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RÉSUMÉ 

Les composites à base de particules ont suscité un intérêt croissant dans les 

applications d'ingénierie en raison de leur capacité à améliorer les propriétés mécaniques, 

thermiques et fonctionnelles grâce à l'inclusion contrôlée de particules de renforcement. 

La prédiction précise des propriétés mécaniques effectives de ces composites est 

essentielle pour optimiser leurs performances et leur conception. L’homogénéisation 

numérique, en particulier l'utilisation de la Méthode des Éléments Finis (MEF), constitue 

un outil puissant pour estimer ces propriétés en analysant des Volumes Élémentaires 

Statistique (VES). Cependant, les approches de modélisation traditionnelles rencontrent 

souvent des défis pour atteindre des fractions volumiques élevées de particules tout en 

maintenant une efficacité et une précision computationnelle optimales. 

Les recherches précédentes menées par notre équipe (ERICCA) ont abouti au 

développement d'une approche de modélisation numérique automatisée intégrant la 

Conception Assistée par Ordinateur (CAO), le maillage et l'analyse par éléments finis afin 

de faciliter la génération et l’évaluation des VES. Cette méthode présente une technique 

d'érosion des résultats, qui supprime les résultats situés près des bords du VES pour 

compenser la présence de vides et garantir une distribution uniforme des particules. Bien 

que cette approche ait permis d'atteindre des fractions volumiques élevées, elle soulève 

des préoccupations quant à la suppression de données computationnelles et son impact sur 

la précision des résultats. 
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Pour surmonter ces préoccupations, cette étude propose deux nouvelles 

méthodologies, la Méthode de Correction Géométrique (MCG) et la Méthode de Découpe 

du Maillage (MCM), visant à obtenir de fortes fractions volumiques sans recourir à la 

technique d’érosion des résultats. La MCG modifie les positions et caractéristiques 

géométriques des particules afin de maximiser la fraction volumique tout en assurant la 

cohérence géométrique, tandis que la MCM découpe directement la structure du maillage 

pour adapter la taille du VES à partir d’un domaine de génération plus grand et pour 

intégrer des particules à rapport d’aspect élevé. L’analyse comparative montre que la 

MCM atteint efficacement la fraction volumique souhaitée tout en préservant la précision 

computationnelle, tandis que la MCG, bien que performante, ne permet pas d'éliminer 

complètement les vides aux frontières. Néanmoins, ces deux méthodes peuvent être 

combinées pour améliorer les performances globales du modèle. 

Les résultats obtenus avec ces méthodes sont validés en les comparant à la méthode 

d'érosion des résultats précédemment utilisée, démontrant une forte correspondance dans 

la prédiction des propriétés élastiques. De plus, la MCM est appliquée à un composite 

renforcé par des fibres naturelles très allongées, et ses prédictions numériques sont 

confrontées à des données expérimentales. Les résultats confirment la validité de cette 

méthode pour représenter précisément la réponse mécanique de ces matériaux. En outre, 

un ensemble de fibres de plus faible allongement est également modélisé afin d’analyser 

l’influence du rapport d’aspect sur les propriétés élastiques du composite. 
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Cette recherche constitue une avancée significative dans la modélisation numérique 

automatisée des composites à base de particules en supprimant le recours aux ajustements 

basés sur l’érosion des résultats, tout en maintenant une grande précision dans la 

prédiction de la fraction volumique et des propriétés mécaniques. Les méthodologies 

proposées offrent un cadre fiable pour les études futures sur la modélisation 

microstructurale et l'optimisation des matériaux composites avancés. 
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ABSTRACT 

Particle-based composites have gained significant attention in engineering 

applications due to their ability to enhance mechanical, thermal, and functional properties 

through the controlled inclusion of reinforcement particles. Accurately predicting the 

effective mechanical properties of these composites is essential for optimizing their 

performance and design. Numerical homogenization, particularly using the Finite Element 

Method (FEM), provides a powerful tool for estimating these properties by analyzing 

Statistical Volume Elements (SVEs). However, traditional modeling approaches often face 

challenges in achieving high particle volume fractions while maintaining computational 

efficiency and accuracy. 

Previous research by our team (ERICCA) developed an automated numerical 

modeling approach that integrates Computer-Aided Design (CAD), meshing, and Finite 

Element Analysis (FEA) to streamline the generation and evaluation of SVEs. This 

method presents an erosion of results technique, which removes results of elements near 

the edges of the SVE to compensate for voids and ensure a uniform particle distribution. 

While effective in achieving high volume fractions, this approach raises concerns about 

the removal of computational data and its impact on accuracy. 

To address these concerns, this study introduces two novel methodologies, the 

Geometry Correction Method (GCM) and the Mesh Cutting Method (MCM), designed to 

achieve high particle volume fractions without relying on the erosion of results technique. 

The GCM modifies particle positions and geometrical characterisations to maximize 
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volume fraction while maintaining geometric consistency, whereas the MCM directly cuts 

the mesh structure to reach the dimension of SVE from a bigger generational domain and 

accommodate high-aspect-ratio particles within the SVE. Comparative analysis shows 

that the MCM successfully achieves the desired volume fraction while preserving 

computational accuracy, whereas the GCM, though effective, falls short in fully 

eliminating boundary voids. Nonetheless, these two methods can be integrated for 

enhanced performance. 

The results of these methods are validated by comparison with the previously used 

erosion of results approach, demonstrating strong agreement in the predicted elastic 

properties. Furthermore, the MCM is applied to a natural fiber-reinforced composite 

containing highly elongated fibers, with its numerical predictions compared against 

experimental data. The results confirm the validity of the method in accurately capturing 

the mechanical response of these materials. Additionally, a range of lower fiber 

elongations is modeled to evaluate the influence of aspect ratio on the composite’s elastic 

properties. 

This research presents a significant advancement in automated numerical modeling 

of particle-based composites by eliminating the need for erosion-based adjustments while 

maintaining high accuracy in volume fraction and material property predictions. The 

proposed methodologies provide a reliable framework for future studies on 

microstructural modeling and optimization of advanced composite materials. 
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CHAPTER 1   

INTRODUCTION 

1.1- Background and motivation 

The advancement of composite materials has led to significant developments in 

various engineering fields, particularly in aerospace, automotive, and biomedical 

industries. The continuous advancements in composite material production and the rapid 

evolution of technology highlight their significant advantages, including high strength-to-

weight ratio, durability, and versatility. 

Composite materials are multiphase materials composed of a discontinuous 

reinforcement phase embedded within a continuous matrix phase. The matrix phase can 

be metallic, ceramic, or polymeric, while the reinforcement phase can take the form of 

synthetic fibers (e.g., glass, carbon, aramid), natural fibers (e.g., sisal, ramie, jute, cotton, 

kenaf, pineapple), or particles (e.g., clay, mica, tungsten carbide, titanium carbide). Based 

on their matrix material, composites are categorized into three main types: Polymer Matrix 
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Composites (PMCs), Metal Matrix Composites (MMCs), and Ceramic Matrix Composites 

(CMCs) (Figure 1-1).  

 
Figure 1-1. Classification of composite materials based on matrix. 

Additionally, depending on the reinforcement type, composites can be classified 

into particulate composites, fiber-reinforced composites, and structural composites 

(Figure 1-2). 

 
Figure 1-2. Classification of composite materials based on reinforcement. 
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While these categories define composite materials, a growing focus is placed on 

exploring reinforcements that align with industry demands for enhanced performance, 

sustainability, and efficiency. The shift from traditional metal and ceramic materials to 

synthetic fiber-reinforced composites reflects an ongoing drive toward more sustainable 

engineering solution. This transition has been further reinforced by the increasing 

adoption of Natural Fiber-Reinforced Composites (NFRCs), which offer several 

advantages, including environmental sustainability, biodegradability, and cost-

effectiveness. 

NFRCs have gained significant attention in recent years due to their ability to 

provide lightweight, high-strength alternatives to conventional materials. Industries such 

as automotive, construction, and aerospace are increasingly exploring NFRCs to reduce 

material costs and environmental impact while maintaining mechanical integrity. As 

research continues to advance in this field, optimizing the properties of NFRCs will be 

crucial to meeting evolving industry requirements and achieving a balance between 

performance and sustainability.  

These fibers, derived from renewable sources such as hemp, jute, flax, sisal, 

bamboo, and coconut, offer adequate reinforcement capabilities, making them attractive 

alternatives to synthetic fibers like glass and carbon fibers. Although their mechanical 

properties, such as tensile strength and modulus, are generally lower than those of 

polymeric fibers, their higher elongation provides improved damage tolerance. However, 

challenges such as high moisture absorption, lower thermal stability, and weaker 
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interfacial bonding need to be addressed for their broader application. The growing 

interest in sustainable engineering solutions has further accelerated research on NFRCs, 

focusing on improving their mechanical performance and durability [1-4]. Advanced 

modeling and characterization techniques are essential for accurately predicting their 

material behavior and optimizing their performance.  

A fundamental challenge in the adoption of NFRCs is their heterogeneous nature, 

which results in complex mechanical interactions between the reinforcing fibers and the 

matrix. NFRCs exhibit highly variable properties due to inconsistencies in fiber structure, 

composition, and processing conditions. Therefore, developing computational models 

capable of capturing the microstructural complexity of these materials is crucial for 

optimizing their performance and expanding their use in various engineering fields. 

The numerical modeling of composite materials has become an essential tool for 

predicting their mechanical behavior and optimizing their microstructural design. The 

Finite Element Method (FEM) provides a robust framework for simulating the mechanical 

response of heterogeneous materials, allowing for an in-depth understanding of their 

structural performance under various loading conditions. 

1.2- Research Objectives 

This thesis aims to explore and implement an automated numerical modeling 

approach that can accurately predict the effective mechanical properties of particle-

reinforced composites, with a particular focus on high volume fraction of particles. The 

study incorporates advanced meshing techniques, homogenization methods, and boundary 
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condition applications to establish a comprehensive numerical framework. The study 

builds upon prior research by our research team (ERICCA) in microstructural modeling, 

integrating Computer-Aided Design (CAD) tools, mesh generation, and FEM simulations 

within a unified topology model [5]. By leveraging Statistical Volume Elements (SVEs) 

and Finite Element Analysis (FEA), the research seeks to provide accurate estimations of 

effective mechanical properties and investigates the influence of microstructural 

parameters, such as particle aspect ratio, volume fraction, and spatial distribution. 

One of the key objectives of this research is to generate a number of SVEs that 

achieves higher percentage of fiber volume fraction and can subsequently be submitted to 

FEA without requiring erosion of results, which was developed in previous work of our 

research team and means any removal of results. This approach seeks to overcome 

common issues in modeling, such as lack of particles and voids near SVE boundaries and 

non-uniform particle distribution, using automated methods based on the rigid Multi-Body 

Dynamics (MBD) generation algorithm. 

This is significant because existing RVE or SVE generation methods, such as 

Random Sequential Adsorption and rigid MBD, are restricted to moderate fractions and 

often lead to unrealistic overlaps, boundary voids, or anisotropy. The geometric correction 

method (GCM) and the mesh cutting method (MCM) developed in this work are designed 

to overcome these limitations. GCM introduces an automated correction strategy that 

ensures a isotropic particle arrangement while preventing overlap and preserving 

minimum geometric constraints, thereby enabling higher volume fractions to be modeled 
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reliably. MCM further extends this capability by allowing particles to be generated in a 

larger domain and then trimmed into the target SVE size. This eliminates boundary voids, 

maintains uniform particle distribution, and preserves mesh quality even at high aspect 

ratios and volume fractions. Together, these approaches provide a robust framework for 

investigating particle-reinforced composites in regimes that are inaccessible to traditional 

methods, thereby extending the scientific and practical applicability of numerical 

homogenization. 

Another important goal of this thesis is to improve computational efficiency in 

modeling particle-reinforced composites. Given the complex geometry and material 

heterogeneity of these composites, traditional simulation approaches often require 

significant computational resources. This study seeks to optimize meshing strategies and 

automate model generation to enhance simulation performance without compromising 

accuracy. Finally, the numerical predictions will be validated against experimental data to 

ensure robustness and reliability. 

1.3- Dissertation Structure 

The structure of this dissertation is organized as follows: 

Chapter 2 provides a comprehensive literature review on particle-reinforced 

composites, highlighting key advancements in their modeling, processing, and 

applications. It discusses various homogenization techniques, including analytical and 

numerical methods, as well as a recently developed automated numerical approach by our 

team, and their role in predicting effective mechanical properties. Additionally, the 
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chapter explores the challenges associated with microstructural modeling and the latest 

computational techniques used to overcome them. It also examines the influence of 

different parameters on the final evaluated properties, offering insights into their impact 

on composite performance. 

Chapter 3 first presents a review of the erosion of results method developed by our 

research team. Building upon this foundation, it then introduces the geometric correction 

and mesh-cutting methods utilized for particle-based composite modeling. It elaborates 

on the importance of accurate geometry representation in numerical simulations and 

discusses the procedures for generating SVEs. 

Chapter 4 presents the finite element simulations and homogenization results 

obtained through two methodologies: the geometry correction method and the mesh 

cutting method. Finally, a comparison of the results from these two methods is presented. 

It evaluates their effectiveness through a comparative analysis of their results. 

Additionally, the chapter discusses the strengths and limitations of each method, 

highlighting their applicability to different scenarios. 

Chapter 5 applies the proposed mesh cutting methodology to NFRPCs. The chapter 

also discusses the validation process through comparison with experimental data and 

explores the sensitivity of the results to different modeling parameters. It examines the 

effects of fiber aspect ratios and volume fractions on mechanical performance. 

Additionally, the chapter offers insights into the practical applications of these materials, 
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the implications of the numerical findings, and a discussion on their limitations and 

potential improvements. 

Chapter 6 concludes the study by summarizing the key findings and their 

contributions to the field of particle-reinforced composites. The limitations of the 

proposed methodology are discussed, along with recommendations for future research 

directions, such as incorporating more advanced constitutive models.



 

 

CHAPTER 2  

LITERATURE REVIEW  

Particle-based composites have emerged as a versatile class of materials that 

combine the properties of a matrix with dispersed particles to achieve tailored 

performance for specific applications. These materials, also referred to as matrix-inclusion 

systems, consist of non-overlapping particles distributed throughout a continuous matrix. 

This structure enhances properties such as specific strength in lightweight construction, 

fracture toughness, and thermal or electrical performance, depending on the choice of 

inclusions and matrix. One of the primary advantages of these composites lies in their 

ability to be customized for diverse applications, ranging from aerospace and automotive 

industries to electronics and biomedical fields. For instance, ceramic particles 

significantly enhance thermal stability and mechanical strength, making them ideal for 

high-temperature applications [6]. Similarly, incorporating conductive particles, such as 

metals or carbon-based materials, into polymer matrices improves electrical conductivity 
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for electronic devices [7, 8]. Despite their advantages, particle-based composites also face 

challenges, particularly in achieving strong interfacial bonding between the matrix and 

inclusions. Poor interfacial adhesion can lead to debonding under stress, compromising 

structural integrity. Strategies such as surface treatments, functionalization of particles, 

and the use of coupling agents are essential to improving compatibility and enhancing 

interfacial strength. 

In summary, particle-based composites represent a dynamic and rapidly evolving 

field with broad implications across various industries. Their ability to integrate diverse 

properties into a single material system underscores their importance in advancing modern 

engineering and technology. However, to effectively design and optimize these materials 

for specific applications, it is essential to accurately estimate their effective mechanical 

behavior. In particular, predicting the elastic properties of particle-based composites plays 

a critical role in material selection and performance assessment. Therefore, the following 

subsection of this chapter will explore the various theoretical, numerical, and experimental 

approaches used to evaluate and predict the elastic properties of these composites, 

providing insight into their mechanical behavior and guiding their practical applications. 

2.1- Comprehensive review of evaluation methods for elastic properties of 

particle-based composites 

The evaluation of mechanical properties of composites is crucial due to their broad 

applications in industries like aerospace, automotive, and defense. Composites’ 



11 
CHAPTER 2 – LITERATURE REVIEW 

 

mechanical behavior is strongly influenced by the properties and characteristics of the 

reinforcement materials. A clear understanding of how microstructural constituents 

influence the macroscale response of composite materials allows for better optimization 

of their mechanical properties to meet specific requirements. Traditionally, the mechanical 

properties of composites are assessed through experimental methods. However, while 

experimental testing offers valuable insights, it doesn't provide a comprehensive 

understanding of how microstructural aspects such as particle size, shape, orientation, 

interfacial strength, porosity, and thermal mismatch between the matrix and reinforcement 

impact the overall mechanical properties. As a result, numerous analytical and numerical 

techniques have been developed to better understand the micromechanics of composite 

materials. These methods allow for the examination and optimization of factors such as 

the size, shape, distribution, and interphase bonding of reinforcements, all of which affect 

the macroscopic behavior of composites. Then, utilizing methods such as homogenization 

[9-15], there will be a transfer between macro- and micro- scales. In another word, through 

this approach the heterogeneous material is transformed into a homogeneous one with 

equivalent mechanical behavior as shown in Figure 2-1. Additionally, these techniques 

provide insight into stress–strain relationships at the microscale, as well as the dynamic 

evolution of failure during loading. They also enable the application of multi-axial loading 

conditions to composite materials, a task that is often difficult to achieve with 

conventional experimental setups. Given the significant advantages offered by these 

analytical and computational approaches, many researchers now rely on them to predict 
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the mechanical performance of new composite materials before conducting physical 

experiments, ultimately saving time and reducing costs. 

