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exists and is continuous for all sE [0,1]; moreover, 

sup sup II J?o*,p(s) - [o,p(s)ll-+ 0 as fl-+ O. 
10*-01<1) sE [O,l) 

67 

It is shown in subsection 5.4.3 that Assumption 3 holds for many copula 

families. The main result of this section can now be stated. 

Proposition 5.2. If Assumption 1-3 hold, then gn,p converges weakly in 

[00([0,1]) to gp(s) = lLp(s) - J?o ,p(s) e, where e is the limit in Law of ên = 

fo(ê - B). In particular, ifê = êw , one has in view of (5.13) that 

gp(s) = lLp(s) - eo,p(s) hO,w)-l 11 

lLw(r) dr , 

where lLw = (lLW1 ' ... , lLwJ T . 

Proof. The proof proceeds as the pro of of Proposition 1 in Genest et al. 

(2006) or Proposition 2 in Mesfioui et al. (2009). First note that gn,p(s) = 

lLn,p(s) - 9n,p(S), where 

It will be shown that 

converges in probability to O. To this end, note that en is tight since it 

converges in law to e, by assumption. This entails that for any given fl > 0, 

there exists M1) E R+ and No E N such that P (1lênll > M1)) < fl for aIl 
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n 2: No. For any such n, one has 

P { sup 19n,p(S) - èe,p(s) ênl > À} 
SE[O,I ] 

< P { sup 19n,p(S) - èe,p(s) ênl > À, Ilênll ~ M1) } + P (1lên ll > M1) ) 
SE[O, I] 

< P { sup 19n,p(S) - èe,p(s) ênl > À, Il ên ll ~ M } + 1] . 
sE [O,I] 

Next, the mean-value Theorem ensures that there exists e* between e and 

e such that fê,p(s) = fe,p(s) + èe*,p(s )(ê - e), which can be re-written as 

9n,p(S) = èe* ,p(s) ên- Hence, under Assumption (3) , 

lim P { sup 19n,p(S) - èe,p(s) ênl > À, Ilênll ~ M1) } 
n-too sE [O,I ] 

!i,~ P {ll ê.11 ,~fl,l l i,.,,(sl -i",(sll > À, Ilê.11 :s M. } 

< lim P { sup sup lèe* ,p(s) - ie,p(s) 1 > M
À 

} 
n-too le*-el<1) SE [O,I ] 1) 

o. 

Since 1] can be chosen arbitrary small, the result follows. In the special case 
~ ~ 

when e = ew , it has already been shown that 

which completes the proof. 

From Proposit ion 5.2 and the continuo us mapping Theorem, 

Sn,A 'V'-t SA = L Sj. 
jEA 
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There is no hope for finding explicit expressions for t hese limit distributions. 

Moreover , the latter depend on the unknown value of the parameter. As 

a consequence, a re-sampling method is needed in order to compute the p

values of a test based on Sn,A. In the next subsection, such a strategy is 

developed around the multiplier versions of gn,p . 

5.4.2 Computation of p-values 

For simplicity, assume that B is estimated by Bw . In that case, in view of the 

limit of the goodness-of-fi t process gn,p stated in Proposition 5.2, it seems 

natural to define its mult iplier versions by 

g (h) (8) = lL(h) (8) - i~ (8) (-v~ ) -111 lL(h) (r ) dr 
n,p n,p Ow ,p I()w ,w n,w ' 

o 

h lL(h) (lL(h) lL(h) )T Th b d h h w ere n,w = n,Wl ' ... , n,wd. eorem 5.2 corn ine wit t e continu-

ous mapping Theorem entail 

(gn,p, g~~~, .. . , g~~) ) "'" (gp, g~l), ... , g~M) ) , 

where g~1) , . . . , g~M) are independent copies of gp. Letting 

S(h) = t {g(h)(8) }2 dt'~ (8) and S(h) = " S(h) n,p Jo n,p ()w ,p n,A L.... n,J' 
o jEA 

one has 

(S S(l ) (M) ) ( (1) (M) ) n,A, n,A, · ·· ,Sn,A "'" SA, SA , ... , SA ' 

where S~), . .. , s1M) are independent copies of SA. Asymptotically valid p

values for the test based on Sn,A, as M , n -t 00, are then given by 

M 

PA = ~ L il ( S~~~ > Sn,A ) . 
h=l 
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For the implementation of S~:~, ... , S~~:), consider the approximation 

(h) ~{ (h) (j-.5 )} 2 { (j) (j - l)} 
Sn,p ~ ~ gn,p ----;y- eôw ,p T - eôw ,p -y , 

where 

g (h) (j - .5) 
n,p T 

[)h) (j - .5) 
n,p T 

_._ (~)( ._ ) -1 {~~ (h) (~)} 
eow,p T 'Yow,w T ~lLn,w T . 

When () ç IR is estimated by ê{p}, the multiplier process g~~ only depends 

on lL~~~ since 

g (h) (8) = lL(h) (8) - o~p} ,p lL(h) (r) dr. e- (8) 11 
n,p n,p 'Y- n,p 

o{p} ,P 0 

For extreme-value copulas, 

As Kr; p = 'Y;;:p1 - 1, it follows that g~hJ is the same for any extreme-value 
U{p }' , , 

model. Since Sn,p takes the same value whatever an extreme-value copula is, 

the method will not be able to distinguish between these models. 

