 9557 (). 9557 (). 956" ().

A.6 Nouvelle approche de conception de controleur appliquée aux systémes de
Fibonacci

Nous avons développé une nouvelle approche pour concevoir un contréleur pour les systemes

de boite noire ou systemes de fonctions de transfert a haut degré. Cette nouvelle approche est

appliquée a ces systemes de Fibonacci sachant que leur source est une fonction de transfert
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du premier ordre (figure A.6). Le contréleur PI sera congu selon ce systeme simple et
s’appliquera a tous les systemes de Fibonacci récursifs.
Connaissant la fonction de transfert du premier ordre, on peut déterminer directement les

coefficients K, et K; du contrdleur proportionnel-intégral pour un coefficient d’amortissement

¢ et une fréquence naturelle w,,.

_ 28wp-x ] _ wh
Kp=="— 5 K=55
(A.8)
_ szn_szwf . _ Wy
=g 2 Ty

Cas #1: (K,x) = (1,1).

Le choix de w, doit étre a I"extérieur des fréquences de résonances et antirésonances. Dans
ce cas le choix de w,, est 80 rad/s pour ¢ = 2, les coefficients du contrdleur utilisant (A.8)
sont:

K, =319 ; K;=6400 (A.9)
Simulation a été réalis€e en boucle fermée de tous les systemes de FWEFs.

g(ll’l)(s), gf}t’l)(s), les réponses de sorties sont exactement les mémes pour tous les

FWFs, figure A.10.
B. Case #2: (K,x) = (1,4).

Dans ce cas aussi, le choix de w, devrait étre dehors les fréquences de résonance et
antirésonance. Ce choix de w, est 500 rad/s pour un coefficient d’amortissement ¢ = 2,

les coefficients du contrdleur utilisant (A.8) sont:

173



K,=395; K;=10000 (A.10)

La simulation a ét€ réalisée en boucle fermée pour tous les systemes de FWFEs

ggl’4)(s), g‘(,rt,’d')(s), les réponses de sorties sont exactement les mémes pour tous les

FWFs, figure A.10.

o8} 4
Sortie
o6l .

(k,x) = (1,1)

(a) 0.1 0.2 0.3 0.4 0.5 0.6
temps

Sortie
0.6 4

(k,x) = (1,4)

o v : temps ’ X .
0 0.05 0.1 015 0.z 025 0.3 035 0.4

Figure A. 10: Réponses de sortie en boucle fermée des FWFs

(), o g5V (), g8, - gl V().

174



A.7 Systémes de Fibonacci appliqués aux Systémes électriques et mécaniques

A.7.1 Réseau récurrent LC de Fibonacci

En tant qu’application, réseau récurrent LC va s’inspirer de ces FWFs et il servira a modéliser
et analyser I’impédance ou admittance des lignes de transmission sans perte, ainsi que le
comportement de ces lignes de transmission dans le cas de la charge infinie (circuit ouvert)
ou nulle (circuit fermée). Les coefficients du niéme ordre du dénominateur et du numérateur
de la fonction d’onde de Fibonacci d’un réseau LC sont facilement déterminés a partir de la
nouvelle forme générale du triangle de Pascal (Table A.2). Figure A.11 et A.12 montrent le
circuit électrique de Fibonacci RC-FEC avec ordre pair et impair, leurs fonctions de transfert
de Fibonacci sont illustrées dans la table A.3 a partir de la premiére fonction source de

premier ordre 1.

Figure A. 11: n*®™¢ ordre pair RC-FEC

La fonction d’onde de Fibonacci FWF de ce circuit est.

Iy (K.x¢) K (K.xc)
(G EF =90 () A9
CV[ m S+ ggii‘c)(s) n ( )

Pour un ordre n impair, la fonction d’onde est.
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o tkxo) _ K gk
() “(s) A.10
Lli s + g(K xc)( ) ( )
K 1 1
=— et x.=—
LC ¢ RC
erxT ------ DY/ P
Al L
[
“T @Cunm el Vo c :I|: C :f R % c :f
1
N-nw | —
Figure A. 12: n‘®™¢ ordre impair RC-FEC
Table A. 3: Fonctions d’onde de Fibonacci RC-FEC
( )(K xc) (K xc) K (E)(K‘xc) — (K.xc) — K
s+ x, ! ! 1s + 1x,
lo ((kx) (K.x0) K
G e T R oo = g0 = ot Kx
ST5¥x, 15?2 + 1x.s + 1K
(ko) _ gxe) _ K
( ) K 2 2
s+ K ( )(KXC) (KXC) KS +KSXC+K
S+s+xc T 183 4 1x.52 + 2Ks + 1Kx,
(_)(K 0 _ gkx) _ K
s+ K ([_0 (K.xc) — (K.x¢)
s+ L vt !
s+ 3 Ks3+ Kx.s? 4+ 2K?*s + K*x,
S+ X T 1s% + 1x,5° + 3Ks?2 + 2Kx,s + 1K2
( lo \kxo) _ _kxo _ K
0 — Ko,
v " s+ g (s) g K795 Kden(**9(s)
n even p sden(K “XI(s5) + num(K I (s)
( )(K xc) (K Xc) — < (K.xo) Kden(K Xc) (S)
s+ g&r(s) gn ) =
n odd den, "~ (s)
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A.7.2 Chaine de masse-ressort de Fibonacci