 
Figure 2-1. Transforming a heterogeneous material into a homogeneous material by homogenization 

technique. 

2.1.1- Analytical homogenization: 

The objective of homogenization is to obtain the effective stiffness matrix ℂ,-- 

such that: 

𝛴 = ℂ,--: 𝐸  Eq. 2-1 

where 𝛴 and 𝐸 are the macroscopic stress and strain responses of the composite. 

Macroscopic stress and strain can be calculated by averaging the local fields of stress and 

strain respectively over the volume domain of study: 

𝛴 = Y𝜎(𝑥)Z Eq. 2-2 

𝐸 = Y𝜀(𝑥)Z Eq. 2-3 



13 
CHAPTER 2 – LITERATURE REVIEW 

 

where 𝜎 and 𝜀 are the local strain and stress fields, respectively, and  denotes 

the volume averaging operation: 

⟨𝑓⟩& =
1
𝑉]𝑓(𝑥)𝑑𝑣&

 Eq. 2-4 

where 𝑉 is the volume of the composite sample that is being homogenized. 

On the other hand, two localization tensors 𝔸(𝑥) and	 𝔹(𝑥) are introduced to 

calculate the microscopic fields from the macroscopic scale: 

𝜎(𝑥) = 𝔹(𝑥): 𝛴 Eq. 2-5 

𝜀(𝑥) = 𝔸(𝑥): 𝐸 Eq. 2-6 

There is a condition named Hill condition [16] that establishes the equivalence in 

strain energy between the equivalent medium and the heterogeneous medium. This 

equivalence provides the connection required for transitioning between microscale 

heterogeneity and macroscale effective behavior: 

1
2 Y𝜀: 𝜎Z&

=
1
2𝐸: 𝛴 

Eq. 2-7 

Three types of boundary conditions can be prescribed on a RVE such that the Hill 

condition holds [17]. 

• Kinematic uniform boundary condition: 
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𝑢`𝑥a = Y𝜀Z . 𝑥										∀𝑥 ∈ 𝜕𝛺 Eq. 2-8 

• Static uniform boundary conditions: 

𝑡`𝑥a = Y𝜎Z . 𝑛										∀𝑥 ∈ 𝜕𝛺 Eq. 2-9 

• Periodicity boundary conditions: 

𝑢`𝑥 + 𝐿a = 𝑢`𝑥a + Y𝜀Z . 𝐿;					𝑡`𝑥 + 𝐿a = −𝑡`𝑥a										∀𝑥 ∈ 𝜕𝛺 Eq. 2-10 

It should be noted that in the equations above, the localization tensors and 

subsequently their local fields are calculated approximately not accurately. Thus, these 

methods usually lead to some bounds for effective properties. Based on the type of 

assumption and approach that are adopted to calculate the localization tensor, different 

analytical methods are generated. Two simplest and well-known bounds named as rule of 

mixture for composites, were defined by Voigt [18] and Reuss [19] providing the upper 

and lower bounds for effective elastic properties. 

Voigt assumed the strain field remains constant throughout the material when 

subjected an arbitrary average stress field (Figure 2-2). The Voigt upper bound of the 

effective elastic modulus, 𝕄&, of 𝑁 phases is: 

𝕄& =n𝑓!𝕄!

.

!/0

 Eq. 2-11 
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Where 𝕄! is the elastic modulus of the ith phase and 𝑓! is the volume fraction of 

the ith phase, defined as the ratio of the volume of that phase (𝑉!) to the total composite 

volume (𝑉): 

𝑓! =
𝑉!
𝑉  

Eq. 2-12 

and thus	∑ 𝑓!! = 1. 

While Reuss assumed the stress field remains constant throughout the material 

when subjected an arbitrary average strain field (Figure 2-2). The Reuss lower bound of 

the effective elastic modulus, 𝕄1, is: 

𝕄1
20 =n𝑓!𝕄!

20
.

!/0

 Eq. 2-13 

The assumption of these bounds is that each constituent is isotropic, linear, and 

elastic. 

 

Figure 2-2. Voigt and Reuss model [20]. 
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Other bounds for an isotropic linear elastic composite, defined as giving the 

narrowest possible range without specifying anything about the geometries of the 

constituents, are the Hashin–Shtrikman bounds [21]. 

The Hashin-Shtrikman treat the composite as an isotropic aggregate and instead of 

averaging stress and strain fields, it minimizes the strain energy and uses variational 

principles from linear elasticity to derive bounds. When there are only two constituents, 

the bounds are written as: 

𝐾3)± = 𝐾0 +
𝑓+

(𝐾+ − 𝐾0)20 + 𝑓0(𝐾0 +
4
3𝜇0)

20
 Eq. 2-14 

and 

𝜇3)± = 𝜇0 +
𝑓+

(𝜇+ − 𝜇0)20 +
2𝑓0(𝐾0 + 2𝜇0)
r5𝜇0(𝐾0 +

4
3𝜇0)t

 Eq. 2-15 

where 𝐾0 and 𝐾+ are the bulk moduli of individual phases; 𝜇0 and 𝜇+ are the shear 

moduli of individual phases; and 𝑓0 and 𝑓+ are the volume fractions of individual phases. 

With these equations, upper and lower bounds are computed by interchanging which 

material is termed 1 and which is termed 2. The expressions yield the upper bound when 

the stiffest material is termed 1 and the lower bound when the softest material is termed 

1. This method too has its limitations, especially in accurately predicting the behavior of 

materials with complex microstructures. 
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Many others tried to improve each of these bounds. Using perturbations, Milton 

and Phan-Thein [22] introduced more geometrical features of the microstructure and 

improved the accuracy of the Hashin–Shtrikman bounds. Using variational principles, 

others tried to generalize methods to include accounting for anisotropy [23], and random 

microstructures [24]. 

To enhance the predictive capability, the modified Rule-of-Mixtures was 

introduced by researchers like Tomoda, Williamson, and Giannakopoulos [25-27]. This 

modification takes into account factors such as microstructural arrangements and internal 

constraints. By incorporating these factors, the modified method gives a better 

approximation of the composite’s Young’s modulus. 

Another group of analytical methods drops into ones based on Eshelby [28].  The 

Eshelby model is fundamental in micromechanics where he derived a solution for the 

stress and strain fields within ellipsoidal inhomogeneities in an infinite matrix subjected 

to uniform remote tractions. He showed that the resulting strain field in the constrained 

inclusion is uniform and is given by: 

𝜀! = 𝕊: 𝜀5 Eq. 2-16 

where 𝕊 is Eshelby’s tensor, 𝜀!  is the uniform strain in the constrained inclusion 

and 𝜀5 is a uniform stress-free strain. 
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While Eshelby’s approach offers useful insights into the effect of particle 

reinforcement on material properties, it assumes infinite matrix behavior, which might not 

be realistic for all composites. 

The Mori-Tanaka method [29-31]  is an extension of Eshelby’s solution, which 

uses eigenstrains to calculate the average stress in a composite. The Mori–Tanaka method 

is a direct averaging scheme, which is based on the following relation: 

ℂ∗ = ℂ+ + 𝑐(	ℂ0 − ℂ+)𝕊((1 − 𝑐)𝐼 + 𝑐𝕊)20  Eq. 2-17 

 Where ℂ0, ℂ+, ℂ∗ are the elastic tensors of inclusion, the matrix, and the equivalent 

homogeneous media, respectively. 𝑐 is the inclusion volume fraction and 𝕊 is Eshelby’s 

tensor. This method has gained popularity due to its ability to provide a closed-form 

expression for the effective stiffness tensor. However, it works best for composites with 

low reinforcement concentrations and is less accurate when the volume fraction of 

reinforcement becomes large.  

For composites with higher reinforcement volume fractions (above 50 %), the self-

consistent method is used. Proposed by Kroner [32] and Budiansky [33], this method 

assumes that the composite's overall moduli are equal to the moduli of the infinite 

medium, defined as a hypothetical homogeneous and unbounded material in which each 

inclusion is embedded and interacts with an effective medium representing the composite 

itself. This approach works well for spherical inclusions and is useful when dealing with 

large volume fractions of reinforcement. To provide a clearer overview of the more 
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common analytical homogenization approaches discussed, Table 2-1 summarizes their 

key principles, underlying assumptions, typical domains of application, and main 

limitations. 

Table 2-1. Analytical homogenization methods: assumptions, applications, and limitations. 

Method Key Idea / Equation Main Assumptions Typical Use / Scope Limitations 

Voigt (Upper 
Bound) 

 

𝕄! =#𝑓"𝕄"

#

"$%

 
Uuniform 

deformation across 
phases. 

Quick upper bound 
on stiffness. 

Strongly overestimates 
stiffness when inclusions 

are compliant. 

Reuss (Lower 
Bound) 

 

𝕄&
'% =#𝑓"𝕄"

'%
#

"$%

 Uniform stress 
across phases. 

Quick lower bound 
on stiffness. 

Strongly underestimates 
stiffness when inclusions 

are stiff. 

Hashin–
Shtrikman (HS) 

Bounds 

Variational principles 
for 𝐾()±, 𝜇()± 

Isotropic, linear 
elastic phases, 
perfect bonding. 

Best possible 
theoretical bounds; 
benchmark for 
validation. 

Provide only bounds, not 
exact values. 

Eshelby’s 
Inclusion 
Solution 

Inclusions induce strain 
via Eshelby tensor. 

Ellipsoidal inclusion 
in infinite isotropic 

matrix. 

Foundation for MT 
and SC methods; 
micromechanics. 

Exact only for single 
inclusion in infinite 

medium. 

Mori–Tanaka 
(MT) 

Averages inclusion 
response weighted by 
the surrounding matrix. 

Ellipsoidal 
inclusions, moderate 
volume fraction. 

Widely used for 
short-fiber or 
particulate 
composites. 

Less accurate at high 
volume fractions; assumes 

dilute interactions. 

Self-Consistent 
(SC) 

Effective medium 
approach: inclusions 
embedded in the 
unknown effective 

medium. 

Randomly 
distributed 

inclusions; isotropic, 
linear elastic phases; 
ellipsoidal shapes. 

Balanced estimate 
for randomly 
distributed 
inclusions. 

Can deviate at high 
contrast or elongated 

particles. 

Generalized 
Self-Consistent 

(GSC) 

Three-phase model: 
inclusion–matrix–
effective medium. 

Inclusions 
surrounded by 
concentric shells. 

More accurate for 
coated particles or 
core–shell systems. 

Still approximate; 
computationally more 

involved. 
Composite 
Spheres 

Assemblage 
(CSA) 

For spherical 
inclusions. 

Concentric spheres; 
isotropic matrix. 

Exact solution for 
certain particle 
composites. 

Restricted to spheres; not 
generalizable. 

Differential 
Scheme (DS) 

Incremental addition of 
inclusions. 

Inclusions added 
progressively to 

matrix. 

Effective for highly 
filled composites. 

Path-dependent; results can 
vary with addition order. 

Analytical models typically assume an idealized, infinite interface strength 

between matrix and reinforcement. However, in real composites, the interface strength is 
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finite and can vary across the interface thickness. Researchers like Christensen [34] and 

Yao [35] have incorporated the interface's role by including an interphase region in their 

models. These modifications improve the predictions of elastic properties like Young’s 

modulus and Poisson’s ratio. 

Despite their foundational role in composite mechanics, one of the most important 

limitations of analytical methods is that for microstructures with high contrast of 

properties, they give us far apart bounds on effective properties that are not practically 

useful. These methods simplify the microstructure by approximating inclusion shapes to 

simple geometries (e.g., ellipsoids or spheres), which can overlook essential 

microstructural features such as irregular particle morphology, inhomogeneous particle 

distribution, and anisotropy in particle orientation. 

To overcome these limitations, homogenization approaches based on numerical 

methods, such as FEA, have been developed. These methods provide a more detailed 

representation of the material’s microstructure and enable more accurate predictions of 

macroscopic deformation, failure, and damage mechanisms. 

2.1.2- Numerical homogenization 

In numerical homogenization, instead of estimating the localization tensors, the 

response of material is calculated by numerical methods as Boundary Value Problems 

(BVPs) on a Representative Volume Element (RVE). Some of the numerical methods that 

are available for solving the BVPs required for the implementation of homogenization to 
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predict mechanical properties are Finite Difference Method (FDM), Finite Volume 

Method (FVM), Finite Element Method (FEM), and Fast Fourier Transform (FFT) [36-

45]. It has been shown by Michel et al. [46] that FFT cannot converge when dealing with 

composites having constituents of high contrast or non-linearities. Among all, FEM have 

been extensively employed in numerical homogenization of mechanical properties, with 

significantly more research dedicated to its implementation compared to other numerical 

methods. 

The RVE is a key concept in numerical homogenization, representing a small 

section of the composite that reflects the overall microstructure. By ensuring the RVE 

includes features such as particle volume fraction, shape, and distribution, FEM 

simulations can predict the macroscopic properties of the composite more reliably. Thus, 

defining and generating a volume element that can be statistically a representation of 

material microstructure is the first important step. 

Generating the RVE geometry, assigning material to it, choosing a numerical 

method, calculating the material response, and homogenization are other steps of this 

approach. Each of these steps has been studied by researchers and some important 

conclusions of those studies will be discussed in the following sections.   

2.1.2.1- Definition and Generation of RVE 

The definition of a RVE is a critical step in the simulation of material behavior. It 

should be performed carefully to ensure that the results are both time and cost-effective 
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while accurately representing the material's behavior. The RVE must be sufficiently 

representative of the material's microstructure to capture its essential properties but also 

optimized to minimize computational cost and time. Key factors that influence RVE 

design include the size of the RVE, the types of microstructural heterogeneities included, 

and the shapes and distribution of inclusions within the volume. A suitable RVE will 

accurately reflect the material's behavior under different loading conditions.  

Some researchers developed methods to determine a suitable RVE size such as 

analytical methods or statistical-numerical methods [47]. They are mostly based on first 

considering a number of criteria then obtaining results for different size of RVEs and 

finally check the results of these volumes with the criteria to determine the size of RVE 

which satisfies them. This process is shown in Figure 2-3. In this figure, the error is 

evaluated by comparing the predictions of the effective property with either the mean 

value obtained from several RVE sizes or with available experimental/analytical reference 

values. The main differences between existing methods lie in the type of criteria 

considered and in how the responses of different RVE sizes are evaluated. For example, 

Drugan and Willis [48] considered a linear elastic composite with non-overlapping 

inclusions, used error on constant overall modulus as their criteria, and adopted analytical 

methods to obtain the response of each size of RVE. They concluded that the minimum 

size of RVE could be as small as two times the sphere diameter for error of 5 % and 4.5 

times the reinforcement diameter for error of 1 %. Kanit et. al [49] have performed a 

statistical analysis of the numerical examples in order to define the REV size in the case 

of linear elasticity and thermal conductivity. A model is provided that one can define the 
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estimation error and number of realizations of interest and find the suitable RVE size. 

Before that, generating several realizations on different volume sizes and then calculating 

the mean value, variance of properties and integral range is needed. They also pointed out 

that RVE size must be considered as a function of five parameters: the physical property, 

the variance of computed apparent properties, the contrast of properties, the volume 

fraction, the wanted relative precision for the estimation of the effective property and the 

number of realizations of the microstructure associated with computations that one is 

ready to carry out. 

 
Figure 2-3. Convergence of effective properties with increasing RVE size. The error is defined as the 

deviation between the predicted property and the chosen reference, which may be the mean value from 

several RVE sizes or available experimental/analytical data. 
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On the other hand, Huet [17] demonstrated that it is not always possible to relate 

a RVE to the structure. In some cases, like cement or wood, because of the shape or size 

of the structure or its heterogeneities, the related RVE would be too big for calculation. 

Thus, he proposed the use of volumes that are smaller than RVE and calculate the 

properties by averaging over a number of those volumes named Statistical Volume 

Element (SVE) as shown in Figure 2-4. The properties calculated by SVEs are named as 

“apparent properties” while the properties obtained from RVEs are named “effective 

properties”. 

 

Figure 2-4. Several statistical volume elements representing the material and finally distribution of 

material property based on result of each realization [50]. 
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Based on the type of material under study, different types of micro-structural 

heterogeneities should be included in the representation of material. For example, the 

composite could be a n-phase composite, and each phase could be of different shape. One 

could specify voids or cracks as additional microstructure in the volume. Figure 2-5 shows 

variety of microstructures inside the RVE. 

 

Figure 2-5. (a) P is a material point or material element surrounded by a material neighborhood; (b) 

Possible microstructure of an RVE for the material neighborhood of P [51]. 