When simple and / or explicit expressions for io,p and 'Yo,p are not available, 

as is the case for the Clay ton and Frank copulas, the approximations 

e· ()",eO+ê ,p(8)-eB,p(8) d' - ( le' ()d "'~ ~ e· (j-.5 ) 
B,p 8 '" E an 'Yo,p - Jo o,p 8 8 '" T ~ o,p T 

o j=l 

will be used for sufficiently small é and sufficiently large T. 
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Note that one cou Id also use the parametric bootstrap in order to com

pute valid p-values for the test based on Sn,A. The idea has been success

fully employed by Genest et al. (2006) and Genest et al. (2009) in a copula 

goodness-of-fit context; the validity of the method is thoroughly studied by 

Genest & Rémillard (2008) in a general setting. The idea in our context 

would consist in generating M artificial random samples from Oô and com

pute Sn,A for each of these samples, yielding M asymptotically independent 

copies S~~~, . .. , S~'- . This methodology will not be further explored here, 

however, mainly because it is expected that the approach based on the mul

tiplier versions is significantly less time consuming. 

5.4.3 Verification of Assurnption (3) for sorne rnodels 

For an Archimedean copula generated by <p(l, BEe (see equation (2.4)) , 

i () _ PCPo(s) - CPo {fo ,p(s)} 
O,p S - <p~ {fo ,p(s)} , 

where cpo(s) = 8<po(s)/8B and <p~(s) = 8<po(s)/8s. In particular , io,p(s) = 

-r p,O log p (STp ,O log s) for the Gumbel- Hougaard copula, where r p,O = pl-O; 

since r p,o E [1, pl, io,p is clearly uniformly continuous on [0, 1] for every B E 

[0, 1] . For the Clay ton copula, one obtains 

For extreme-value copulas, fo ,p(s) = sKo,p (see Proposition 3.1), so that 

io,p(s) = Ko,p sKo.p log s, where Ko ,p = 8Ko,p/8B. Since Kp,o E [1, p] for 

each BEe, the function sKo,p log sis bounded on [0,1]; thus Assumption (3) 
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ho Ids if and only if 

sup sup Iko* ,p - ko,pl ~ 0 as 'fi ~ O. 
10*-01<11 s E[O,l ] 

(5.14) 

For example, Assumption (5.14) is true for the Gumbel copula, since Ko,p = 

p1-0 and ko,p = -p1- 01ogp. One has to work a little bit harder for the 

Gumbel A copula, in which case one can show that KO,p+1 = Ko,p + 1 - 0 + 

O(Ko,p + 1)- 1. This formula entails 

. Ko { o} . K = - ,p + 1- K O,pH K + 1 (K 1)2 p,O . O,p O,p + 

Hence, since for any 0 E [0 , 1], 

Ko,p [1 p] 
Ko,p + 1 E 2' p + 1 

and 1 - 0 E [1 _ ~ 1 _ -:--_0--:-::-] 
(Ko ,p+l)2 4 ' (p+l)2 ' 

kO,pH satisfies Assumption (5 .14) as long as it is satisfied for ko,p. It it thus 

true for aH pEN since it is trivially true for p = 1. 

For the members of Durante's class, 

where wo(s) = 8wo(s)/80. In particular , iO ,pH(S) = psP(1-0)H logs and 

iO,pH(S) = ps(s - 1) {(1 - O)s + Oy- 1 for the Cuadras- Augé and Fréchet 

copulas, respectively. In both cases, Assumption (3) holds for aH 0 E [0 , 1]. 
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5.5 Simulation studies 

5.5.1 Efficiency of the parameter estimation 

In this subsection, the efficiency of the parameter estimation procedure en

countered in Section 5.3 is investigated for the one-parameter families of 

Gumbel- Rougaard, Gumbel A, Cuadras- Augé, Fréchet and Clay ton. The ac-
~ 

curacy of an estimator e will be measured by its mean squared error, namely 

MSE(ê) = E{ (ê - e)2}. Indeed, since no explicit expression is available for 

MSE(ê) in most cases, the latter will be estimated from simulated samples of 

size n E {100, 250}, yielding copies ê(1) , ... ,ê(N) of ê. Rence, the estimated 

mean squared error is given by 

For an extreme-value copula with Pickands' dependence function A, one has 

eCA ,p(s) = SKA.7' , where KA,l = 1 and KA,p+l = (KA,p + l)A{l/(KA,p + 1)} 

(see Proposition 3.1). Rence Î'A ,p = fol fcA,p(s)ds = l/(KA,p + 1), so that 

}'/ _ A hA,p) 
'\.A,p+l - . 

Î'A,p 

It follows that Î' A,l = 1/2 and for p ~ 1, 

1 {A hA,p) }-l 
Î'Ap+l= = +1 

, KA,p+l + 1 Î'A ,p 
(5.15) 

When it is clear from the context, the notations Ke,p and Î'e,p will be adopted. 