Les chaine de masse-ressort de Fibonacci (FSMC) est une autre application dont les fonctions
de transfert sont exactement les mémes que celles des fonctions d’ondes de Fibonacci. La
chaine de masse-ressort de Fibonacci (FSMC) peut étre utilisée pour modéliser 1’interaction
entre de petites particules dans la mécanique quantique, mécanique des fluides a I’aide de ce

nouveau modele général FSMC.

Figure A. 13: n'®™¢ ordre pair de FSMC

La fonction d’onde de Fibonacci sera :

(i (k.xm) — L — g(k'xm)(s)
my;”" S+ gm-n(s) 7"

(A.11)

Dans le cas ou le circuit est d’ordre n avec n impair, la fonction d’onde de Fibonacci sera.

ksVo (kxm) K (k)
(—), ™ = = g () A.12
F " S+ gm-n(s) 7" ( (A.12)
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Figure A. 14: n®™¢ ordre impair de FSMC

Le tableau ci-dessous illustre tous les ordres des FWFEs de FSMC.

Table A. 4: Fonctions d’onde de Fibonacci de la chaine FSMC

KsVo. (k) (K, Xm) KsVo (k) (kXm)
“m — T S — ~m — “m S —
“F, e = g s ) = 51,
F,
(_O (Zk,xm) — ggk,xm)(s) — 7 (i (kxm) _ g(k’xm)(s) _ Ks + me
my; S+ St x. muy; 2 2 152 + 1x,,s + 1K
m
ksv, (ktm) _ (kx )
kv K (2 (fxm m) ()
( s o)(kxm) gk,xm)(s) — e Fi 3 93
s+ 74
s+ Ks?+ Ksx, + K?
S+ x, =
153 + 1x,,5% + 2Ks + 1Kx,,
F, K F,
(kxm) _ (kxm) 0 NRkxm) _(kxm)
(mv 4 (s) = K (mvi 4 N (s)
St———px —
ot K Ks® + Kxps? + 2K%s + K2
Stera _ s XS s Xm
" 1s* + 1x,83 + 3Ks? + 2K x,,s + 1K?
Fo vty _ tkrm) K . Kden*™ (s)
(mv- ! S = (exm) " (kx ) (kx )
i S+ Gn 1™ (8) sden ™ (s) + num, "™ (s)
neven et Kden(k xm)(s)
Gn () E e
(k.xm)
ksvo (kxm) _ (k,xm)(s) _ K denn (5)
( Fi n = Gn - (kxm)( )

n odd




A.7.3  Réseau récursif inverse LC de Fibonacci

Une autre application de circuits électriques appelée circuits électriques inverses de
Fibonacci (iIFECs) est introduite pour modéliser parfaitement le réseau récursif LC inverse.
Ces iFECs peuvent étre utilisées pour modéliser le réseau piézoélectrique [3], les fonctions

de transfert de ces circuits sont parfaitement déterminées en utilisant les fonctions inverse

d’onde de Fibonacci.

'I 1

Curent
Figure A. 15: n®™€ ordre pair de iRC-FEC

L’iFWF de ce circuit est.

Vo (k x. K K,
G = = = 9O
i U AN G
(A.13)
K=LC et X, = RC
Pour un ordre n impair, la fonction d’onde est.
LIO (K. x¢) K (K.xc)
(Ti)—n = (K,x0) =95 () (A.14)

N AN )
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Figure A. 16: n®™¢ ordre impair de iRC-FEC

Le tableau A.5 présente toutes les fonctions d’onde de Fibonacci inverse du iRC-FEC