The process of generating an RVE for inclusion-based composites materials, 

where one phase (inclusions) is embedded within a matrix, can be achieved through 

several techniques that focus on replicating the distribution, morphology, and spatial 

arrangement of the inclusions. These methods can generally be classified into three 
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categories: experimental reconstruction, physics-based simulations, and geometry-driven 

approaches. Each category offers specific strengths and is chosen depending on the needs 

of the simulation, such as precision, computational efficiency, and the availability of data.  

2.1.2.1.1- Experimental Reconstruction Methods 

Experimental reconstruction techniques are primarily used when it is necessary to 

replicate the actual, real-world microstructure of a material. These methods involve 

imaging techniques that can accurately reconstruct a material’s microstructure, which is 

particularly useful for complex, heterogeneous materials such as inclusion-based 

composites. Common techniques include: 

Serial Sectioning [52]: This destructive technique involves slicing the material into 

thin layers, imaging the exposed surfaces, and reconstructing the three-dimensional 

structure using computational interpolation. While effective, serial sectioning presents 

challenges such as alignment errors, surface artifacts, and anisotropic resolution. Forsman 

et al. [53] demonstrated this method for metallic materials, though the technique was 

hindered by these limitations. 

X-ray Tomography: Non-destructive X-ray Computed Tomography (CT) imaging 

allows high-resolution scans of materials and provides detailed insights into inclusion 

morphology and crystallographic orientation. For instance, Figure 2-6, shows the overall 

dispersion state of graphene nanoflakes in the composites observed by 3D-micro-CT. 

However, resolution can be limited by the contrast between the inclusions and the matrix, 
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which is affected by the atomic number contrast between phases. Advanced techniques 

like differential X-ray absorption and diffraction contrast tomography help overcome 

some of these challenges [54]. 

(a) (b) 

 
Figure 2-6. Three-dimensional non-destructive X-ray micro-computed tomography images of (a) 

polypropylene/reduced graphene oxide and (b) polypropylene/fluorinated graphene oxide composites [55]. 

Despite their high accuracy, these experimental methods are often limited by high 

costs, time consumption, and the availability of advanced equipment, thus leading to the 

development of complementary computational methods. 

2.1.2.1.2- Physics-Based Simulations and Geometry-Based Techniques 

Instead of directly reconstructing from experiments, physics-based models 

simulate the natural processes leading to the formation of matrix-inclusion composites. 

Physics-based approaches model the physical processes that drive the formation of 

microstructures, such as nucleation, growth, and interactions of inclusions. For example, 

Monte Carlo Simulation is a probabilistic method which is effective for simulating energy-

driven processes such as grain boundary evolution. It has been successfully used to model 
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the annealing and recrystallization behaviors in polycrystalline materials as demonstrated 

by Anderson et al [56]. Phase-field models [57, 58] describe the evolution of material 

interfaces using field variables that transition smoothly between phases. They are 

particularly effective in capturing complex phenomena like coarsening and inclusion 

interactions under varying thermal and mechanical conditions.  A phase-field model is 

employed to simulate the kinetics and topology of three-dimensional grain growth in an 

ideal polycrystal with uniform grain-boundary properties in [59]. Cellular Automata is a 

voxel-based simulation technique [60, 61] allowing for modeling the discrete spatial and 

temporal evolution of inclusions in a computationally efficient manner. It is commonly 

used to model processes such as recrystallization and phase transformations. 

In many instances, modeling the actual physical processes involved in the creation 

of matrix-inclusion microstructures is impractical. Bulk or mixing simulations tend to be 

overly complicated, and the time required for such simulations often does not justify the 

insights gained regarding particle distributions. Nevertheless, several methods, such as 

shakedown, particle motion, growth simulations, and molecular dynamics, are inspired by 

physical processes and offer alternative approaches. 

Unlike physics-based methods, geometrical techniques focus on parameterized 

shape generation and placement within a matrix. Geometry-based methods focus on 

replicating the spatial distribution and morphology of inclusions in a computationally 

efficient manner. These methods do not directly simulate the physical processes but 

instead use algorithms to place inclusions based on predefined spatial rules. Voronoi 
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tessellations is one of these methods that divide space into cells based on the distance to 

predefined seed points [62, 63]. This approach is widely used due to its flexibility and 

ability to generate periodic microstructures. Variations, such as centroidal and weighted 

Voronoi tessellations, allow for more control over the size distribution of inclusions, 

making it ideal for modeling composites with inclusions of varying sizes. 

Random Sequential Adsorption (RSA) is a widely used numerical technique for 

generating representative microstructures of particulate composites due to its simplicity 

and effectiveness in modeling non-overlapping particle distributions. Its popularity in 

homogenization studies stems from its ability to accurately represent realistic packing 

densities and spatial distributions, making it highly applicable for predicting elastic 

properties of composites. In RSA, inclusions are placed randomly in a predefined domain 

while avoiding overlaps. In this method, as illustrated in Figure 2-7, the position of the 

first particle and subsequently other particles are randomly generated. The particles are 

added one by one into a cube and at each adding step, some criteria will be checked to see 

if the particle is accepted or not. These criteria ensure that no particles overlap and that a 

minimum geometrical distance is maintained both between particles and between each 

particle and the boundary of the volume element. If the particle is accepted, the next 

inclusion will be added and if not, the particle will be removed, and another one will be 

generated. This algorithm repeats until the final particle volume fraction is reached. This 

method is computationally efficient but becomes less effective as the volume fraction of 

inclusions increases due to the difficulty of inserting additional inclusions at high packing 

densities known as the jamming limit [64, 65]. Essentially, this means that once a specific 
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volume fraction is reached, where the space between inclusions becomes smaller than the 

size of inclusions, it is no longer possible to add additional inclusions. This occurs 

because, with the classical RSA algorithm, once inserted, each accepted inclusion cannot 

move or be modified to make space for additional inclusions. 

 
Figure 2-7. RSA algorithm. 
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Several modifications to the classical RSA have been proposed to achieve higher 

volume fractions. Kari et al. [66] suggest that once the jamming limit is reached with 

several fibers of a specific aspect ratio, fibers with lower aspect ratios can be introduced 

into the cube. This process can be repeated while ensuring that the newly introduced fibers 

are not too small. This method is illustrated in Figure 2-8. They report that this modified 

RSA approach enables achieving higher volume fractions than with previous versions of 

the RSA algorithm. Tian et al. [67] introduce a fiber growth method that builds on the 

principles of RSA but utilizes a different approach for fiber insertion. Instead of inserting 

a fiber and checking for intersections with other fibers, the inserted fiber grows from zero 

length until it intersects with existing fibers.  

 
Figure 2-8. Steps of modified RSA, 1) reaching jamming limit, 2) inserting next possible biggest particles 

(but smaller than previous ones), 3) repeating previous step in a descending manner. 

Another well stablished method is rigid multibody dynamics. MBD simulates the 

motion and collision of inclusions within the matrix. This approach is based on letting the 

inclusions move and collide with each other. This approach is generally categorized into 

two groups, referred to as event-driven and time-driven approaches [68]. Figure 2-9 

illustrates the fundamental distinction in how interacting particles are handled between 
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conventional time-stepping molecular dynamics and event-driven molecular dynamics 

methods. 

 
Figure 2-9. Schematic of time-stepping method and event-driven algorithm [69]. 

Event-driven algorithms calculate the next event at a specific moment, such as the 

collision between two particles or between one particle and boundaries of the domain, 

after which the state of the system is updated. This includes determining the new position 

of each particle, its speed, angular velocity, mass and its orientation in the case of a non-

spherical particle. Consequently, the state of the system is not computed at regular time 

intervals; instead, the duration of time steps is adjusted according to time intervals 

between each event. Lobachevsky et al. [70, 71] propose an event-driven method based 

on Molecular Dynamics (MD), applying it to discs and spheres. The initial state is 

established by randomly generating the positions of 𝑁 points (representing the centers of 

all particles) within a closed domain. Each point is assigned an initial velocity vector, with 

its components also drawn randomly. Initially, these points represent spheres with a zero 
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diameter. As each particle moves according to its initial velocity vector, its diameters 

increase over time. Along this movement and growth, the particles collide elastically. This 

algorithm requires calculating the positions and velocities of particles at each time step, 

as well as predicting future collisions. The growth of spheres allows increasing the volume 

fraction of particles over time, and the process stops once the desired volume fraction is 

achieved. 

Li et al. [69] developed an algorithm based on the event-driven MD theory to 

rapidly generate periodic RVEs with nonuniform distributions for both unidirectional 

fibre-reinforced and spherical particle-reinforced composites. Figure 2-10 shows an 

example of a generated RVE with random particle distribution and periodic geometry 

along all directions with this new algorithm. The model is a RVE with spherical particles 

with volume fraction of 30 %. 

In [72], a novel algorithm referred to as the sequential adsorption algorithm is 

introduced for generating RVEs of composites reinforced with randomly distributed 

spherical particles. This method combines the RSA algorithm with the MD-based 

approach. The proposed algorithm addresses limitations of the RSA method and can 

efficiently produce RVEs with high particle volume fractions (around 50 %). 

Despite the developments mentioned above, event-driven MD-based methods are 

constrained by their limitations regarding collision detection, which restricts all these 

approaches to spherical particles. Achieving high volume fractions of particles with more 
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complex shapes, such as cylindrical particles, particularly those with high aspect ratios, 

remains a significant challenge. 

 
Figure 2-10. Generated 3D RVE with randomly distributed spherical particles and volume fraction = 30 % 

[69]. 

In contrast, time-driven MBD approaches calculate the system's state at regular 

time intervals, updating collision detection at each step. This method is not constrained to 

specific particle shapes and employs surface triangulations along with bounding boxes for 

effective collision detection. 

This approach, employed by our research team (ERICCA) and presented in [73], 

is used for the modeling and analysis of particle-based composites with spherical and 

cylindrical shapes. The developed method automatically generates the geometry of SVEs 

using time-driven rigid MBD techniques in conjunction with solid modeling concepts. 
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Figure 2-11 illustrates an example of this method performed with 100 spheres stacked in 

the same location. 

 

Figure 2-11. Simulation of 100 spheres with time-driven MBD. a) Stacking of the spheres. b-c) Overlap 

elimination. d) Final positions of the spheres [74]. 

When particles are too close to each other or to the SVE boundary, mesh elements 

can become ill-shaped or impossible to generate, leading to failure of the meshing 

algorithm or poor element quality. To ensure mesh convergence and avoid automatic mesh 

generation failure, specific criteria related to minimum distance and minimum angle 

between geometric entities must be respected during particle generation. This requirement 

results in the elimination of a significant number of particles, particularly those located 

near boundaries of the SVE. To address this issue, after FEA results on the entire model 

are obtained, an erosion-based approach that involves not taking into account results for 

layers of elements from boundaries of the SVE is integrated into the method. This erosion-

based approach, reviewed in next section, is applied to both the RSA method and the MBD 
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method [50, 73], achieving a volume fraction of approximately 30 % for both spherical 

and cylindrical particles. In this erosion-based method, to reach the target volume fraction, 

results inside a distance from the six faces of the SVE, known as the erosion distance (𝑑,) 

are eroded. This results in a smaller homogenization domain if compared to the original 

SVE used for FEA. While this approach addresses the issue of inhomogeneity near the 

boundaries, it raises important questions about the exclusion of boundary elements results. 

Specifically, it is necessary to determine whether a high volume fraction with a uniform 

particle distribution can be achieved without removing these boundary elements results or 

encountering inhomogeneity at the SVE boundaries.  

Periodic RVE Generation is another method. To eliminate artificial boundary 

effects, periodic boundary conditions are applied to RVEs, ensuring continuity across the 

RVE's edges. Periodic versions of RSA, and Voronoi tessellations are commonly used for 

studies involving computational homogenization. 

2.1.2.1.3- Hybrid Approaches and Integration 

Hybrid methods combine the strengths of experimental data and computational 

models. For instance, statistical metrics derived from experimental imaging can inform 

the parameters for computational models, ensuring that the generated RVEs accurately 

reflect the material's actual microstructure. Techniques like statistical stereology, which 

extracts 3D information from 2D images, can also be used to supplement computational 

methods and improve the accuracy of RVE generation. 
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In summary, microstructure generation methods for inclusion-based composites 

span a wide spectrum of techniques, each suited to specific applications. Experimental 

methods provide unmatched accuracy but are limited in scalability. Physics-based and 

geometry-driven techniques offer computational efficiency and flexibility, enabling high-

throughput exploration of material behavior. Geometry-based methods like RSA, and 

Voronoi tessellations, in particular, provide a balance of efficiency and realism, making 

them indispensable for modern materials design. Future advancements in hybrid methods 

and the integration of machine learning promise to enhance the accuracy and predictive 

power of RVE generation techniques further. 

2.1.2.2- Material assignment 

Most of studies focused on isotropic constituents (both fibers and matrix) which 

when assigned to a randomly distributed short fibers, will lead to resultant isotropic 

material. Isotropic materials have only two independent coefficients and their stiffness 

matrix is as the following matrix. 

𝐸
(1 − 2𝜈)(1 + 𝜈)

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
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⎤

 Eq. 2-18 
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Also, it is possible to find shear and bulk modulus of the material using its elastic 

modulus and Poisson’s ration: 

𝐺 =
𝐸

2(1 + 𝜈) 
Eq. 2-19 

𝐾 =
𝐸

3(1 − 2𝜈) 
Eq. 2-20 

However, lots of fibers especially natural fibers show different behavior such as 

orthotropic (9 independent coefficients) or more generally behavior as anisotropic (21 

independent coefficients). The stiffness tensor of anisotropic material with 21 independent 

coefficients is such that: 

⎣
⎢
⎢
⎢
⎢
⎡
𝐶00 𝐶0+ 𝐶07 𝐶08 𝐶09 𝐶0:
	 𝐶++ 𝐶+7 𝐶+8 𝐶+9 𝐶+:
	 	 𝐶77 𝐶78 𝐶79 𝐶7:
	 	 	 𝐶88 𝐶89 𝐶8:
	 𝑆𝑦𝑚. 	 	 𝐶99 𝐶9:
	 	 	 	 	 𝐶::⎦

⎥
⎥
⎥
⎥
⎤

 Eq. 2-21 

 

In addition to mechanical properties, the thermal behavior of materials must be 

considered when modeling the response of composites under thermal loading or combined 

thermomechanical effects. Similar to mechanical behavior, the assignment of thermal 

properties depends on the nature of the constituents. 
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For isotropic materials, thermal conductivity is characterized by a single scalar 

value 𝜆, representing an identical conductivity in all directions. In the case of orthotropic 

or anisotropic constituents, thermal conductivity is represented by a second-order tensor 

Λ, typically diagonal in orthotropic materials, with distinct conductivities along the 

principal material directions. 

The local thermal behavior follows Fourier’s law, relating the heat flux vector Φ 

to the temperature gradient 𝑇: 

𝛷 = −𝛬. 𝑇 Eq. 2-22 

2.1.2.3- Calculation method: FEM 

One of the mostly used numerical method to simulate the micromechanical 

behavior of materials is the FEM. Using FEM can solve partial differential equations that 

describe the behavior of a physical system. The partial differential equations consist of 

equilibrium equations on the domain of study and the imposed boundary conditions. We 

are looking for the displacement field that is the solution of these equations and satisfies 

the boundary conditions [75]. We consider a domain of 𝛺 ⊂ 𝑅;, where 𝐷 is the space 

dimension as illustrated in Figure 2-12. The boundary of the domain is denoted by 𝜕𝛺, 

and is composed of disjoint and complementary parts denoted by 𝜕𝛺< and 𝜕𝛺=, on which 

are prescribed the displacements 𝑢∗ (Dirichlet boundary conditions) and tractions 𝐹∗ 

(Neumann boundary conditions).  
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Figure 2-12. Boundary conditions for the linear elasticity problem. 

The equations of the problem, also called as “strong form” of equations, for the 

unknown displacement field 𝑢`𝑥a are: 

𝛻. 𝜎`𝑥a + 𝑓`𝑥a = 0										𝑖𝑛	𝛺 Eq. 2-23 

𝜎(𝑥) = ℂ: 𝜀(𝑥) Eq. 2-24 

𝜎`𝑥a. 𝑛`𝑥a = 𝐹∗`𝑥a										𝑜𝑛	𝜕𝛺= Eq. 2-25 

𝑢`𝑥a = 𝑢∗`𝑥a										𝑜𝑛	𝜕𝛺< Eq. 2-26 

where 𝜎 is the Cauchy stress second-order tensor, 𝑓 is a body force, ℂ is the fourth-

order elasticity tensor, 𝑢 denotes the displacement vector, 𝑛 is a unitary vector normal to 

𝜕𝛺, and the linearized strain tensor is as below: 

𝜀 =
1
2 `𝛻𝑢 + 𝛻

?𝑢a Eq. 2-27 
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Then using a set of methods, these equations and boundary conditions are 

transferred into an integral formulation known as weak form as type below: 

]∇δ𝑢
2

&

: 𝜎𝑑𝑉 −	 ç δ𝑢	.
2

)-

𝐹∗𝑑𝑆	 −	] δ𝑢
2

&

: 𝑓𝑑𝑉 = 0 Eq. 2-28 

From a discretization of the domain 𝛺 into small-sized elements and the choice of 

interpolation functions of the unknown fields, it is possible to finally replace the partial 

differential equations in linear algebraic equations. The set of equations forms a linear 

system for linear elasticity problems assuming small disturbances: 

𝐾.𝑈.@ =	𝐹 Eq. 2-29 

where 𝐾 represents the stiffness matrix, 𝑈.@ the vector of nodal displacements and 

𝐹 the vector of nodal forces. 