For the Gumbel- Rougaard copula, Ke,p = pl-e and Î'e,p = (1 + pl-etl ; it 

follows readily that 

ê{p} = log ( P_Î'n,p ) / log p. 
1 Î'n,p 
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For the Gumbel A extreme-value model, for which Ao(t) = Bt2 - Bt + 1, 

B E [0,1], one obtains 10,2 = 2/(6 - B) and 10,3 = 2(6 - B) /( 3B2 - 22B + 48). 

However, the expressions are cumbersome for p > 3. In practice, the other 

values are implemented recursively using (5.15) and a numerical inversion 

procedure is performed in order to solve 10,P = In,p. For the Cuadras-Augé 

distributions, Co ,p(s) = sp{l-O) +II , B E [0,1], and 10,P = {p + 1 - (p - 1)B} -1; 

this entails that 
ê = (p + 1 hn,p - 1 

{p} (p - 1hn,p . 

For the Fréchet copula, i.e. Co(u, v) = (1- B)uv + Bmin(u, v), B E [0,1], one 

has Co,p(s) = s {s + B(l - S)}P-1. Hence, one obtains after straightforward 

computations that 
BP+! - (p + l)B + P 

10,P = p(p + 1)(1 _ B)2 

One then obtains ê{2} = 1 - 3 (1 - 2 In,2) , ê{3} = J12 , n ,3 - 2 - 1 and 

~ 1/ 3 + 5 _ 5 -1/ 3 
B _l_ an an 

{4} - 3' 

where an = 35 - 270 In,4 + 15)6 - 84 ,n,4 + 324
'
;,4. Finally, for the Clay ton 

and Frank copulas, since no explicit expressions are available for 'P( B) , one 

must proceed by numerical integration and inversion procedures. 

------ ~ In Table 5.1 and Table 5.2, the values of n x MSE(B) , as estimated from 

N = 10000 replicates, are given for ê{2} , ê{3}, ê{4} , ê{5}. These estimators are 

compared to the so-called inversion of Kendall's tau êT = T- 1(Tn ) , where 

T(B) = 4 r Co(u , v) dCo(u, v) - 1 
) [0,1]2 
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is the population value of Kendall's tau and Tn is its sample version. First 

note that the results are generally similar for n = 100 and n = 250. The 
~ 

new estimators e{w} perform quite well under almost aU scenarios; as they 

are sometimes easier to compute than the inversion of Kendall's tau, they 

then provide interesting alternatives to the latter. One observes that the 
~ ~ 

estimated MSE's of e{w } and eT are sm aller for high values of T, except for 

the Clay ton copula. Now, taking each model separately : 

(i) For the Gumbel- Hougaard family, the estimators are quite equivalent, 
~ ~ 

the best being en followed by e{3}; 

(ii) For the Gumbel A family, all estimators are equally good, with e{3} 

being slightly better; 

(iii) For the Cuadras- Augé family, ê{2} is the best for T E {.25, .5}, while 

eT has the smallest MSE when T = .75; similar comments apply to the 

Fréchet family ; 

(iv) For the Clay ton family, eT outperforms its competitors; it can be ex

plained by the fact that e{w } obtains from numerical integration and 

inversion methods. 

5.5.2 Efficiency of the goodness-of-fit procedures 

The size and power of the goodness-of-fit procedures based on the test statis

tics Sn,{2} , Sn,{3} , Sn,{ 4}, Sn,{2 ,3} , Sn,{2 ,4} , S n, {3 ,4} and Sn,{2 ,3,4} have been in

vestigated. To this end, 1 000 random samples of size n = 200 from the 
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Gumbel-Hougaard , Gumbel A, Fréchet , Clay ton and Frank copulas have 

been generated for three levels of dependence as measured by Kendall's mea

sure of association. One can find the estimated powers in Tables 5.3, 5.4 and 

5.5 for T = 0.25, T = 0.50 and T = 0.75, respectively. Note that M = 1 000 

multiplier samples have been used for the computation of the approximate 

p-values of the tests , while the multiplier versions lL~~~( s) have been approx

imated on the grid (j - .5)/T, j E {l, . .. ,T}, with T = 20. The estimator 

of C lO is defined by 

Cn (2bn, v) 
u E [0, bn), 

2bn 

êlO(u, v) = 
Cn (u + bn, v) - Cn (u - bn, v) 

u E [bn, 1 - bnl , 
2bn 

, 

Cn (1 , v) - Cn (1 - 2bn, v) 
u E (1 - bn, 1], 

2bn 

where bn = n-I/2; the estimator COI of COl is defined similarly. From 

Lemma 4.1 in Segers (2012), these estimators of the partial derivatives of 

C satisfy Assumption 2, as required for the multiplier method to work. 