Table A. 5: Fonctions d’onde de Fibonacci du iRC-FEC

(L )(K Xc) (K, Xc) K ( )(K Xc) (K.xe) — K
-1 s71 4 x, -1 1s71 + 1x,
cv, . K
(Kxe) _ (Kxe) _ -
(4 ) =9, " = . K (%)(K%) _ e KsTUHKx
T4 x [ 772 2 1572 4+ 1x,s"1 4 1K
(LI )(Kxc) (K.xc)
’ Llo kxoy _ ko)
B K (T =9
-1 4 K Ks™ + Kx.s™' + K?
—
s+ T x 1s73 + 1x.s72 4+ 2Ks™1 + 1Kx,
[
(%)(K,xc) _ (KXo
[; -4 -4 (CV )(K XC) (K.x¢)
K 1) -4
_s‘l N K Ks™ + Kx.s™%+ 2K?%s™ 1 + K%x,
sl 4 K 2 1s™* 4+ 1x.s7% + 3Ks™%2 + 2Kx.s71 + 1K?
s7l 4 -
s T+ x,
(CVo)(mxc) = gl K
- = 9o . (K.xo)
L n s—1 4+ 9(’213 )1)(5) (KXc)(S) B Kden_(n 1)(S)
neven ‘1den('§:C)l)(s) + num(_'i;ff)l)(s)
(ﬂz)(K'xC) g K
A —I-n — (K.xc) (K.x¢)
Vi _n 14 g_ (n- 1)(5) (KXC)(S) _ Kden—(n 1)(5)
Kxc
n odd (—nx )(S)
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A.8 Conclusion

Cette recherche présente une nouvelle méthode de réduction basée sur I’approximation des
systeémes de types boite noire, en utilisant le concept des systemes similaires. Un systeme
similaire de premier ordre sera déterminé pour n’importe quel systéme de type boite noire. Ce
concept a ét¢ introduit pour la premicre fois et a pour but d’éviter toutes les équations
mathématiques nécessaires pour modéliser les systemes complexes. Leurs fonctions de
transfert qui sont nécessaires pour les méthodes de réduction classiques ne sont pas requises
par la nouvelle méthode basée sur la similitude des systemes. Ces méthodes de réduction
utilisent différentes théories mathématiques pour réduire des systémes complexes en un

systeme réduit identique pour pouvoir mettre au point un contrdleur.

La nouvelle approche de réduction proposée, repose principalement sur les éléments de
poids prédéfinis qui caractérisent le systeme réel et similaire. Ces €léments de poids sont
déterminés uniquement a partir de la réponse de sortie du systeme complexe.

Les résultats de simulation en boucle fermée montrent les performances de cette nouvelle
méthode de réduction. Le fait que les systemes réels et approximatifs sont similaires dans
leurs éléments poids significatifs, permet de concevoir un contrdleur basé sur ce systéme de
premier ordre. La conception et la mise en ceuvre d’un contrdleur Pl en utilisant cette approche
et appliquée au systeme réel donne des résultats tres satisfaisant. Le controleur Pl a été choisi

en raison de sa simplicité dans sa conception et son implémentation.

Des systémes spécifiques appelés systemes de Fibonacci ayant un degré élevé de leurs
fonctions de transfert ont été introduits a partir d’une fonction de transfert de premier ordre.
Ces fonctions appelées fonctions d’onde de Fibonacci (FWFs) ont des comportements

intéressants et leurs fonctions de transfert sont irréductibles et ne peuvent pas étre réduit en
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un systeme €quivalent de second ordre identique. Ces systemes sont une limitation des

méthodes de réduction classiques.

L’application d’une méthode de réduction dans la littérature comme la méthode
d’approximation pade, ISE ou d’autres ne peuvent pas réduire ces systemes FWFs. Par contre
la nouvelle approche nous permet toujours de concevoir un contréleur a partir de la fonction
de premier ordre source. Ce contréleur est alors appliqué a tous les systeémes récurrents de

Fibonacci avec des résultats trés satisfaisants.

Dans cette recherche, un modele général complet du circuit récurrent LC a €t€ mis au point
avec des fonctions d’onde de Fibonacci (FWFs). L’ importance du circuit récursif LC provient
de son application que l'on retrouve dans la littérature comme modele de lignes de
transmission sans perte, le modele de propagation du son dans I’oreille et en mécanique

quantique pour comprendre I’interaction entre les particules.

Le réseau récurrent LC inverse a été aussi introduit avec son modele général a 1’aide des
fonctions d’onde inverses de Fibonacci (1IFWF). Ces fonctions d’ondes peuvent étre
déterminées facilement a partir de la forme générale de triangle de Pascal. L’impédance ou
admittance d’entrée peut aussi étre trouvée dans les trois cas (circuit avec charge, sans charge
ou avec charge infinie).

La chaine de masse-ressort de Fibonacci (FSMC) a été également introduite et modélisée par
ces FWFs théoriques. Le FSMC est trés important, grace a son utilisation en mécanique
quantique et mécanique des fluides pour analyser le comportement des particules du point de

vue vibration.
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Ces trois applications ont la particularité¢ d’avoir les mémes fonctions d’onde de Fibonacci
qui ont la particularité d’étre irréductibles et par conséquent, elles sont des exemples pratiques

de limitations des méthodes de réduction classiques.
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