The thermal behavior of the microstructures is also analyzed using the FEM, 

following a procedure similar to the mechanical simulations. In this case, the governing 

partial differential equation expresses the balance of heat flux within the domain, 

associated with prescribed thermal boundary conditions. 

The thermal problem seeks the temperature field 𝑇(𝑥) that satisfies the steady-

state heat conduction equation over the domain 𝛺 ⊂ 𝑅;: 
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𝛻.𝛷`𝑥a + 𝑞`𝑥a = 0										𝑜𝑛	𝛺 Eq. 2-30 

𝛷`𝑥a = −𝛬. 𝑇(𝑥) Eq. 2-31 

where 𝛷`𝑥a is the local heat flux vector, 𝛬 is the thermal conductivity tensor (or 

scalar if isotropic), 𝑇(𝑥) is the temperature field, and 𝑞`𝑥a represents the internal heat 

generation per unit volume (assumed to be zero in most cases). 

Boundary conditions are applied on the domain boundary 𝜕𝛺, consisting of: 

• Prescribed temperatures 𝑇∗ on 	𝜕𝛺? (Dirichlet conditions), 

• Prescribed heat fluxes	𝛷∗ on 	𝜕𝛺A  (Neumann conditions). 

The boundary conditions are thus: 

𝑇`𝑥a = 𝑇∗`𝑥a										𝑜𝑛	𝜕𝛺? Eq. 2-32 

𝛷`𝑥a. 𝑛`𝑥a = 𝛷∗`𝑥a										𝑜𝑛		𝜕𝛺A Eq. 2-33 

where 𝑛B is the outward unit normal vector at the boundary. 

Similar to the mechanical case, the strong form is transformed into the weak form: 

]∇δ𝑇
2

&

. 𝛬∇𝑇𝑑𝑉 −	 ç δ𝑇
2

)-

𝛷∗𝑑𝑆	 −	] δ𝑇
2

&

𝑞𝑑𝑉	 = 0 Eq. 2-34 

where δ𝑇 is a virtual temperature variation field. 
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After discretization into finite elements and interpolation of the unknown 

temperature field, the system of equations becomes: 

𝐾. 𝑇. = 𝑄 Eq. 2-35 

Where 𝐾 is the thermal conductivity matrix, 𝑇. is the vector of nodal temperatures, 

and 𝑄 is the vector of nodal heat fluxes. 

Thus, the FEM provides the distribution of temperature fields within the 

heterogeneous material, allowing the evaluation of the apparent thermal conductivity 

through homogenization. 

Section 2.1 provided a comprehensive overview of methods used to predict the 

elastic properties of particle-based composites. It began with analytical homogenization, 

covering classical bounds (Voigt, Reuss, Hashin–Shtrikman) as well as micromechanical 

models (Eshelby’s solution, Mori–Tanaka, self-consistent schemes) and their inherent 

assumptions and limitations. It then turned to numerical homogenization, highlighting the 

central role of RVEs and SVEs and detailing various RVE-generation approaches, 

experimental reconstruction (e.g., X-ray CT), physics-based simulations (phase-field, 

molecular dynamics), and geometry-driven algorithms (RSA, rigid multibody dynamics). 

The discussion also addressed material assignment, meshing criteria, and the formulation 

and solution of finite-element boundary-value problems. Together, these methods form a 

robust framework for estimating effective elastic behavior. In the next section 2.2, this 
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foundation is built upon by examining how particle shape and volume fraction affect the 

composite’s elastic response. 

2.2- Effect of particle shape and volume fraction on elastic properties or 

even other properties 

The reinforcement shape in particle-reinforced composites significantly affects 

their physical properties and the accuracy of predictions derived from RVEs. The 

morphology of the inclusions, characterized by their shape, aspect ratio (the ratio of a 

particle’s length to its width or diameter), and orientation, determines the mechanical 

response of the composite under various loading conditions. This chapter explores the 

influence of reinforcement shape on key macroscopic properties, such as stiffness, 

strength, and elasticity, and examines how these factors integrate with RVE-based 

modeling approaches to predict composite behavior. 

In RVEs, inclusions are frequently modeled as idealized convex shapes, such as 

spheres and polyhedral, or more complex shapes such as capsules, cylinders, ellipsoids, 

or cylinders. Observational studies reveal that inclusions exhibit a wide range of 

geometries, as illustrated in Figure 2-13, spanning from aspect ratios close to unity to 

much larger values.  
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Figure 2-13. Geometric primitives: (a) sphere, (b) ellipsoid, (c) cylinder, (d) capsule, (e) polyhedron. 

Spheres are isotropic and do not have an orientation, thus are described via the center point Xc and the 

radius r. For ellipsoids, capsules and cylinders, the orientation d needs to be considered. In addition, for 

ellipsoids, the three half-axes are described by a; b; and c, for capsules and cylinders the radius r and 

length l need to be stated. Convex polyhedral are defined by the intersection of half spaces [76]. 

These geometries, along with factors like particle size, aspect ratio, and volume 

fraction, is important in determining the overall mechanical and physical properties of the 

composite. In the literature, particle volume fractions below 20 to 25 % are typically 

considered moderate, as they can be modeled reliably using classical RSA or similar 

approaches. Fractions exceeding ~30 % are generally referred to as high-volume fractions 

in the modeling context, since particle–particle interactions, packing limitations, and 

meshing difficulties make accurate numerical homogenization increasingly challenging. 

It should be emphasized that this definition is not absolute. The notion of what 

constitutes “high” depends on several factors, including particle geometry, aspect ratio, 
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and the numerical method employed. For elongated particles in particular, the effective 

difficulty of modeling increases substantially, meaning that even lower volume fractions 

may already behave as high volume fraction cases. However, in real materials and 

experimental studies, particle volume fractions can reach much higher values, in some 

cases exceeding 50 %. The distinction lies in the fact that what is considered “high” for 

modeling is defined by the limitations of numerical generation and meshing methods, 

rather than by the physical upper bound achievable in manufacturing. 

Additionally, statistical and stereological parameters such as size distribution, 

orientation, and pair correlation functions provide insights into microstructural influences 

on composite performance. 

The performance of particle-based composites is heavily influenced by the 

uniformity of both particle distribution and orientation (in case of non-spherical particles) 

within the matrix. Achieving this uniformity is critical to avoiding stress concentrations 

and ensuring optimal performance.  

The shape of reinforcement particles directly impacts stress distribution, load 

transfer, and the overall mechanical performance of composites. Reinforcements with low 

aspect ratios, such as spheres, offer simplicity in modeling and fabrication, generally lead 

to isotropic material properties. However, their ability to reinforce the matrix is limited 

due to reduced surface area for load transfer. Conversely, elongated shapes, like fibers or 

ellipsoids, introduce anisotropy, enhancing properties in specific directions but potentially 
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leading to stress concentrations and localized failures. Ellipsoidal and cylindrical 

inclusions provide better load transfer efficiency due to their increased surface area and 

directional alignment. These shapes enhance the stiffness and strength of the composite 

along specific axes but may require careful alignment during manufacturing. Particles 

with polyhedral or irregular geometries can introduce complex interactions within the 

matrix, affecting the stress distribution and fracture mechanisms. These shapes are more 

representative of natural or industrial particles, offering insights into real-world 

applications. Reinforcements with high aspect ratios, such as fibers, significantly enhance 

tensile strength and stiffness in the direction of alignment. However, their effectiveness 

diminishes with misalignment or clustering. 

The RVE is a critical concept in multiscale modeling, capturing the statistical and 

geometrical features of the microstructure to predict macroscopic properties. The shape 

and distribution of reinforcements within the RVE influence its representativeness and 

accuracy. Smaller RVEs are sensitive to particle geometry, with significant variations in 

predicted properties observed for irregular or elongated shapes. Larger RVEs reduce this 

variability, providing more reliable results. Studies indicate that increasing the aspect ratio 

of particles enhances directional stiffness and strength but may lead to higher 

computational demands for accurate modeling. Incorporating statistical measures such as 

size and orientation distributions, covariance, and pair correlation functions improves the 

representativeness of RVEs. These metrics are particularly relevant for irregular and non-

spherical particles. While idealized shapes simplify computational modeling, real-world 

particles often deviate from these assumptions, necessitating advanced simulation 
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techniques and higher computational resources. Advances in 3D imaging and 

computational power offer opportunities to model complex particle shapes more 

accurately, improving the predictive capabilities of RVEs for composite materials. 

The study by Kari et al. [77] investigates the influence of particle size and volume 

fraction on the elastic behavior of spherical particle-reinforced composites using 

numerical homogenization techniques based on the FEM. The research focuses on 

constructing RVEs with randomly distributed spherical particles, using a modified random 

sequential adsorption algorithm to achieve high volume fractions of up to 60 %. The 

findings demonstrate that particle volume fraction is the primary determinant of effective 

elastic properties, including Young’s modulus, Poisson’s ratio, and shear modulus, while 

particle size has negligible influence in the linear elastic regime. The study emphasizes 

the importance of RVE size in accurately representing the composite’s macroscopic 

properties, with specific guidelines provided to minimize errors in homogenization 

predictions. By comparing the numerical results with analytical models such as Torquato’s 

third-order approximations and the Hashin-Shtrikman bounds, the study validates its 

approach and highlights its applicability to high-volume fraction composites. Although 

the study exclusively evaluates spherical particles, it establishes a foundational 

understanding of how particle volume fraction impacts elastic behavior, paving the way 

for further research on the role of particle shape and its interaction with size and 

distribution. 
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The study by Kari et al. [66] examines the impact of fiber volume fraction and 

aspect ratio on the elastic properties of composites reinforced with Randomly Distributed 

Short cylindrical Fibers (RDSF) and Transversely Randomly Distributed Short cylindrical 

Fibers (TRDSF) (Figure 2-14).  

 
Figure 2-14. RDSF and TRDSF composites RVEs [66]. 

Using a finite element-based numerical homogenization approach, the authors 

developed RVEs to evaluate effective material properties under periodic boundary 

conditions. The findings reveal that the elastic properties, including Young’s modulus, 

Poisson’s ratio, and shear modulus, are strongly influenced by the volume fraction of 

fibers in both RDSF and TRDSF composites. For RDSF composites, the properties 

primarily depend on the fiber volume fraction, and minimal anisotropy is observed due to 

the random orientation of fibers across all three coordinate directions. In contrast, TRDSF 

composites show significant dependence on fiber aspect ratio, especially for the 

longitudinal elastic modulus (𝐸77), which increases considerably with higher aspect ratios 

before stabilizing at values close to those of continuous fiber composites. However, for 

RDSF composites, changes in fiber aspect ratio have a negligible effect on the elastic 



50 
CHAPTER 2 – LITERATURE REVIEW 

 

properties. The study also emphasizes the importance of adequately sized RVEs to ensure 

accurate and statistically representative predictions of composite properties. The 

numerical results closely align with analytical models such as the Hashin-Shtrikman 

bounds and self-consistent methods, demonstrating the reliability of the homogenization 

approach. Overall, this research provides valuable insights into how fiber volume fraction 

and aspect ratio influence the elastic behavior of short fiber composites. The 

differentiation between RDSF and TRDSF composites highlights the critical role of fiber 

orientation and aspect ratio in designing composites with specific mechanical properties, 

enabling applications that demand tailored performance. 

The research by Böhm and Rasool [78] provides a comprehensive exploration of 

how particle shapes influence the macroscopic and microscopic behaviors of particle-

reinforced composites, offering significant insights into material design. Their earlier 

work in [79] laid the foundation for understanding particle shape effects on linear 

behaviors, including elastic, thermoelastic, and thermal conduction responses. As 

illustrated in Figure 2-15, finite element analysis was performed on multi-particle unit 

cells containing spheres, cubes, octahedra, and tetrahedra, each at a fixed volume fraction 

of 20 %. The study demonstrated that particle shape significantly influences both 

macroscopic and microscopic behaviors. The results indicate that polyhedral shapes 

enhance effective elastic moduli and thermal conductivity compared to spherical particles. 

However, this improvement comes at the cost of increased microscopic stress and flux 

concentrations, which could compromise material integrity. The study highlighted the 



51 
CHAPTER 2 – LITERATURE REVIEW 

 

importance of balancing enhanced macroscopic properties with the risks of localized 

stresses in material design. 

 

Figure 2-15. Typical periodic multi-particle volume elements, each containing some 21 identical spherical 

(SPH), octahedral (OCT), cube-shaped (CUB), or tetrahedral (TET) particles of volume fraction 0.2 [78]. 

Building on these findings, their subsequent work in 2016 [78] extended the 

investigation to the thermos-elasto-plastic domain, examining how particle shapes affect 

the non-linear behavior of composites under mechanical and thermal loading. This study 

revealed that tetrahedral particles exhibit the stiffest response, while spherical particles 

remain the most compliant. Furthermore, polyhedral particles, though beneficial for 

stiffness and strain hardening, introduced higher residual stresses and stress 

concentrations, making them more prone to microdamage under operational conditions. 
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This work emphasized the essential function of particle shape in tailoring composite 

performance, particularly in applications requiring a balance between stiffness, strength, 

and durability. Together, these studies underscore a progression in understanding the 

complexities of particle-reinforced composites, moving from linear to non-linear behavior 

analysis and providing a coherent framework for designing materials optimized for 

specific engineering requirements. The transition from fundamental to advanced 

investigations reflects the evolving focus on practical applications and challenges in 

composite material design. 

The study by El Moumen et al. [80] investigates the effect of particle shape on the 

effective elastic properties and RVE size of two-phase composites. Using numerical 

homogenization techniques based on finite element simulations, the authors evaluate three 

particle shapes: spherical, prolate (elongated), and oblate (flattened) as illustrated in 

Figure 2-16. The study also incorporates statistical and morphological analyses to better 

understand the relationship between particle shape and composite behavior. The findings 

indicate that particle shape significantly affects elastic properties in volumes smaller than 

a representative volume of RVE, with notable variations in elastic moduli due to changes 

in particle geometry and orientation. However, for volumes equal to or larger than a 

representative volume, the influence of particle shape becomes negligible, and the 

effective properties converge regardless of the particle morphology. The study 

demonstrates that ellipsoidal particles require larger RVE sizes compared to spherical 

particles, reflecting increased heterogeneity in microstructures with elongated or flattened 

particles. The authors further establish that statistical parameters such as covariance, 
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variance, and integral range are critical for characterizing the microscale heterogeneity of 

composites. They introduce an equivalent morphology concept, where ellipsoidal particles 

can be replaced with spherical particles of equivalent volume to achieve similar effective 

elastic properties, though the RVE sizes may differ. Overall, this research highlights the 

importance of considering particle shape in the design and analysis of particle-reinforced 

composites, especially when working with volumes smaller than the RVE. It provides a 

comprehensive framework for linking particle morphology with mechanical behavior 

through combined numerical and statistical approaches. 

 

 
Figure 2-16. Generated RVEs: (a) spherical particles, (b) oblate spheroids, and (c) prolate spheroids [80]. 

The study by Rani et al. [81] investigates the impact of particle dispersion on the 

mechanical properties of polymer composites reinforced with Spent Coffee Bean Powder 

(SCBP) particles in a Polypropylene Carbonate (PPC) matrix. The analysis covered SCBP 

filler contents of 5 %, 10 %, 15 %, 20 %, and 25 % weight fraction. Using an automated 

image analysis tool developed within Python, the researchers quantitatively assessed 

particle and cluster size distributions and their effects on tensile strength and modulus. 
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The tool enabled detailed statistical analysis of microstructural features such as particle 

clustering and agglomeration. Key findings highlight that particle dispersion and 

clustering significantly influence mechanical properties. The microstructural analysis 

revealed a bimodal distribution of particle clusters, including the presence of a secondary 

phenomenon termed "clustering of clusters." This phenomenon became more prominent 

with higher filler content, particularly beyond 20 % of weight fraction, leading to a 

reduction in tensile strength and modulus. The researchers introduced a modified effective 

volume fraction to account for clustering effects, successfully integrating it into the rule-

of-mixture model. This modification improved predictions of composite tensile strength 

and modulus, capturing non-linear trends observed in experimental data. The study 

emphasizes the necessity of quantitatively linking particle microstructure with composite 

mechanical performance. The proposed effective volume fraction also demonstrated 

applicability in other theoretical models, offering a generalized framework for enhancing 

the predictability of composite properties in systems with heterogeneous particle 

distributions. 