A first look at Tables 5.3-5 .5 enables to conclu de that the test statistics 

keep generally their 5% nominal level quite well under all null hypotheses, 

except maybe under the Fréchet copula, especially for Sn,{3}' When T = .75, 

the tests seem to have more problem keeping their size, which is proba

bly a consequence of the behavior of the multiplier method for high levels 

of dependence. This has also been observed by Bücher & Dette (2010). As 

mentioned in subsection 5.4.2, the tests cannot distinguish between the mod

els in the extreme-value family. It can be noticed by looking at the estimated 
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probability of rejection of Ho wh en the data come from either the Gumbel

Hougaard or Gumbel A copula. Under Clay ton alternatives, all test statistics 

are very powerful, especially when the null hypothesis concerns an extreme

value model; this coincides with the empirical results of Quessy (2012) when 

testing for extreme-value dependence. The Frank copula is also well detected 

by all the test statistics. One can also note that 

(i) wh en the alternatives belong to the extreme-value family, Sn,{3}, Sn,{4}' 

Sn,{2,3} , Sn,{2,4} , Sn,{3 ,4} and Sn,{2,3,4} are almost as powerful (Sn,{2 ,4} is 

the best) , Sn,{2} being significantly less powerful; 

(ii) under Fréchet alternatives , Sn,{2} is significantly most powerful than its 

competitors, followed by Sn,{2,3}, while Sn,{4} is the less powerful; 

(iii) un der Clay ton alternatives, the null hypothesis of an extreme-value 

copula is rejected for almost all test statistics. 

It is also worth to note that our tests are very quick to implement, which 

is not negligible especially if one wants to analyze large data sets. This is 

mainly due to the use of the multiplier method and the recursive nature of 

the C-power functions. Considering this and the fact that the power of our 

tests seems in general comparable to that of the goodness-of-fit test of Genest 

et al. (2006), our method is an interesting alternative to existing methods. 
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5.6 Illustration on the Uranium exploration 

data set 

The methods developed in this work will be illustrated on the Uranium ex

ploration data set first considered by Cook & Johnson (1981) and Cook & 

Johnson (1986) and later revisited by Genest et al. (2006) in the light of 

new goodness-of-fit tests for copulas. The data set consists of 655 chemical 

measurements from water samples collected from the Montrose quadrangle of 

western Colorado in the United States. The analysis presented here considers 

the concentrations in cobalt (Co), caesium (Cs), scandium (Sc) and titanium 

(Ti). The models that were tested are the one-parameter copula families 

of Gumbel, Fréchet, Clay ton and Frank. The results of the goodness-of-fit 

procedures based on Sn,{2,3} , Sn, {2 ,4} and Sn,{3 ,4} are in Table 5.6. The tests 

based on Sn,{2}, Sn,{3} and Sn,{4} were also performed, but the results were 

very similar; they therefore have been omitted. The p-values were estimated 

from M = 1 000 multiplier samples. The conclusions coincide generally with 

those of Genest et al. (2006). 

Sorne of the conclusions that one can extract from Table 5.6 could also be 

deduced by looking at the empirical C-power functions and their associated 

95% confidence band computed from the multiplier method. For example, 

the Gumbel copula was selected as an appropriate model for the pair (Cs,Ti) ; 

aIl other models were clearly rejected. In that case, the C-power functions 

of the Gumbel copula can be seen to live inside the confidence band wh en 

p = 2 and p = 3 (see Figure 5.1) , contrary to the C-power functions of the 



5. EMPIRICAL C-POWER PROCESSES 79 

.Clayton copula (see Figure 5.2). 

For the pair (Sc,Ti), the Fréchet copula was accepted, but the p-values are 

only slightly higher than .05. In such cases, it would be interesting to consider 

multi-parameter models. For example, consider an Archimax copula with a 

Gumbel Archimedean generator 'l/;f3 (t) = IlogtI 1/ (1- f3 ) and a Cuadras-Augé 

extreme part AQ (t) = 1 - a min ( t, 1 - t). In that case, the estimation of 

(a , /3) E [0, IF based on the method in Section 6 with w = {2, 3} exploits 

the fact that the first two C-power functions are of the fonu 

where K2(a) = 2 - a and K3(a) = 3 - 2a. It can be shown that â{2,3} is the 

solution of 

and then 

log Cr~J - 1) 
log Cr~~ - 1) 

log(2 - a) 
log(3 - 2a) , 

~ log Cr;;:~ - 1) 
/3{2 ,3} = 1 - ( , ~ ). 

log 2 - a{2,3} 

Since for the pair (Sc,Ti), "/n,2 = .402 and "/n,3 = .343, one finds â{2,3} = .245 

and /3{2,3} = .294. This estimation method for more than one parameter and 

the related goodness-of-fit test deserve to be investigated in more details in 

future works. 
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Figure 5.1: Empirical C-power function (black), 95% confidence bands (red) , 

and C-power function of the Gumbel- Hougaard copula when p = 2 (upper 

panel) and p = 3 (lower panel) 
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Figure 5.2: Empirical C-power function (black) , 95% confidence bands (red), 

and C-power function of the Clay ton copula when p = 2 (upper panel) and 

p = 3 (lower panel) 
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Table 5.1: Estimation, based on 10 000 replicates, of n times the mean
squared error of the estimators ê{2} , ê{3 } , ê{ 4} and ê{5}' and of the inversion 