The study by Yun et al. [82] focuses on the elastic properties of polypropylene 

(PP) and ultra-high molecular weight polyethylene fiber composites, investigating the 

effects of fiber aspect ratio and volume fraction. The authors employ FEA and the Halpin-

Tsai model to predict the elastic modulus and shear modulus of these composites under 

varying conditions. The study examines volume fractions of 5 %, 10 %, 15 %, 20 %, and 

25 %, with fiber aspect ratios ranging from 3 to 15 as illustrated in Figure 2-17.  
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Figure 2-17. Different modeling under evaluation in [82]. 

Results demonstrate that the elastic modulus in the fiber length direction (𝐸00) 

increases proportionally with both the aspect ratio and volume fraction. At higher volume 

fractions (25 %) and aspect ratios (15), the elastic modulus reaches its peak value of 

approximately 5900 MPa in FEA simulations, though deviations from the Halpin-Tsai 

model grow with increasing fiber aspect ratios and volume fractions. The transverse 

modulus (𝐸++) is less affected by volume fraction and more by the aspect ratio, while the 

shear modulus (𝐺0+) increases linearly with volume fraction and aspect ratio in the Halpin-

Tsai model, contrasting with the FEA results. The study underscores the significance of 

fiber orientation and distribution, particularly at higher aspect ratios, where discrepancies 
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between FEA and the Halpin-Tsai model arise due to the random orientation assumed in 

the FEA model versus the lattice-based assumptions of the Halpin-Tsai model. A contour 

graph aids in predicting elastic properties based on these parameters, facilitating the 

optimization of PP/UHMWPE composite designs for specific mechanical requirements. 

The study by Siraj et al. [83] evaluates the effects of particle characteristics, 

specifically size and weight fraction, on the mechanical and physical behavior of High-

Density PolyEthylene (HDPE) composites reinforced with silica fillers. focuses on HDPE 

composites reinforced with silica fillers derived from raw sand, investigating how particle 

size (25 µm and 5 µm) and weight fraction (0 %, 20 %, 35 %, and 50 %) affect the 

mechanical properties of the resulting material. The silica particles were randomly 

distributed within the polymer matrix, leading to a heterogeneous microstructure in the 

prepared sheets. This random distribution was confirmed through Scanning Electron 

Microscopy (SEM), which revealed differences in particle dispersion and interparticle 

distance between the two particle sizes. The findings highlight significant impacts on 

toughness, elastic modulus, ductility, and density, with distinct trends observed for 

different particle sizes and filler loadings. The influence of particle size is particularly 

evident in the behavior of the composites. For larger particles (25 µm), toughness showed 

an initial improvement, peaking at 811 MPa at 20 %, compared to 611 MPa for pure 

HDPE. This improvement is attributed to silica clusters promoting partial stress within the 

matrix and altering crack propagation. However, as the filler content increased beyond 20 

%, toughness declined due to stress concentrations resulting from particle agglomeration. 

In contrast, for smaller particles (5 µm), toughness consistently decreased with increasing 
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filler content, as their reduced interparticle distance facilitated agglomeration, creating 

structural instability and a brittle matrix. The elastic modulus also exhibited size-

dependent behavior. Composites with 25 µm particles achieved higher modulus values 

compared to those with 5 µm particles. For example, at 20 %, the modulus increased from 

1201 MPa to 1298 MPa for 25 µm particles but declined at higher filler contents due to 

stress concentrations. In contrast, composites with 5 µm particles displayed generally 

lower modulus values across all filler levels, with the exception of 50 %, where the dense 

packing of smaller particles contributed to localized modulus increases. This behavior 

underscores the role of particle size in balancing matrix integrity and reinforcement. 

Ductility, a measure of the material's ability to deform plastically under load, decreased 

substantially with increasing filler content for both particle sizes. While pure HDPE 

demonstrated ductility over 150 %, the value dropped by approximately 98 % at 50 % 

filler content. This reduction was more pronounced for 5 µm particles due to the higher 

tendency for agglomeration and the formation of structural voids, which weakened the 

matrix's ability to sustain deformation. The weight fraction of the fillers also played a 

significant role in the observed behavior. At lower filler levels (up to 20 %), composites 

benefited from enhanced particle dispersion, resulting in improved toughness and elastic 

modulus, especially for 25 µm particles. However, at higher filler levels (35 % and 50 %), 

agglomeration effects dominated, leading to declines in toughness and modulus and 

increased brittleness, regardless of particle size. Finally, the density of the composites 

increased with filler content for both particle sizes, as expected. The 25 µm particles 

produced slightly higher densities than the 5 µm particles, due to their larger size and 
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higher individual mass. Overall, the study highlights the critical influence of particle 

characteristics on the final behavior of the composites. Larger particles provided better 

performance at moderate filler contents, while smaller particles were more prone to 

agglomeration, limiting their effectiveness. These findings underscore the importance of 

optimizing particle size and filler loading to achieve desired mechanical and physical 

properties for specific applications. 

The study by Tian et al. [84] explores the effective elastic properties of short-fiber-

reinforced metal matrix composites (MMCs) using a two-step mean-field homogenization 

procedure. The composites under investigation consist of a magnesium alloy matrix 

reinforced with spatially randomly distributed short carbon fibers, characterized by an 

aspect ratio of 15. The fibers are distributed in a three-dimensional random orientation, as 

confirmed by their fiber orientation averaging procedure, which effectively captures the 

anisotropy introduced by the spatial randomness. This random distribution is essential to 

replicating realistic MMC microstructures, differing significantly from unidirectional or 

aligned fiber composites. 

The primary objective of the study is to evaluate how fiber characteristics, 

including aspect ratio, volume fraction, and orientation, affect the composite’s elastic 

behavior. The research employs multiple homogenization models, including Mori–

Tanaka (M-T), double inclusion (D-I), Voigt, and Reuss models, to predict the elastic 

moduli and shear moduli. These predictions are validated against results from RVE-based 

finite element (FE) homogenization and uniaxial tensile testing. 
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The findings reveal that the elastic properties, such as elastic moduli and shear 

moduli, are strongly influenced by the fiber volume fraction. As the volume fraction of 

fibers increases, both elastic moduli and shear moduli improve due to enhanced load 

transfer between the matrix and the reinforcement. At lower volume fractions (≤ 15%), 

predictions from the M-T and D-I models closely match those from the RVE-FE 

homogenization method, indicating their reliability for accurately capturing elastic 

behavior at low fiber content. At higher fiber volume fractions, the predictive accuracy of 

these models diminishes, leading to the development of a modified two-step mean-field 

homogenization approach. This modified method combines the D-I and M-T models in 

the first homogenization step and employs a Voigt-Reuss interpolation in the second step, 

providing more precise results across a broader range of volume fractions. 

The aspect ratio of the fibers, fixed at 15, contributes to the anisotropic mechanical 

properties of the composites due to their three-dimensional random orientation. The fiber 

orientation transformation procedure effectively incorporates these characteristics into the 

homogenization framework, ensuring that the influence of orientation is accurately 

captured in the final predictions. This approach highlights the necessity of considering not 

only volume fraction but also fiber orientation and distribution in designing MMCs for 

optimal performance. 

Overall, the study demonstrates the vital part of fiber characteristics, including 

volume fraction and orientation, in determining the elastic behavior of short-fiber-

reinforced MMCs. The proposed two-step mean-field homogenization procedure, 
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especially its modified version, offers a robust tool for accurately predicting the elastic 

properties of these composites, making it highly relevant for applications requiring 

lightweight materials with superior mechanical performance. 

The study by Ezzaraa et al. [85] explores the elastic properties of 3D-printed wood-

polylactic acid (PLA) composites using numerical homogenization techniques. The 

research focuses on understanding the influence of particle characteristics, such as wood 

volume fraction, particle shape, and internal porosity, on the mechanical performance of 

the composites. The samples under investigation were fabricated using fused deposition 

modeling (FDM), a widely used additive manufacturing technique. The wood particles 

were derived from beech wood and embedded in a PLA matrix. The composites exhibited 

randomly distributed particles with no directional alignment, reflecting the heterogeneous 

nature of the microstructure. RVEs were used to model the microstructure, employing a 

random sequential adsorption algorithm to ensure a realistic particle distribution within 

the composite matrix. The study evaluates the influence of particle characteristics on the 

composite's mechanical behavior. The elastic modulus increased with wood volume 

fractions ranging from 10 % to 30 %, with a 35 % enhancement observed at the highest 

fraction. This improvement was attributed to the significantly higher modulus of wood 

(14.31 GPa) compared to PLA (3.72 GPa). The particle shape was also found to play a 

crucial role in determining the composite's anisotropy. Ellipsoidal particles, characterized 

by varying aspect ratios, produced a transversely isotropic material behavior, with the 

longitudinal modulus (𝐸00) increasing significantly as the aspect ratio rose. Conversely, 



61 
CHAPTER 2 – LITERATURE REVIEW 

 

spherical particles resulted in isotropic elastic properties. Porosity was another critical 

factor investigated in the study. The inclusion of pores, ranging from 0.09 mm to 0.43 mm 

in diameter, introduced reductions in the elastic modulus. For instance, at 10 % wood 

content, an increase in porosity from 2 % to 7 % caused a 9.37 % decrease in the elastic 

modulus. Despite this, the model showed strong agreement with experimental data, with 

relative errors not exceeding 10 %. Overall, the findings emphasize the importance of 

optimizing wood particle content, shape, and porosity to tailor the mechanical properties 

of wood-PLA composites for specific applications. The numerical homogenization 

technique effectively predicts the elastic behavior, providing a valuable tool for designing 

high-performance 3D-printed composites. 

The study by Kouassi et al. [86] focuses on the determination of effective elastic 

properties of nanocomposites reinforced with organoclays using numerical and 

experimental methods. The research examines how dispersion, particle morphology, and 

weight fraction of the organoclays influence the elastic properties of the composites. The 

samples under investigation consisted of PMMA reinforced with organoclay fillers at 

weight fractions ranging from 1 % to 5 %. The microstructure of these nanocomposites 

was characterized as having random dispersion, as confirmed by Ripley functions and 

analysis of transmission electron microscopy (TEM) images. Platelet and prism inclusion 

types were modeled based on the morphology and size distribution of the particles, with 

aspect ratios of 0.01, 0.02, and 0.05 used to generate RVEs for numerical simulations. The 

results highlight that both the weight fraction and the aspect ratio of the particles play 

significant roles in determining the elastic properties of the nanocomposites. The Young's 
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modulus and shear modulus increased with the volume fraction of the organoclays, with 

higher values observed for lower aspect ratios. This trend is attributed to the lower 

probability of aggregation at smaller aspect ratios, which ensures better dispersion and 

stress transfer within the matrix. Conversely, as the aspect ratio increased, the likelihood 

of clustering grew, negatively impacting the mechanical properties. Prism inclusions 

generally provided slightly better elastic properties compared to platelets, which may be 

due to the differences in meshing and geometry. For weight fractions of 1 % to 2 %, the 

organoclays were predominantly exfoliated, resulting in superior mechanical 

performance. However, at higher weight fractions, the microstructure transitioned to a mix 

of exfoliated, intercalated, and aggregated morphologies, leading to a reduction in 

mechanical properties. The study further validated the numerical predictions against 

experimental data, with good agreement observed for intermediate aspect ratios (AR2 = 

0.02). This research underscores the importance of optimizing particle dispersion, 

morphology, and weight fraction to achieve desired mechanical properties in PMMA-

organoclay nanocomposites. The integration of Ripley functions and Digimat-FE 

modeling provides a robust framework for accurately predicting the effective elastic 

properties of complex composite materials. 

The study by Wolfsgruber et al. [87] investigates the effects of filler type, shape, 

and volume fraction on the thermal conductivity and mechanical properties of 

thermoplastic matrix composites (PMCs). The materials examined include five different 

thermoplastics—polyamide 6 (PA6), polypropylene (PP), polycarbonate (PC), 

thermoplastic polyurethane (TPU), and polysulfone (PSU)—reinforced with various 
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inorganic fillers, including aluminum oxide (Al2O3), zinc oxide (ZnO), and boron nitride 

(BN). The fillers exhibited different shapes, such as cubic, needle-like, and platelet 

structures, and were incorporated into the matrix at weight fractions ranging from 10% to 

40%. The samples under investigation were prepared using a twin-screw extrusion process 

followed by injection molding. This manufacturing process resulted in a heterogeneous 

distribution of filler particles within the thermoplastic matrices, with particle orientation 

influenced by the melt flow during injection molding. The microstructure displayed a 

"skin-core" effect, with filler orientation differing between surface and core regions, 

particularly for platelet-shaped fillers. The study specifically evaluates the impact of 

particle characteristics on the elastic modulus, tensile strength, density, and thermal 

conductivity of the composites. The elastic modulus increased with filler content, and the 

rate of increase varied depending on the filler shape and its interaction with the matrix. 

Platelet-shaped boron nitride exhibited the highest reinforcement effect due to its large 

aspect ratio and ability to form continuous thermal pathways. Conversely, cubic and 

needle-like particles demonstrated moderate reinforcement effects. The work of adhesion 

between filler and matrix was identified as a critical factor affecting the elastic modulus, 

with materials like PA6 and PSU exhibiting higher adhesion and thus greater stiffness 

compared to TPU or PP. Tensile strength results showed a contrasting behavior, with some 

matrices (e.g., PA6 and PSU) exhibiting reduced tensile strength at higher filler contents 

due to stress concentrations and reduced chain mobility. Conversely, PC exhibited 

improved tensile strength due to better filler-matrix interaction facilitated by siloxane 

modifications in the matrix. Thermal conductivity increased with filler content, with 



64 
CHAPTER 2 – LITERATURE REVIEW 

 

significant differences observed based on filler shape and type. Platelet-shaped fillers, 

such as boron nitride, demonstrated the highest thermal conductivity improvements due 

to their ability to bridge larger thermal paths. The study found that semicrystalline 

matrices (PA6 and PP) exhibited higher thermal conductivity than amorphous matrices 

(PC, PSU, TPU), although crystallinity itself did not significantly change with filler 

addition. In summary, the findings emphasize the importance of filler type, shape, and 

content in determining the thermal and mechanical properties of thermoplastic 

composites. The results provide a foundation for optimizing filler-matrix combinations 

for applications requiring specific thermal and mechanical performance. 

In summary, Section 2.2 examined how reinforcement shape and volume fraction 

govern composite behavior, evaluating inclusion geometries from simple spheres and 

convex polyhedra to ellipsoids, capsules, and cylinders across volume fractions from 

dilute (< 10 %) to around 30 %. These studies confirm that particle morphology critically 

influences stiffness, strength, and elasticity: spherical particles often lead to isotropic 

responses but impose packing limits, whereas elongated or irregular particles can enhance 

stiffness in preferred directions but require larger RVEs to achieve statistical 

representativeness. Although many works confirm the importance of geometry, most 

existing studies have focused on low-elongation or unidirectionally elongated particles, 

with limited systematic evaluation of high aspect ratio fibers. This gap stems from the 

difficulty of generating such models with existing RVE/SVE algorithms. 
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The literature also shows that increasing particle content intensifies particle–

particle interactions and meshing difficulties, making homogenization significantly more 

challenging beyond ~30 % volume fraction. For this reason, fractions around 30 % are 

typically referred to as high-volume fractions in the modeling context, even though 

experimental composites may reach much higher reinforcement contents. 

This thesis specifically addresses these modeling challenges by developing 

methods capable of generating and analyzing microstructures with volume fractions of 30 

%, which are regarded as high in the modeling literature, while acknowledging that real-

world composites may present even denser microstructures, thereby extending the range 

of reliable numerical homogenization. 

2.3- Conclusion 

Despite decades of advances, from metals and ceramics to synthetic 

fiber-reinforced polymers and now natural fiber-reinforced composites, the accurate 

prediction of effective properties remains a critical challenge for modern materials design. 

A wide range of analytical and numerical homogenization techniques has been developed, 

ranging from classical bounds (Voigt, Reuss, Hashin–Shtrikman) and micromechanical 

models (Eshelby, Mori–Tanaka, self-consistent schemes) to numerical methods such as 

finite element analysis coupled with geometry-driven (RSA, rigid multibody dynamics) 

or physics-based (tomography, phase field) reconstructions. Nevertheless, several 

persistent challenges remain. First, geometry-driven algorithms routinely stall near the 
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jamming limit. Second, high-fidelity reconstruction methods (e.g., serial sectioning, X-ray 

tomography, phase-field simulations), while accurate, incur prohibitive computational 

cost and equipment requirements for routine use. Finally, numerical methods struggle to 

accommodate reinforcements with high aspect ratios, as mesh convergence issues and 

boundary voids escalate with increasing aspect ratio. 

FEA coupled with homogenization has emerged as one of the most reliable tools 

for estimating elastic moduli and other effective properties of heterogeneous materials, 

yet it brings its own challenges like high computational cost, the need for precise 

microstructural data, and the difficulty of selecting a RVE that truly reflects the material’s 

variability. In recognition of cases where a single RVE may be impractically large (e.g., 

cement or wood), the use of multiple, smaller SVEs has become widespread; however, 

generating SVEs that faithfully reproduce fiber geometry, distribution, orientation, shape, 

and volume fraction, while remaining compatible with FEA mesh convergence and 

time-efficiency requirements, remains an active area of research. 

To address these limitations, our team (ERICCA) previously developed an 

automated numerical homogenization framework that integrates CAD, meshing, and FEA 

driven by both RSA and time-driven rigid multibody dynamics generator (detailed in [50, 

73, 88]). This method is a generalized modeling approach for particle-based 

heterogeneous materials. This pipeline efficiently produces SVEs by enforcing minimum 

distance and angle criteria during particle placement, then applies an erosion-of-results 

technique to eliminate boundary effects and achieve target volume fractions for 
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homogenization. Although effective in matching experimental elastic moduli, its reliance 

on data removal rises doubts and it cannot fully capture boundary conditions influence. 

Building on this foundation, the present work introduces two novel methodologies, 

Geometry Correction Method (GCM) and Mesh Cutting Method (MCM), that achieve 

high particle volume fractions without eroding results. GCM makes subtle, 

geometry-preserving adjustments to particle size, position, and orientation to eliminate 

voids at the SVE boundaries, while MCM generates a mesh over an extended domain 

before precisely trimming it to the SVE bounds, thereby preserving all computed element 

data. These advances enable a direct comparison with the erosion-based baseline to 

evaluate its accuracy, support accurate modeling of very large aspect-ratio fibers and 

enhance both computational efficiency and fidelity. Chapter 3 will detail the theoretical 

foundations and algorithmic implementation of GCM and MCM, setting the stage for a 

comprehensive evaluation of their performance against both the traditional erosion-based 

pipeline in Chapter 4 and experimental benchmarks in Chapter 5. 



 

 

CHAPTER 3  

METHODOLOGY 

This chapter begins by reviewing the automated numerical modeling approach 

previously developed by our research group (ERICCA), which integrates CAD, meshing, 

and finite element analysis for microstructural modeling of particle-reinforced 

composites. The complete sequence of this methodology is outlined, including the erosion 

of results technique, which was introduced to compensate for boundary-induced voids and 

to enable high particle volume fractions by excluding results near the edges of the domain. 

This previously developed workflow serves as the foundation for the two new 

methodologies proposed in this study. Two distinct methodologies are developed to 

achieve high volume fraction of particles without utilizing the erosion of results 

methodology. The objective of these methodologies is twofold: first, to enable verification 

of the erosion of results approach, and second, to assess the impact of boundary condition 

selection on final results and their convergence.  
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In Section 3.1, presents the review of previous approach. In Section 3.2, the 

Geometry Correction Method (GCM) is presented, which modifies particle geometries 

near boundaries to allow denser packing without creating voids. In Section 3.3, the Mesh 

Cutting Method (MCM) is introduced, which enables extraction of SVEs from a larger 

meshed domain, preserving complex particle configurations while allowing controlled 

application of boundary conditions. 

These methods were developed to achieve high particle volume fractions without 

relying on the erosion of results and offer a more complete and boundary-aware 

framework for the homogenization of particle-based composites at high volume fractions. 

3.1- A review of existing erosion of results method 

In this section, an overview of previous study by our research team (ERICCA) 

(detailed in [50, 73, 88]), is presented. This method is a generalized and automated 

numerical homogenization modeling approach for particle-based heterogeneous 

materials.  

The entire modeling framework of this method is obtained by integrating CAD, 

mesh generation and FEA tools. This integration is facilitated through the Unified 

Topology Model (UTM) [5]. UTM is a computational framework developed by the 

ERICCA team. This modular, scalable, and general-purpose environment establishes a 

connection between Boundary REPresentation (BREP) topological entities and mesh 

entities used in FEA as illustrated in Figure 3-1.  
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Figure 3-1. General architecture of the UTM [5]. 

Historically, the development of geometric modeling techniques, meshing 

algorithms, and FEA tools was carried out independently. This segmentation meant that 

little communication existed between the various steps of the numerical analysis process. 

A designer would first create a CAD model, then transfer it to a meshing software before 
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exporting the mesh to an FEA solver. Any modification based on the analysis results 

required starting over from scratch, making iterative refinement both time-consuming and 

inefficient. To address this limitation and accelerate the structural design process, 

significant efforts have been devoted to integrating these stages. The UTM establishes a 

bidirectional communication framework between these components, thereby enabling 

automatic updates and maintaining consistency throughout the design and analysis 

workflow. The UTM is built on the B-REP modeling framework while leveraging Object-

Oriented Programming (OOP) principles, such as polymorphism and encapsulation, to 

enhance flexibility and interoperability. Encapsulation allows the UTM to interact with 

different CAD software without dependency on a specific modeler. Instead of rewriting 

compatibility functions for each new CAD tool, only the encapsulation layer needs to be 

adapted, significantly reducing development efforts when integrating new technologies. A 

key advantage of this approach is the automatic adaptation of CAD geometries for 

numerical analysis [89], allowing seamless modifications and direct compatibility with 

FEA tools. Modern Computer-Aided Engineering (CAE) software has since followed this 

trend, incorporating CAD modeling, meshing, and FEA solvers into a single platform with 

increasing levels of automation in transitions between modules. 

With the UTM, boundary conditions must directly be applied to BREP topological 

entities, and FEA results can be mapped back to the original geometry, enabling 

comprehensive post-processing analysis. A key feature of the UTM is its co-topology 

framework, which addresses redundancies in geometric representations. In traditional B-
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REP models, redundancy occurs among topological entities such as vertices and edges 

where two adjacent faces share a common edge, and two adjacent edges converge at a 

shared vertex. Furthermore, when representing two volumes that share a common face, 

the same problem appears for the adjacent faces. The co-topology approach eliminates 

these redundancies by associating each geometric entity with a single topological 

reference while maintaining orientation consistency. This strategy ensures that shared 

features between volumes, such as common faces, are uniquely defined and correctly 

oriented, preventing ambiguity in mesh generation, especially in particle-reinforced 

microstructures. Consequently, the UTM enables multidimensional modeling and 

simulation [90], making it well-suited for complex engineering applications. 

The meshing process follows the B-REP hierarchy, associating each mesh element 

with a corresponding topological entity through a bidirectional link. Through its integrated 

approach, the UTM provides a robust computational environment for various applications, 

including pre-meshing optimization [91], automatic remeshing of FEA models following 

CAD modifications [92]. 

 The workflow begins with node placement at vertices, followed by edge 

discretization, surface meshing using advancing front algorithm, and volume meshing 

with tetrahedral elements based on the surface triangulation. This structured approach 

ensures that geometric consistency is preserved, particularly when adapting CAD models 

for finite element simulations.  
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To further enhance interoperability, the FEA solver interface in the UTM employs a 

file-based exchange mechanism. Simulation data, including material properties, section 

properties (for beams and plates), and boundary conditions, are directly linked to 

topological entities rather than requiring manual definition of node and element groups. 

The solver reads the generated input files, executes the simulation, and the results are then 

automatically imported and associated with mesh elements in the UTM. This method 

simplifies model setup, accelerates the simulation process, and allows for easy solver 

substitution without modifying the core UTM architecture. One of the most significant 

applications of the UTM is in microstructural modeling of heterogeneous materials  [74], 

where its advanced meshing strategies and co-topology framework allow accurate 

representation of particle-based composites.  

As research advances, the UTM continues to evolve, further enhancing the seamless 

integration of CAD, meshing, and FEA into a unified and automated computational 

framework. 

The methodology outlined in this study provides a structured framework that 

integrates geometric modeling, meshing, and FEA into a single automated process. This 

ensures consistency, reduces manual intervention, and enhances computational efficiency. 

The overall process consists of four main steps: (1) generation of the geometric model, (2) 

creation of the size map, (3) meshing, and (4) execution of finite element studies including 

post-processing and homogenization. All these steps are executed automatically and are 

followed by a post-processing stage, as illustrated in Figure 3-2. 
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Figure 3-2. Overview of the SVE automatic generation process described in [73]. 
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3.1.1- Generation of the geometric model 

The adopted approach involves creating a RVE, composed of multiple SVEs. Each 

SVE is individually analyzed, and the overall properties of the RVE are determined by 

averaging the results obtained from all SVEs. The number and size of SVEs are carefully 

chosen to account for the natural variability in fiber properties. Moreover, numerical SVEs 

are designed to be smaller than physical samples to ensure that simulations remain 

computationally feasible within reasonable timeframes. To achieve realistic SVEs that 

accurately reflect real-world conditions, fibers must be represented with a high degree of 

precision. 

The construction of the numerical model follows a structured sequence of steps. 

First, the geometric model of the microstructure is generated, where particles are inserted 

into the matrix while adhering to specific placement criteria. The geometric representation 

of the microstructure is built using a combination of Constructive Solid Geometry (CSG) 

and BREP techniques. These techniques allow for precise control over the placement and 

interaction of particles within the matrix. In this study, advanced Boolean operations, 

including union, intersection, and subtraction, are utilized to enable the efficient insertion 

of particles within the matrix. These operations ensure precise geometric construction and 

allow the creation of complex microstructures by accurately combining and modifying 

multiple volumes as required by the modeling process. 

The two main approaches used for particle generation are RSA and MBD. The RSA 

approach sequentially inserts particles while ensuring non-overlapping conditions, but as 
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the volume fraction increases, available space diminishes, making further insertions 

difficult. The MBD approach, on the other hand, simulates particle movement and 

interaction by allowing dynamic rearrangement of particles until a stable configuration is 

reached. This method significantly improves packing density, making it more 

representative of real composite materials.  The geometric generation process follows key 

stages. 

In the first step, a particle distribution is generated using either RSA or MBD within 

a slightly larger domain of length 𝐿 + ∆, referred to as the generation domain, in order to 

avoid edge effects of particles intersecting the boundaries of the generation domain. To 

ensure mesh convergence in subsequent steps, minimum distance and angle criteria are 

applied to each particle. Only particles meeting these criteria are actually inserted into the 

CAD model of the SVE of length 𝐿. However, the resulting model shows a lack of particles 

near the boundaries of the sample, leading to a deviation from the target particle volume 

fraction. 

3.1.2- Generation of the size map 

Once the geometric model is established, the next step involves the generation of a 

size map, which governs the distribution of element sizes across the computational 

domain. The size map defines the nodal spacing for meshing, ensuring that areas near 

particle-matrix interfaces receive a finer discretization while bulk matrix regions use 

coarser elements. The size distribution is structured using a hierarchical refinement 

strategy, balancing computational efficiency and accuracy. 



77 
CHAPTER 3 – METHODOLOGY 

 

 

The size map is represented as a structured grid. The grid is generated by computing 

the bounding box of the microstructure and expanding it slightly to provide additional 

meshing flexibility. The process includes global nodal spacing assignment, where a 

baseline nodal spacing is assigned to all elements. Local refinement is applied at interfaces 

by refining the size near particle surfaces using distance-based constraints, ensuring at 

least two layers of elements exist between particle boundaries. Maintaining a minimum of 

two element layers is critical both for achieving mesh convergence and for allowing 

sufficient deformation freedom of the matrix. Specifically, this approach ensures that there 

are elements belonging exclusively to the matrix phase. If only a single layer of elements 

existed between a particle and the surrounding matrix, the elements of that layer would be 

shared between both the particle and the matrix, creating ambiguity in material assignment 

and hindering the correct representation of their mechanical behaviors. By enforcing at 

least two layers, elements can be clearly associated with either the matrix or the particles, 

preserving the physical integrity of the simulation. However, increasing the number of 

layers beyond the minimum requirement leads to a significant rise in the number of 

elements, thereby increasing computational cost and simulation time. A balance must 

therefore be maintained between mesh accuracy and computational efficiency. Finally, a 

smoothing algorithm is applied using a relaxation process to avoid abrupt size transitions, 

ensuring a smooth variation in element size across the domain. 
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3.1.3- Mesh generation 

The meshing process discretizes the geometric model while ensuring topological 

conformity, element quality, and size map adherence. The meshing process follows a co-

topology approach, where shared interfaces between particles and the matrix are meshed 

only once, preserving continuity and preventing redundant elements. Initially, the domain 

is meshed using linear tetrahedral elements, ensuring that the particle-matrix boundaries 

are well-defined. To improve numerical accuracy, the study employs quadratic element 

generation, where mid side nodes are introduced to enhance the representation of curved 

boundaries. To prevent poorly shaped elements, various mesh optimization techniques 

[93] are applied. First, on the 2D mesh composed of triangular elements, iterative node 

relocation and segment swapping are performed to improve the quality of the linear 

triangular elements. Then, during the 3D meshing stage, the quality of tetrahedral 

elements is continuously optimized by relocating nodes to enhance element shapes. 

Refinement of sharp angles is performed near corners and fiber intersections to avoid 

numerical instability. Aspect ratios of elements are controlled within an optimal range to 

ensure accurate FEA results. Near-boundary regions are refined to improve stress 

calculations and boundary condition enforcement. By integrating the size map with an 

adaptive mesh refinement strategy, the SVE model achieves a balance between accuracy 

and computational efficiency. The final mesh undergoes quality assessment based on the 

classical quality metric 𝑄#, defined as below, to guarantee numerical stability and 

convergence in FEA simulations. 
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𝑄+ =
2√6𝑟
ℎ,-.

 Eq. 3-1 

Where 𝑟 is the inradius (the radius of the sphere inscribed within the tetrahedron), 

and ℎCDB is the maximum edge length of the tetrahedron. This metric quantifies the 

element's deviation from the ideal shape, with values ranging from 0 (for a degenerate 

tetrahedron) to 1 (for a perfect equilateral tetrahedron). Higher values of 𝑄# indicate 

better-quality elements, which is essential for ensuring numerical stability and accuracy 

in finite element simulations. 

3.1.4- Finite element analysis and homogenization 

Following mesh generation, the FEA is conducted to evaluate the thermomechanical 

behavior of the composite material. The study integrates FEM solver, into the unified 

topology model, enabling automated execution of simulations. The FEA process involves 

the application of boundary conditions, including mechanical and thermal loading, 

followed by the computation of apparent material properties. Using volumetric averaging 

techniques, the study extracts effective properties such as Young’s modulus, shear 

modulus, and thermal conductivity, ensuring a reliable characterization of the composite 

material. The homogenization process is conducted using Hill’s macro-homogeneity 

condition, which ensures that the computed mechanical properties are representative of 

the overall material response. 

Considering that mechanical properties of the glass-fiber composite are assumed to 

be isotropic; the macroscopically isotropic microstructure assumption is applied. Under 

this assumption, in the mechanical study, two principal types of macroscopic loadings are 
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applied to characterize the effective properties: spherical (hydrostatic) loading to 

determine the apparent bulk modulus (𝐾DEE) and deviatoric (pure shear) loading to extract 

the apparent shear modulus (𝐺DEE). Each loading is imposed under two types of boundary 

conditions: KUBC, prescribing uniform displacements proportional to position and 

SUBC, applying uniform pressures normal to the surfaces, ensuring that the deformation 

remains homogeneous. 

Spherical loading aims to produce an isotropic expansion or contraction of the SVE, 

resulting in purely volumetric strain or stress without introducing shear components: 

𝐸 = í
𝐸 0 0
0 𝐸 0
0 0 𝐸

ì 	𝑜𝑟	∑ = í
∑ 0 0
0 ∑ 0
0 0 ∑

ì Eq. 3-2 

This loading condition is used to determine the bulk modulus of the material.  

Deviatoric loading aims to induce shear deformation or stress without any 

volumetric change, allowing the evaluation of the shear behavior of the composite 

microstructure: 

𝐸 = í
0 𝐸 𝐸
𝐸 0 𝐸
𝐸 𝐸 0

ì 	𝑜𝑟	∑ = í
0 ∑ ∑
∑ 0 ∑
∑ ∑ 0

ì Eq. 3-3 

This loading is necessary for evaluating the apparent shear modulus. In both loading 

cases, careful constraints are added to prevent rigid body motion without interfering with 

the intended deformation patterns. 
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Once the simulation is solved, the apparent mechanical properties are extracted. The 

bulk modulus 𝐾DEE is determined from the spherical loading results as: 

𝐾DEE =
𝑇𝑟 îΣï

3𝑇𝑟 îEï
 Eq. 3-4 

The shear modulus 𝐺DEE is extracted from deviatoric loading: 

𝐺DEE =
1
3ó

ΣBF
2𝐸BF

+
ΣFG
2𝐸FG

+
ΣBG
2𝐸BG

ò Eq. 3-5 

In these equations, Σ and E are the volume averaged values (over the SVE) of stress 

and strain tensors obtained with FEA. Using this FEA homogenization, the apparent 

elasticity modulus for KUBC and SUBC boundary conditions is calculated 

𝐸DEE =
9𝐾DEE𝐺DEE
3𝐾DEE + 𝐺DEE

 Eq. 3-6 

Regarding the thermal behavior, two types of thermal loadings are applied: a 

prescribed temperature gradient and a prescribed heat flux. In the first case, a temperature 

difference is imposed across two opposite faces while the others are thermally insulated. 