:::~drul'S t.uT(o'!' for fi~:)on~PM:::ter fami;:: of copu;:) (n ~ 100:, 

Gumbel
Hougaard 

Gumbel A 

Cuadras
Augé 

Fréchet 

Clay ton 

.25 

.50 

.75 

.10 

.20 

.30 

.40 

.25 

.50 

.75 

.25 

.50 

.75 

-.75 
-.50 
-.25 
.00 
.25 
.50 
.75 

0.516 
0.348 
0.144 

3.362 
2.907 
2.054 
0.486 

0.631 
0.406 
0.190 

0.521 
0.525 
0.354 

0.336 
0.683 
1.101 
2.151 
5.903 

20.263 
119.502 

0.478 
0.322 
0.119 

3.177 
2.793 
1.973 
0.538 

0.795 
0.452 
0.191 

0.682 
0.567 
0.345 

0.465 
0.913 
1.378 
2.279 
5.918 

20.070 
118.790 

0.491 
0.330 
0.120 

3.330 
2.914 
1.993 
0.532 

0.981 
0.534 
0.215 

0.877 
0.669 
0.382 

0.599 
1.163 
1.699 
2.521 
6.110 

20.472 
121.917 

0.518 
0.347 
0.127 

3.575 
3.088 
2.039 
0.514 

1.169 
0.613 
0.238 

1.116 
0.759 
0.411 

0.729 
1.410 
2.007 
2.796 
6.391 

21.047 
125.857 

0.436 
0.291 
0.097 

2.929 
2.580 
1.968 
0.778 

0.942 
0.435 
0.154 

0.767 
0.530 
0.277 

0.104 
0.270 
0.662 
1.879 
5.796 

19.802 
118.644 
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Table 5.2: Estimation, based o}l 10 ~OOO !eplicate~ of n times the mean
squared error of the estimators B{2}, B{3}' B{4} and B{5}, and of the inversion 

:o::~dall'S taUT(ôl for fi:(:}on~p~:::ter frun::: of coPu;:} (n ~ 250:, 

Gumbel
Hougaard 

Gumbel A 

Cuadras
Augé 

Fréchet 

Clay ton 

.25 

.50 

.75 

.10 

.20 

.30 

.40 

.25 

.50 

.75 

.25 

.50 

.75 

-.75 
-.50 
-.25 
.00 
.25 
.50 
.75 

0.472 
0.303 
0.107 

3.013 
2.889 
2.227 
0.687 

0.653 
0.446 
0.213 

0.559 
0.575 
0.392 

0.701 
1.044 
1.398 
2.363 
5.688 

19.824 
126.997 

0.455 
0.293 
0.098 

2.957 
2.851 
2.144 
0.733 

0.809 
0.469 
0.196 

0.695 
0.586 
0.353 

1.001 
1.424 
1.789 
2.524 
5.616 

19.063 
114.073 

0.468 
0.302 
0.100 

3.138 
2.939 
2.168 
0.725 

0.996 
0.548 
0.217 

0.880 
0.685 
0.389 

1.389 
1.935 
2.325 
2.938 
5.937 

19.620 
116.321 

0.489 
0.316 
0.104 

3.386 
3.073 
2.222 
0.709 

1.183 
0.628 
0.239 

1.079 
0.803 
0.427 

1.788 
2.507 
2.939 
3.440 
6.411 

20.425 
121.520 

0.429 
0.279 
0.089 

3.036 
2.814 
1.937 
0.863 

0.901 
0.432 
0.151 

0.757 
0.525 
0.269 

0.103 
0.264 
0.642 
1.821 
5.456 

18.533 
114.604 
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Table 5.3: Estimation, based on 1 000 replicates, of the probability of re
jection of Ho for the tests based on Sn,{2}, Sn,{3} , Sn,{4}, Sn,{2,3}, Sn,{2,4} and 
Sn,{3 ,4} when n = 200 and 7 = .25 
Madel Madel under Ho 
under Hl Sn,A Gumbel Gumbel A Fréchet Clay ton Frank 

Sn,{2} 6.3 6.3 10.4 77.0 23.0 

Sn,{3} 4.6 4.6 5.5 80.7 29.1 
Gumbel Sn,{4} 4.1 4.1 3.8 80.6 32.1 

Sn,{2 ,3} 5.2 5.2 6.8 80.8 28.2 

Sn,{2,4} 4.2 4.2 5.2 81.5 32.2 

Sn,{3,4} 4.3 4.3 4.5 80.5 31.7 

Sn,{2} 6.9 6.9 11.0 81.2 24.8 

Sn,{3} 4.7 4.7 5.0 85.3 30.4 
Gumbel A Sn,{4} 3.9 3.9 3.9 84.4 31.8 

Sn,{2 ,3} 5.2 5.2 7.3 85.1 30.1 
Sn,{2,4} 4.6 4.6 5.2 86.1 32.5 

Sn,{3,4} 4.1 4.1 4.7 85.4 32.5 

Sn,{2} 47.6 47.4 8.4 57.0 14.8 
Sn,{3} 28.1 28.0 7.1 52.6 14.3 

Fréchet Sn,{4} 20.4 20.4 6.7 46.2 13.2 

Sn,{2 ,3} 34.3 34.1 7.6 55.1 15.0 

Sn,{2,4} 24.3 24.3 6.7 49.4 13.6 
Sn,{3,4} 22.7 22.7 6.8 49.3 13.6 

Sn,{2} 97.1 97.1 76.0 5.0 54.1 
Sn,{3} 97.2 97.2 84.1 5.2 49.1 

Clay ton Sn,{4} 97.1 97.1 86.1 5.3 43.4 

Sn,{2 ,3} 97.5 97.5 83.5 5.2 52.6 
Sn,{2,4} 97.7 97.7 86.8 5.7 47.7 

Sn,{3 ,4} 97.4 97.4 86.0 5.5 46.5 

Sn,{2} 49.6 49.6 21.6 39.3 3.9 
Sn,{3} 53.9 53.9 28.4 39.2 3.9 

Frank Sn,{4} 56.1 56.1 33.0 35.2 3.9 

Sn,{2 ,3} 53.3 53.3 28.2 41.1 3.9 
Sn,{2 ,4} 57.1 57.1 33.4 37.9 3.8 
Sn,{3,4} 56.5 56.5 31.3 36.9 3.6 
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Table 5.4: Estimation, based on 1 000 replicates, of the probability of re
jection of Ho for the tests based on Sn,{2}, Sn,{3} , Sn,{4} , Sn,{2 ,3} , Sn,{2 ,4} and 
Sn{34} wh en n = 200 and T = .5 , , 

Model Model under Ho 
under Hl Sn,A Gumbel Gumbel A Fréchet Clay ton Frank 

Sn,{2} 6.5 59.2 25.6 99.8 60.6 
Sn,{3} 4.1 61.4 14.3 100.0 69.2 

Gumbel Sn,{4} 3.1 60.9 10.7 100.0 72.1 

Sn, {2 ,3} 4.4 61.5 17.5 100.0 68.1 

Sn,{2 ,4} 4.0 61.3 12.7 100.0 71.5 

Sn,{3 ,4} 3.7 61.8 12.2 100.0 71.2 

Sn,{2} 58.8 94.8 9.7 96.4 56.4 
Sn,{3} 41.0 73.3 5.8 94.2 49.4 

Fréchet Sn,{4} 29.9 43.9 5.8 90.2 39.2 
Sn,{2 ,3} 47.2 86.3 7.0 95.3 52.6 
Sn,{2 ,4} 36.7 68.3 6.3 92.5 43.1 

Sn,{3 ,4} 35.0 58.6 6.0 92.2 42.3 

Sn,{2} 100.0 100.0 99.0 3.1 96.7 
Sn,{3} 100.0 100.0 99.8 3.0 95.6 

Clay ton Sn,{4} 100.0 100.0 99.9 2.8 93.2 

Sn,{2 ,3} 100.0 100.0 99.5 2.9 96.6 
Sn,{2,4} 100.0 100.0 99.8 2.9 95.1 
Sn,{3,4} 100.0 100.0 99.8 3.1 94.5 

Sn,{2} 74.0 95.3 49.4 93.7 2.9 
Sn,{3} 77.4 95.3 51.5 92.9 3.2 

Frank Sn,{4} 78.9 94.8 52.5 90.0 3.9 

Sn,{2 ,3} 76.5 95.5 51.7 93.6 3.5 
Sn,{2,4} 79.4 95.3 53.8 92.6 3.9 

Sn,{3,4} 78.5 95.3 52.6 91.7 3.6 
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Table 5.5: Estimation, based on 1 000 replicates, of the probability of re
jection of Ho for the tests based on Sn,{2}, Sn,{3}, Sn,{4} , Sn,{2,3} , Sn,{2,4} and 
Sn,{34} wh en n = 200 and T = .75 , 

Model Model under Ho 
un der Hl Sn,A Gumbel Gumbel A Fréchet Clay ton Frank 

Sn,{2} 4.6 100.0 24.3 100.0 72.9 
Sn,{3} 3.0 100.0 15.1 100.0 80.1 

Gumbel Sn,{4} 2.4 100.0 12.4 100.0 81.9 
Sn,{2,3} 3.4 100.0 17.8 100.0 79.2 
Sn,{2 ,4} 2.8 100.0 14.4 100.0 81.7 
Sn,{3,4} 2.5 100.0 13.1 100.0 81.4 

Sn,{2} 56.8 100.0 16.0 99.7 70.9 
Sn,{3} 40.7 100.0 8.7 98.6 69.4 

Fréchet Sn,{4} 32.7 100.0 7.9 97.9 62.2 
Sn,{2,3} 45.3 100.0 9.4 99.0 70.7 
Sn,{2,4} 36.4 100.0 9.0 98.2 64.9 
Sn,{3,4} 35.2 100.0 8.3 98.3 65.0 

Sn,{2} 100.0 100.0 100.0 2.3 99.3 
Sn,{3} 100.0 100.0 99.8 2.0 99.2 

Clay ton Sn,{4} 100.0 100.0 99.9 2.1 98.5 
Sn,{2 ,3} 100.0 100.0 99.9 2.3 99.4 
Sn,{2 ,4} 100.0 100.0 99.9 2.3 98.9 
Sn,{3,4} 100.0 100.0 99.9 2.1 98.7 

Sn,{2} 80.5 100.0 77.3 99.4 0.9 
Sn,{3} 78.0 100.0 73.3 98.9 1.0 

Frank Sn,{4} 77.3 100.0 70.9 98.6 1.2 
Sn,{2,3} 79.3 100.0 75.5 99.4 0.8 
Sn,{2,4} 79.1 100.0 73.6 99.0 1.1 
Sn,{3 ,4} 78.2 100.0 72.1 98.7 1.1 