In the second case, a uniform heat flux is applied across two faces with thermal insulation 

on the others, and the temperature is fixed at a point to avoid rigid body motion of the 

temperature field. 
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After solving the thermal FEM problem, the apparent thermal conductivity along each 

principal direction is obtained from the volumetric averages of the heat flux (Φ𝑖) and 

temperature gradient (G𝑖): 

𝜆DEE! =
−Φ!

G!
 Eq. 3-7 

where i represents the x, y, or z direction. 

Finally, the overall thermal conductivity is calculated by averaging the three 

principal conductivities: 

𝜆DEE =
𝜆DEEB + 𝜆DEEF + 𝜆DEEG

3  Eq. 3-8 

Throughout both the mechanical and thermal analyses, the results are post-

processed by volumetric averaging of fields over the entire SVE, ensuring that the 

extracted apparent properties are representative of the global microstructure and are not 

biased by local inhomogeneities or boundary effects. 

3.1.5- Edge effects and erosion method 

To address boundary effects that may introduce artifacts in the simulations, the study 

incorporates an erosion of results method, which progressively removes results of 

elements near the edges of the REV. This ensures that computed properties reflect the core 

microstructure rather than artificial boundary influences. The erosion process begins by 

defining a predefined erosion distance, within which elements results near the boundaries 



83 
CHAPTER 3 – METHODOLOGY 

 

 

are systematically removed. As elements results are eliminated, the remaining core 

structure is re-evaluated to ensure that material properties remain consistent and free from 

distortions introduced by edge effects. The process continues iteratively until mechanical 

and thermal properties stabilize, indicating that the retained volume provides an accurate 

representation of the material’s behavior. In addition to filtering out the effects of 

boundary conditions, the erosion of results method also addresses geometric imperfections 

that arise during particle placement. Particularly when using MBD to generate 

microstructures, particles that do not meet strict insertion criteria near the domain edges 

are excluded, resulting in reduced particle density in those regions. For example, in Figure 

3-3, the empty spaces near the SVE edges are visible in the resulting geometrical model 

of spherical and cylindrical particles with 10 % of particle volume fractions. A similar 

observation can be made in Figure 3-4 for the case of 30% particle volume fraction.   

(a) (b) 

Figure 3-3. Illustration of BREP models for each MBD configurations: (a) 10 % of spheres, (b) 10 % of 

cylinders [73]. 
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(a) (b) 

Figure 3-4. Illustration of BREP models for each MBD configurations: (a) 30 % of spheres, (b) 30 % of 

cylinders [73]. 

This incomplete geometry may distort the local response and thus the overall 

homogenized properties. The erosion technique avoids this by excluding the edge regions 

from the homogenization calculation, ensuring that only zones with complete and 

representative particle content contribute to the extracted properties. 

Practically, the erosion method consists of defining a central subdomain by an 

erosion distance 𝑑, and retaining only the finite elements whose centroids fall within this 

region as shown in Figure 3-5. A new volume average is then performed on this reduced 

domain. 



85 
CHAPTER 3 – METHODOLOGY 

 

 

 

Figure 3-5. Illustration of the erosion of an SVE: (a) SVE without erosion, (b) 𝑑/ = 0.1, (c) 𝑑/ = 0.2 [74]. 

The evolution of apparent elasticity modulus and volume fraction by increasing the 

erosion distance is presented in Figure 3-6. This refined averaging improves the reliability 

of the calculated properties by ensuring consistency between mechanical and thermal 

results, regardless of the applied boundary condition.  

(a) (b) 
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(c) (d) 

  
Figure 3-6. Evolution of apparent elasticity modulus 𝐸-00 as a function of the erosion distance 𝑑/ for: (a) 

10 % of spheres, (b) 10 % of cylinders, (c) 30 % of spheres, (d) 30 % of cylinders [73]. 

3.1.6- Conclusion 

The study presents a fully automated framework for generating realistic 

microstructural models of particle-reinforced composites. By integrating geometric 

modeling, adaptive meshing, and FEM analysis, the approach provides a robust numerical 

tool for characterizing heterogeneous materials. The implementation of MBD-based 

microstructure generation and erosion methods further enhances the fidelity of mechanical 

property predictions, making the model highly applicable for computational material 

science and engineering. 

This method reaches volume fractions up to approximately 30 % for both spherical 

and cylindrical particles. However, this is accomplished by removing certain elements 

results from the analysis, particularly those near the boundaries where boundary 

conditions are applied. As a result, the boundary conditions are no longer fully represented 

in the final model, effectively eliminating their influence on the computed results. The 
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ability to reach this volume fraction without dealing, through erosion of results, with 

issues such as lack of particles at SVE boundaries, boundary condition effects, or 

inhomogeneities, while preserving the FEA results at the boundaries, is addressed by the 

two approaches [94] presented in the following sections. 

3.2- Geometry correction method 

This paragraph details the Geometry Correction Method (GCM) presented in this 

work. The approach leverages MBD to achieve a higher particle volume fraction while 

maintaining the reliability of results without erosion of results. The main steps for 

generating the final geometry of particle distribution within the SVE is illustrated in 

Figure 3-7.To construct a CAD model of the SVE with uniformly distributed particles, the 

process begins by populating a slightly larger domain, referred to as the MBD generation 

domain, with enough particles to reach the target volume fraction. This initial domain with 

length of 𝐿 + ∆ as illustrated in Figure 3-6a, exceeds the size of the SVE with length 𝐿 to 

minimize boundary effects caused by particles in contact with its edges. Importantly, 

particles are introduced without enforcing the minimum-distance and minimum-angle 

requirements between particles or between particles and the SVE boundary at this stage. 

The MBD approach is applied using a time-driven algorithm implemented in our 

simulation framework to arrange the particles. This method calculates the dynamics of 

particle motion and collisions, assigning and iteratively updating velocity vectors for each 

particle. The algorithm continues to update motion and collision equations at each time 

step until convergence is achieved. At this point, particle velocities are near zero, 
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signifying the final stable distribution of particles within the domain. Following this, the 

SVE of length 𝐿 is generated as a CAD model. To ensure mesh convergence in subsequent 

computational steps, specific geometric criteria must be satisfied: a minimum distance 

between particles and a minimum angle between particles and the SVE faces. Applying 

these criteria can result in the exclusion of particles, particularly those near the boundaries 

of the SVE, potentially reducing the particle volume fraction (Figure 3-7b). To address 

this issue, an algorithm is introduced to slightly adjust the geometric characteristics of 

particles that do not meet these two criteria, trying to make these particles compatible. 

This adjustment enables retaining particles that might otherwise be excluded (Figure 

3-7c). Particles that are already compatible with these criteria are directly inserted into the 

CAD model of the SVE. The final distribution of particles within the SVE is achieved by 

adding the newly retained particles to those previously accepted and inserted (Figure 

3-7d). For each particle that do not meet one (or more) geometric criterion, a process is 

iteratively applied to slightly adjust its size, position, or orientation.  
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Figure 3-7. Overview of the SVE geometry generation process with geometry correction method. 
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The process as outlined in Algorithm 1, begins with a size adjustment phase. During 

this phase, an adjustment factor ∝ is applied iteratively to gradually reduce the particle's 

dimensions (length 𝐿H for cylinders or diameter 𝐷H for spheres). This factor must be 

chosen between zero and one (0 <∝< 1) to reduce the particle’s dimensions. The 

proximity of ∝ to one or zero controls the rate of reduction: values closer to one produce 

slight, incremental changes, whereas values nearer zero cause more dramatic reductions, 

since at each iteration, α is multiplied by the already reduced dimension in previous 

iteration. At each iteration of adjustment, the criteria are re-evaluated. If the criteria are 

satisfied, the particle is considered compatible and retained in the SVE. 

If the size adjustment phase alone does not result in compatibility after a maximum 

number of iterations (𝑖𝑡CDB), the algorithm progresses to a position adjustment phase, 

where the particle's coordinates (x, y, z) are iteratively modified. The criteria are re-

evaluated at each step, and compatibility is assessed. 

For cylindrical or torus particles, if neither size nor position adjustments resolve the 

incompatibility, the algorithm enters an orientation adjustment phase to modify the 

orientation angles (𝜃	𝑎𝑛𝑑	𝜑). For each adjustment phase, these adjustments continue 

iteratively, respecting a maximum number of iterations (𝑖𝑡CDB).  

The primary objective is to retain as many particles as possible without significantly 

deviating from the original size of its random distribution. The method's algorithm is 

outlined in Algorithm 1. 
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Algorithm 1. Geometry correction method 

Input: Particles list with properties (size (𝐿1/𝐷1), coordinates (𝑥, 𝑦, 𝑧), type (sphere, cylinder), if 

cylinder: orientation (𝜃	𝑎𝑛𝑑	𝜑)), Distmin, Anglemin, Neighboring Topological entities of Particle P (Toponeighboring)  

Output: particles compatible with criteria  

1 Initialization: Initial adjustment factor: ∝"2"3"-4< 1, Maximum number of adjustment iteration: 𝑖𝑡,-.,  

𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒, i=1, j=1, k=1 

2 Foreach particle, P do 
3      Get Dist and Angle between P and Toponeighboring 
4      If 𝐷𝑖𝑠𝑡	 < 𝐷𝑖𝑠𝑡,"2		or		𝐴𝑛𝑔𝑙𝑒 < 𝐴𝑛𝑔𝑙𝑒,"2	, then next 
5           While 𝑖	 < 𝑖𝑡,-. and 𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒,	do 

6                ∝" 	=	∝"2"3"-4"  

7                In case of cylinder: 𝐿1 =	𝐿1 	×	∝" 
8                In case of sphere: 𝐷1 =	𝐷1 	×	∝" 
9                If 𝐷𝑖𝑠𝑡	 ≥ 𝐷𝑖𝑠𝑡,"2		and		𝐴𝑛𝑔𝑙𝑒 ≥ 𝐴𝑛𝑔𝑙𝑒,"2	, then next 

10                     𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝑇𝑟𝑢𝑒 

11           If 𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒 then next 

12           While j	< 𝑖𝑡,-. and 𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒,	do  

13                𝑎𝑑𝑗𝑢𝑠𝑡	𝑥, 𝑦, 𝑧 
14                 If 𝐷𝑖𝑠𝑡	 ≥ 𝐷𝑖𝑠𝑡,"2		and		𝐴𝑛𝑔𝑙𝑒 ≥ 𝐴𝑛𝑔𝑙𝑒,"2	, then next 
15                     𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝑇𝑟𝑢𝑒 

16           In case of cylinder or torus: 
17           If 𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒 then next 

18           While k	< 𝑖𝑡,-. and 𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝐹𝑎𝑙𝑠𝑒,	do  

19                In case of cylinder: adjust 𝜃	𝑎𝑛𝑑	𝜑 
20                If 𝐷𝑖𝑠𝑡	 ≥ 𝐷𝑖𝑠𝑡,"2		and		𝐴𝑛𝑔𝑙𝑒 ≥ 𝐴𝑛𝑔𝑙𝑒,"2	, then next 
21                     𝐶𝑟𝑒𝑎𝑡𝑒	𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = 𝑇𝑟𝑢𝑒 

 

To provide a clearer understanding of the geometry correction method, a simplified 

flowchart has been developed to illustrate the correction process applied to individual 

particles and is shown in Figure 3-8. When a newly inserted particle does not satisfy the 

predefined criteria, such as minimum distance and minimum angle to neighboring 
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particles or domain boundaries, the correction algorithm is triggered. The flowchart 

outlines the sequential steps taken to adjust the particle's characteristics. 

 

Figure 3-8. Flowchart of GCM. 

Initially, a size correction is attempted by reducing the particle’s dimensions to meet 

the criteria. If this adjustment is insufficient, a position correction is applied, aiming to 
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relocate the particle within a permissible region of the domain. Should repositioning also 

fail to satisfy the criteria, an orientation correction is attempted, particularly for elongated 

particles, by altering their angular alignment. If none of these correction steps successfully 

resolve the conflict, the particle is ultimately excluded from the microstructure. 

For instance, as shown in Figure 3-9a, when attempting to insert particle 3 into the 

SVE, it initially fails to meet the minimum distance requirement with particles 1, which 

is already positioned within the SVE. The size adjustment phase (Figure 3-9b) iteratively 

reduces the dimensions of particle 3 until the maximum allowable number of iterations is 

reached or the particle becomes compatible with the criteria. In this example, by applying 

only the size adjustment phase, the particle 3 becomes compatible with criteria and is 

inserted into the SVE. Next example as shown in Figure 3-10, also starts with size 

adjustment on newly assumed particle 4. However, after maximum number of iterations, 

while this adjustment resolves the minimum distance issue with the edge of the SVE, the 

particle's position still results in a failure to satisfy the minimum distance criterion with 

particle 1 (Figure 3-10b). When the size adjustment phase alone does not result in 

compatibility after a maximum number of iterations (𝑖𝑡CDB), the algorithm progresses to 

a position adjustment phase. This process is illustrated in Figure 3-10c, where the position 

of particle 4 is adjusted to resolve the previously mentioned issue with the minimum 

distance criterion relative to particle 1. During this phase the compatibility of particle 4 is 

reached and this particle is inserted in the SVE. Figure 3-11a, b, c illustrates another 

example where neither size adjustment nor position adjustment resolves the 
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incompatibility of particle 5. In this situation, next phase as orientation adjustment is 

started (Figure 3-11d). Through iterative changes, the particle's orientation is refined to 

ensure compatibility with all geometric constraints, including minimum distances from 

other particles and the SVE boundary. Ultimately, this adjustment allows particle 5 to meet 

the required criteria, enabling its acceptance and integration into the SVE. This ensures 

the particle is retained in the model rather than being excluded, thereby preserving the 

desired volume fraction within the SVE. Figure 3-12 demonstrates an example where 

neither of phases cannot lead to compatibility and finally particle 6 is not inserted into the 

SVE. 
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Figure 3-9. An example of applying GCM on particle 3: (a) the criteria unsatisfaction, (b) applying size 

adjustment, (c) compatibility with criteria and particle insertion. 
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Figure 3-10. An example of applying GCM on particle 4: (a) the criteria unsatisfaction, (b) applying size 

adjustment, (c) applying position adjustment, (d) compatibility with criteria and particle insertion. 
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Figure 3-11. An example of applying GCM on particle 5: (a) the criteria unsatisfaction, (b) applying size 

adjustment, (c) applying position adjustment, (d) applying orientation adjustment, (e) compatibility with 

criteria and particle insertion. 
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Figure 3-12. An example of applying GCM on particle 6: (a) the criteria unsatisfaction, (b) applying size 

adjustment, (c) applying position adjustment, (d) applying orientation adjustment, (e) compatibility is not 

achieved. 
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3.3- Mesh cutting method 

This method offers an alternative approach to achieve a uniform particle 

distribution. Its main objective is eliminating the need for the erosion of results. A stepwise 

approach is used to reach the SVE of length L (Figure 3-13). First the MBD generation 

domain of length 𝐿 + ∆ is defined and all required particles are inserted while ensuring no 

particle intersections occur (Figure 3-13a). Then, the CAD model of a smaller domain of 

length 𝐿 + 𝜀 where	ε < ∆, referred to as the criteria domain, is created by applying the 

geometric criteria mentioned in the previous section (minimum distance and minimum 

angle) to achieve a compatible particle distribution (Figure 3-13b). 

Once this compatible particle distribution is achieved inside the criteria domain, the 

CAD geometry is finalized, and material properties are assigned. As the next step, a 

size-map is generated to dictate element sizes throughout the criteria domain. This map 

[50] will later guide the automatic generation of the tetrahedral mesh.  

The procedure begins by embedding the geometry in a structured hexahedral grid. 

Initially, a uniform nodal spacing is assigned across the domain, serving as a baseline. 

Local refinements are then introduced near particle interfaces by adjusting the nodal 

spacing according to distance-based criteria, ensuring that a minimum of two element 

layers separates neighboring particles. Maintaining at least two layers of elements is 

essential both for mesh convergence and for preserving the mechanical fidelity of the 

matrix material. This strategy guarantees that nodes exist which belong exclusively to the 

matrix, rather than being shared between particles and matrix. Without this precaution, a 
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single element layer would result in node-sharing between phases, leading to ambiguities 

in material property assignment and a loss of simulation accuracy. Nevertheless, adding 

more layers beyond the minimum increases the element count substantially, resulting in 

higher computational demands and longer simulation times. Therefore, an optimal 

compromise between mesh quality and computational efficiency must be achieved. To 

finalize the mesh, a smoothing procedure based on relaxation techniques is applied to 

prevent abrupt transitions in element size, promoting a gradual variation across the entire 

domain. 

Then the model of this criteria domain is meshed, based on this size map. Linear 

tetrahedral elements are automatically generated first. Subsequently, the mesh is trimmed 

to match dimensions of the SVE (𝐿), as detailed in Algorithm 2. Tetrahedral elements 

intersecting the boundary of this SVE are divided into smaller tetrahedra. All elements 

located outside the SVE are discarded, which results in a mesh of the SVE (Figure 3-13c). 