5. EMPIRICAL C-POWER PROCESSES 87 

Table 5.6: Results of the parameter estimation and goodness-of-fit tests for 
the pairs (Co,Cs) , (Co,Sc), (Co,Ti) , (Cs,Sc), (Cs,Ti) and (Sc,Ti) in the Ura
nium exploration data set 

Model Estimation (Sn,A , PA) 
Pair under Ho B{2} B{3} B{4} A = {2, 3} A={2,4} A= {3, 4} 

(Co,Cs) Gumbel 0.17 0.13 0.11 (0.41 , .00) (0.48 , .00) (0.61 , .00 
Fréchet 0.16 

Clay ton 0.31 
Frank 0.34 

(Co, Sc) Gumbel 0.51 
Fréchet 0.50 
Clay ton 1.88 

Frank 5.63 

(Co,Ti) Gumbel 0.36 
Fréchet 0.34 
Clay ton 1.00 

Frank 3.29 

(Cs,Sc) Gumbel 0.23 
Fréchet 0.22 

Clay ton 0.50 
Frank 1.99 

(Cs,Ti) Gumbel 0.31 
Fréchet 0.30 
Clay ton 0.80 

Frank 2.71 

(Sc,Ti) Gumbel 0.43 
Fréchet 0.41 
Clay ton 1.37 

Frank 4.31 

0.15 0.15 
0.24 0.19 
0.89 0.79 

0.50 0.50 
0.55 0.59 
1.88 1.82 
5.63 5.59 

0.35 0.33 
0.39 0.42 
0.97 0.93 
3.21 3.06 

0.25 0.26 
0.29 0.34 
0.61 0.65 
2.20 2.37 

0.31 0.31 
0.36 0.39 
0.84 0.82 
2.82 2.82 

0.41 0.40 
0.46 0.49 
1.31 1.24 
4.24 4.04 

(0.22, .01) (0.29 , .01) 
(0.07, .30) (0.09, .34) 
(0.11, .09) (0.11 , .18) 

(0.29 , .00) (0.37, .00) 
(0.07, .38) (0.09, .39) 
(1.14, .00) (1.70 , .00) 
(0.26, .00) (0 .35, .00) 

(0.53, .00) (0.74, .00) 
(0.31 , .00) (0 .43, .00) 
(0.65 , .00) (0.84, .00) 
(0.07, .35) (0.01 , .34) 

(0.54, .00) (0.82, .00) 
(0.23, .00) (0.40 , .00) 
(0.14, .03) (0.25, .01) 
(0.09, .12) (0.10 , .21) 

(0.08, .26) (0 .13, .20) 
(0.32 , .00) (0.42 , .00) 
(1.86 , .00) (2.78, .00) 
(0.65 , .00) (1.03, .00) 

(0.22 , .01) (0.34, .01) 
(0.14, .07) (0.23, .04) 
(1.19, .00) (1.71 , .00) 
(0 .24, .00) (0 .34, .00) 

(0.38, .01 
(0.10 , .40 
(0.15 , .18 

(0.48, .00 
(0 .12, .40 
(2 .22 , .00 
(0.46 , .00 

(0.94, .00 
(0.55 , .00 
(1.09 , .00 
(0.11 , .40 

(1.07, .00 
(0.53, .00 
(0.32, .01 
(0.11 , .31 

(0 .16, .22 
(0.52, .00 
(3.59, .00 
(1.33, .00 

(0.44, .01 
(0 .29, .05 
(2.20, .00 
(0.42 , .01 

) 
) 
) 
) 
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CONCLUSION 

Dans ce mémoire, les fonctions de C-puissance associées à une copule ont été 

introduites et leurs propriétés ont été étudiées théoriquement. Ensuite, des 

versions empiriques ont été proposées, de même que des formules résursives 

qui facilitent grandement leur évaluation. Par une application non-triviale 

de la méthode Delta fonctionnelle, on a mont ré la convergence faible de 

processus basés sur les versions normalisées de ces fonctions empiriques. On 

a également démontré rigoureusement la validité asymptotique de versions 

multiplicateurs de ces processus. 

Comme applications des résultats asymptotiques obtenus, de nouvelles procé

dures d 'inférence pour les modèles de copules ont été développées. Première

ment , on a proposé une méthode d 'estimation de paramètres qui s'avère par

ticulièrement utile pour des modèles à plusieurs paramètres. Deuxièmement, 

des statistiques d 'adéquation ont été définies afin de t ester l'hypothèse d 'ap

partenance à une certaine famille de copules. Ces statistiques sont faciles 

à calculer et puissantes. Des illustrations sur de vraies données ont montré 

l'utilité de ces méthodes. 
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Dans le fut ur , il serait intéressant d 'utiliser les fonctions de C-puissance 

pour t ester d 'aut res types d 'hypothèses relatives aux copules. Par exem

ple, une adaptation relativement directe des résultats de ce mémoire permet

t rait de tester la symétrie d 'un modèle de copule. On pourrait également 

développer des t ests pour les valeurs extrêmes bivariées, ainsi que pour 

vérifier l 'hypothèse d'A rchimédianité. 
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ANNEXE A 

ESTIMATION DU GÉNÉRATEUR 
ARCHIMÉDIEN 

A.l Un estimateur plug-in 

L'objectif de cette section est de décrire un estimateur non-paramétrique du 

générateur <p d'une copule Archimédienne. Le premier estimateur proposé 

exploite le fait que la transformation intégrale de probabilité d 'une copule 

Archimédienne Ccp est 
<p(t) 

Kc,!,(t) = t - <p'(t) . 

Pour la simplicité, on notera plutôt Kc,!, = Kcp dans la suite. De là, on a 

<p' (t) 1 
<p(t) t - Kcp(t) , 

ce qui peut aussi s'écrire 

d 1 
dt ln <p(t) = t - Kcp(t) . 

En intégrant de chaque côté, on déduit finalement 

l
t ds 

ln <p(t) = _ K ( ) . 
to S cp S 
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Ainsi , si R est un estimateur non-paramétrique de Kep basé sur un échantillon 

(Xl, YI) , ' .. ,(Xn , Yn ), alors une estimation non-paramétrique du générateur 

cp est donnée par la fonction cp telle que 

[

t ds 
ln cp(t) = ~ . 

. to S - K(s) 

La façon la plus naturelle d 'estimer K ep de manière non-paramétrique est 

d 'utiliser 
1 n 

Kn(t) = - L II (Wi,n ::; t) , 
n i=l 

où 
1 n 

Wi ,n = n _ 1 L II (Xj < Xi, Yj < Yi) . 
J=l 

Cet estimateur a été proposé par Genest & Rivest (1993) et son comporte

ment asymptotique a été caractérisé de façon générale par Barbe et al. (1996). 

L'estimateur de cp basé sur Kn est donc la fonction CPn telle que 

i
t ds 

ln CPn (t) = ( ) . 
to S - Kn s 

De façon à obtenir une forme explicite pour CPn, soient (1 < (2 < ... < (N, 

N ::; n, les endroits où la fonction Kn possède des sauts. Une autre façon 

d 'écrire Kn est alors 
n 

Kn(t) = LPj II ((j ::; t), 
j=l 

où pour tout jE {1 , ... ,n}, 
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Quand t < (l , on doit considérer, afin d 'assurer que Kn(8) - 8 > 0, 

Ainsi , <Pn(t) = (dt lorsque t < (l, ce qui permet de rencontrer les exigences 

d 'un générateur Archimédien. Si t E [(j, (j+l], alors 

Donc, 

À noter que 

t d8 

Jo 18 - Kn(8)1 I: I ffiin
((J+1,t) ~ 

j=O (j 8 - Pj 

Lnt-lj t 
" l ( - .) 18=(j+1 1 d8 ~ n 8 PJ 5=(j + 
j=O Lntj/n 8 - PLntj 

Lnt- lj 
" l ( (Hl-Pj ) + 1 ( t-PLntj ) ko n (j - Pj n lntJ/n - PLntj . 

Lnt-lj 
(t)- Il ( (Hl-Pj ) ( t-PLntj ) 

<Pn - j=O (j - Pj x lntJ/n - PLntj . 

<Pn(1) = (1 - (1 ) fi ( (Hl_- pj ) = 0, 
Po j=l (J PJ 

ce qui est une des exigences imposées aux générateurs Archimédiens. Aussi , 

on peut montrer que 

<Pn (~) = 1 _ (1 . 
n Po 
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A.2 Interpolation linéaire de Kn 

L'interpolation linéaire de Kn est définie pour t E [(i-l, (i) par 

K~(t) = Kn((i-d + {Kn((i) - Kn((i-d } (~i -=- ~i~lJ 
((i - t) Kn((i-l) - ((i-l - t) Kn((i) 

(i - (i-l 

En notant que 

N 

LpjIT ((j ~ (i) 
j=l 

i N 

L pjIT((j ~ (i) + L pjIT((j ~ (i) 
j=l Hl 

i 

L Pj , 
j=l 

on déduit que pour t E [Ci-l, (i), 

Soit maintenant 

ln<p~(t) = l t 

_ ~*( )" 
to S n S 

98 

La fonction <p~ est un générateur Archimédien au sens où elle est convexe et 

décroissante. Aussi , <p~(1) = 0 en autant que K~(t) > t pour tout t. Il s'agit 

de prendre, en général, to = (1 et Po = (0 = O. Dans le cas t < (l, on a 
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On a ainsi 

ln<p~(t) 

ce qui fait que 

( t )~ 'P~(t) = - . 
(1 

Si t E [(i- 1, (i), alors 

ln<p~(t) f 1(j ds + 1t 
ds 

j=2 (j - 1 S - K~(s) ( i- 1 S - K~(s) 
i - 1 

= LJj + ~(t). 
j=2 

Ici , 

où 
j-1 

K . _ '" + Pj (j-1 
J - ~Pk . 

k=l (j - (j - 1 
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En intégrant, on obtient 

- 1 { r. (1 -~) - K'] Pj '>J ( ;-( j 1 J 
Ij = 1 - ln . ( (; -"J ( - 1 (1 - ----"'----) - K J ( j- ( j - 1 J 

Également , 

On montre ainsi que 