This approach effectively removes boundary areas that are subject to voids and lack of 

particles, leaving a uniformly and randomly dispersed particle-based SVE cube (Figure 

3-13d). 
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Figure 3-13. Overview of the SVE automatic generation process with mesh cutting method (𝜀 < ∆). 
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The algorithm for cutting the mesh by the six planes of the SVE boundary is 

presented as Algorithm 2. The entire process involves four loops. The first loop iterates 

over the six cutting planes of the SVE cube, and the next three inner loops respectively 

iterate over all nodes, segments, and tetrahedral elements in the mesh. For each cutting 

plane, the process begins with a loop over all nodes that first calculates the distance 

between each node and the cutting plane (distnode_n). There are three possible states for 

each node with respect to a given cutting plane: inside the SVE (represented by a positive 

distance, +), outside the SVE (represented by a negative distance, -), or on the plane 

(represented by zero distance, 0). Figure 3-14, as an example presented in 2D for clarity, 

demonstrates the classification of nodes on segments relative to a given cutting plane. This 

2D representation serves as a simplified example to enhance understanding. Nodes with a 

positive distance are retained within the SVE, contributing to its internal domain, while 

those with a negative distance are excluded, as they lie outside the defined boundaries. 

Nodes with a zero distance, situated exactly on the cutting plane, act as critical transition 

points and are crucial for maintaining geometric accuracy and boundary integrity. 



103 
CHAPTER 3 – METHODOLOGY 

 

 

 
Figure 3-14. Example of three states of nodes on segments with respect to a cutting plane in 2D. 

With this information, the next loop checks mesh segments and creates a list of 

segments being intersected by the plane (listcut_seg). Segments with one node inside 

(distnode_n > 0) and the other outside (distnode_n+1 < 0) are added to this list. For each mesh 

segment in this list, the coordinates of the intersection between the segment and the plane 

are calculated, resulting in a point. A new node is created at these coordinates and assigned 

to its respective segment.  

This process is visually represented in Figure 3-15 as a simplified 2D example. In 

this figure, the SVE is modeled as a 2D meshed plane composed of triangular elements, 

and the cutting plane is represented by a cutting line. Figure 3-15a illustrates an identified 

intersected segment. In the next step, the coordinates of the intersection point between this 
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segment, and the cutting line are calculated (Figure 3-15b). Finally, as shown in Figure 

3-15c, a new node (indicated by the red marker) is created at the computed intersection 

point and assigned to the segment. This newly created node ensures accurate 

representation of the intersection, maintaining the geometric integrity of the SVE and 

enabling seamless refinement of the mesh. 

 
Figure 3-15. A simplified 2D example of the loop on segments, (a) An intersected segment is identified, 

(b) the coordinates of the intersection point between this segment, and the cutting line is calculated, (c) A 

new node (indicated by the red marker) is created at the computed intersection point and assigned to the 

segment. 

 



105 
CHAPTER 3 – METHODOLOGY 

 

 

One important aspect to consider in this step is that, in some cases, the intersection 

point may lie very close to the inside node of the segment. This situation, as illustrated in 

the example of Figure 3-16a, b (e.g., segments 2 and 3), can result in the creation of an 

extremely small segment when a new node is introduced at the computed intersection 

point Figure 3-16c. Such small segments lead to the generation of too small elements in 

the final mesh, like elements 1, 2 and 3 in the example of Figure 3-16d, which can 

negatively impact its overall quality. This issue can have several consequences, including 

a significant increase in the number of elements in the mesh, which in turn raises 

computational costs. Moreover, these tiny elements may lead to numerical instabilities or 

errors during subsequent simulations, particularly when identifying nodes that are 

positioned very close to one another. Proper handling of these cases is therefore essential 

to ensure that the mesh remains well-structured, computationally efficient, and free of 

artifacts that could degrade its accuracy or performance. 

(a) 
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(b) 

 
(c) 

 
(d) 

 
Figure 3-16. Illustration of the potential issue with intersection points lying very close to the inside node 

of a segment. (a, b) Segments 2 and 3 are identified as having intersection points near their inside nodes, 

(c) new nodes are created at the computed intersection points, resulting in extremely small segments, (d) 

These small segments lead to too small elements (e.g., elements 1, 2, and 3). 
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As a solution to this issue, when the intersection point lies very close to the inside 

node of the same segment (Figure 3-17a), and the distance between them (𝑑) is less than 

a predefined threshold (𝑑 < 𝜀) (Figure 3-17b), an alternative approach is applied. Instead 

of creating a new node at the intersection point, the inside node of the segment is shifted 

toward the intersection point (Figure 3-17c). This adjustment avoids the creation of 

unnecessary nodes and prevents the generation of excessively small or poor-quality 

elements in the mesh (Figure 3-17d, e). For instance, in the examples shown in Figures 1 

and 2, this method reduces the number of new nodes from four to two. Consequently, 

instead of producing six elements, only three elements are generated. Additionally, this 

approach has the added benefit of addressing related problems automatically. By shifting 

the position of the inside node on segment 2, the issue of a close intersection point on 

segment 3 is also resolved mesh (Figure 3-17d, e), further improving the overall quality 

and efficiency of the mesh. 

(a) 
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(b) (c) 

 

 

 
 

(d) 

 
(e) 

 
Figure 3-17. Solution for handling intersection points close to the inside node of a segment. (a) An 

intersection point is identified near the inside node of a segment. (b) the distance between the intersection 

points and the inside node is less than a predefined threshold, (c) the inside node is shifted toward the 

intersection point. (d) This adjustment avoids creating unnecessary nodes, reduces the number of 

elements, and prevents poor-quality elements, (e) creation of three element by this shifted node and two 

new nodes in red. 
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Then, the algorithm iterates over each tetrahedral element to assess the state of its 

four nodes. These iterations result in all tetrahedrons being classified as inside, outside, or 

cut by the cutting plane. All tetrahedrons located outside the SVE are removed from the 

mesh, while all tetrahedrons located inside the cube are retained unchanged. The 

classification of all possible ways of leading to an inside or outside tetrahedron, based on 

the state of its four nodes, is shown in Table 3-1. For tetrahedrons intersecting the cutting 

plane, six different cutting scenarios are shown in Figure 3-22. For each tetrahedron being 

cut, a list of nodes is created including inside nodes, on plane nodes, and newly created 

nodes at intersections with the cutting plane. Based on the number and type of nodes inside 

this list, the inside part of each cut tetrahedron could result in a tetrahedron itself (list of 

four nodes), a quadrilateral pyramid (list of five nodes) or a triangular prism (list of six 

nodes). This classification of cutting scenarios is summarized in Table 3-2. 

To provide a clearer understanding of the mesh cutting method, a simplified 

flowchart has been developed to illustrate the cutting process applied to each cutting plane. 

A general schematic of this process, consisting of three main loops, is presented in Figure 

3-18. These loops are detailed individually in Figure 3-19, Figure 3-20, and Figure 3-21 

which respectively depict the loop over nodes, the loop over segments, and the final loop 

over tetrahedra. 
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Algorithm 2. Mesh cutting process. 

Input: Mesh file, six cutting planes coordinates,  
Output: Mesh file of cut mesh 

1 Foreach cutting plane, Planei (i=1 to 6) 
2      Foreach node do  
3           Get node distance from Planei, distnode_n 
4      Foreach segment do 
5           Get two nodes of segment (noden, noden+1) and their distances from cutting plane distnode_n, distnode_n+1 
6           If (distnode_n >0 and distnode_n+1 <0) or (distnode_n+1 >0 and distnode_n <0) 
7                Calculate segment and Planei intersection coordinates, x, y, z 
8                Create a node in x, y, z and attach it to segment, new_nodesegment   
9      Foreach tetrahedral element, tetra do 
10           Get four nodes of tetra distance from Planei,  
11           If all four distnode are <=0 then next 
12                Remove tetra 
13          Else if all four distnode are >=0 then next 
14                Keep tetra 
15          Else 
16                Generate a list of nodes, Listnodes 
17                Insert nodes with distnode >=0 
18                Insert new_nodesegment attached to tetra’s segments   
19                Get number of nodes inside Listnodes, Nonodes 
20                If Nonodes = 4 then next 
21                    Generate a new tetra element by these nodes 
22                If Nonodes = 5 then next 
23                    Generate two new tetra elements by these nodes 
24                If Nonodes = 6 then next 
25                    Generate three new tetra elements by these nodes 
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Figure 3-18. A general schematic of MCM flowchart. 
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Figure 3-19. First loop of MCM flowchart. 

 

Figure 3-20. Second loop of MCM flowchart. 
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Figure 3-21. Third loop of MCM flowchart. 
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Table 3-1. Various configurations of a tetrahedron before cut based on the states of its four nodes: "+" 

(inner side of the cutting plane), "-" (outer side of the cutting plane), and "0" (on the cutting plane). 

Tetrahedron 
node number 

1 + + + + − − − − 

2 + + + 0 0 − − − 

3 + + 0 0 0 0 − − 

4 + 0 0 0 0 0 0 − 

Tetrahedron state Inside Inside Inside Inside Outside Outside Outside Outside 

 

 

(a) (b) 
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(c) (d) 

  
(e) (f) 

  
Figure 3-22. Six different configurations of a cut tetrahedron based on the state of its four nodes, yellow is 

the inside part of the tetrahedral element, red is the outside part of the tetrahedral element, and the final 

inside nodes and newly created nodes on segment and cutting plane intersection are shown in green. 

When the resulting list of nodes contains four nodes, arranging them in the correct 

order is sufficient to form a properly oriented tetrahedral element. However, when the list 

contains five or six nodes, additional considerations are required. 
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Table 3-2. Six different configurations of a cut tetrahedron determined by the state of its four nodes. 

Tetrahedron 
nodes 

1 + + + + + + 

2 + + + 0 0 − 

3 + 0 − − 0 − 

4 − − − − − − 

Tetrahedron 
state 

Cut 
tetrahedron (a) 

Cut 
tetrahedron (b) 

Cut 
tetrahedron (c) 

Cut 
tetrahedron (d) 

Cut 
tetrahedron (e) 

Cut 
tetrahedron (f) 

final number of 
nodes inside the 

list 
6 5 6 4 4 4 

final shape of 
inside part 

triangular 
prism 

quadrilateral 
pyramid 

triangular 
prism tetrahedron tetrahedron tetrahedron 

 

A quadrilateral pyramid can be divided into two tetrahedra by splitting its 

quadrilateral face (Figure 3-23), while a triangular prism can be divided into three 

tetrahedra by splitting each of its three quadrilateral faces (Figure 3-24). Since a 

quadrilateral pyramid must be divided into two tetrahedra, splitting the quadrilateral face 

must take into account neighboring tetrahedra to ensure consistency in the mesh. There 

are two possible ways to split a quadrilateral face into two triangles and choosing the 

appropriate splitting diagonal depends on the configuration of neighboring elements to 

maintain consistency and quality of the resulting mesh. This issue also applies to splitting 

a triangular prism since there are three quadrilateral faces to split.  
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Figure 3-23. A quadrilateral pyramid being tessellated into two tetrahedra. 

 

Figure 3-24. A triangular prism being tessellated into three tetrahedra. 

Indeed, there are eight different ways to create diagonals and split the three 

quadrilateral faces of a triangular prism. However, only configurations for which two of 

the three diagonals coincide in one of the prism corners are valid and result in three 

tetrahedra. Thus, as reported in [95-97], there are six ways to create three  tetrahedra from 
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a triangular prism (Figure 3-25). The choice of how the three quadrilateral faces is divided 

is important since neighboring tetrahedra should also be considered to guarantee mesh 

consistency. In the mesh generation algorithm, each node is associated with the triangles 

it belongs to. Using this information, the algorithm evaluates all six possible ways to create 

tetrahedra from a triangular prism and selects the one that fits with the existing triangles 

formed by any three of the six nodes. Another challenge is related to cases when the 

process leads to a dead-end because it reaches a triangular prism for which all three 

quadrilateral faces are already divided consistently with its neighboring tetrahedra in way 

that is not valid (not consistent with the six configurations shown in Figure 3-25). These 

dead-end cases are addressed by creating a new node inside the prism and eight tetrahedra 

are generated inside the prism with the help of this new node (Figure 3-26). In this work, 

across the entire model, dead-end scenarios usually occur for less than 0.2 % of all 

tetrahedra being cut. Maintaining this percentage as low as possible is important because 

a higher percentage would lead to increasing the number of nodes and elements, resulting 

in mesh refinement without added benefit and, consequently, longer computational times. 
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Figure 3-25. Six valid different ways to create a teras from a triangular prism. 

 

Figure 3-26. Addressing the dead-end problem in a triangular prism by adding a new node inside it. 

A schematic of the cutting process is illustrated in Figure 3-28. Although the 

primary mesh undergoes a two-stage optimization before cutting, the new mesh exhibits 

poor quality around the SVE faces due to the cutting process, which is improved through 

another mesh optimization step. In the original pipeline, the generated linear mesh is first 
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smoothed in 2D. Surface triangles are optimized by iteratively relocating nodes and 

swapping edges to maximize minimal angles. Only once the surface quality meets its 

targets, the 3D advancing-front is used to fill the volume, at which point a full 3D node-

relocation sweep reshapes interior tetrahedra and eliminates any negative-Jacobian 

elements. However, after cutting the mesh, only a single 3D optimization is applied to 

restore element quality. In the meantime, it must be underlined that during the cutting 

process, the link between the CAD model (BREP topology) and mesh components (nodes, 

triangles, tetrahedra) is lost since some particle geometries are removed and new mesh 

elements are generated. As a result, original connections between CAD and mesh 

components are lost. As the UTM workflow requires an associated geometric model, a 

virtual CAD geometry of the SVE is defined, since no geometric model initially exists for 

it. This virtual geometry is constructed by associating topological entities (such as edges, 

faces, and volumes) with geometric entities that are derived from the mesh. These 

geometric entities are implicitly defined using information of the original elements that 

were cut into these new elements during the cutting process. In other words, the mesh 

itself, combined with the transformation history of its elements, serves as a foundation to 

recreate the geometric structure indirectly. This virtual CAD geometry is not an actual 

representation but serves as an approximation, allowing the re-establishment of links 

between geometry and mesh, in order to apply the second round of mesh optimisation, 

boundary conditions and material properties. The second round of mesh optimisation 

consists of a 3D process aimed at restoring and enhancing element quality. It involves 

iterative node relocation to improve shape metrics, thereby reducing poorly shaped or 
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inverted elements and eliminating any negative-Jacobian elements that could compromise 

the accuracy of finite element simulations. 

It is also worth noting that curvilinear quadratic tetrahedra are generated based on 

linear tetrahedra. The process as shown in Figure 3-27 begins with an initial mesh 

composed of linear tetrahedra. Each linear element is then enriched by inserting mid-side 

nodes at the center of each of its edges, transforming it into a quadratic tetrahedron. The 

mid-side nodes are projected onto an approximated curved surface representing the 

boundary of the particles. Since the exact analytical geometry of the particles is not 

available anymore, this projection relies on an estimated local discrete curvature [93]. This 

curvature approximation allows the reconstruction of the overall curved shape of the 

particles with improved fidelity. As a result, the quadratic mesh better conforms to the real 

geometry of the microstructure, particularly near particle-matrix interfaces. 

 

Figure 3-27. Quadratization by estimating local discrete curvature. 

Once mesh optimization and quadratization completed, applying boundary 

conditions, FEA and homogenization of results are automatically performed. This method 

eliminates areas located around faces of the cut criteria domain with lower particle density, 

leading to a more uniform particle distribution inside the SVE itself. 
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(a) 

 
(b) 
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(c) 

 
Figure 3-28. (a) meshed criteria domain, (b) cut criteria domain by target SVE and generation of new 

elements (the target SVE is shown by 3D elements and outer criteria domain by 2D elements for 

clarification.), (c) removal of outside tetrahedra leading to the target SVE. 

3.4- Conclusion 

This chapter presented two methodological frameworks developed in this thesis for 

the numerical homogenization of particle-reinforced composites at high volume fractions. 

GCM, which improves particle insertion through controlled adjustments, and MCM, 

which cut the mesh over a larger domain to reach target SVE and overcomes empty spaces 

at edge of SVE. These two distinct methods provide a flexible framework capable of 

addressing the main challenges identified in the literature, namely: achieving high 

reinforcement fractions, preserving isotropy in particle distributions, and ensuring stable 

and accurate finite element analyses. The next chapter applies these methodologies to 

glass–epoxy composites to evaluate their effectiveness, before extending the analysis to 

natural fiber reinforced composites (NFRCs) to demonstrate their practical applicability.



 

 

CHAPTER 4  

RESULTS AND DISCUSSION 

This chapter presents the results obtained using the methodologies described in the 

previous chapter. The results presented in this chapter are all obtained on unit cube 

dimensions (𝐿=1). The material under investigation is glass-epoxy composite consists of 

an isotropic epoxy matrix reinforced with isotropic glass particles, with a perfectly bonded 

interface. Both constituents are treated as isotropic, and the particle–matrix interface is 

assumed perfect (no debonding). The mechanical properties of the glass and epoxy are 

summarized in Table 4-1. 

Table 4-1. Material properties. 

Material E (𝐺𝑃𝑎) 𝜐 

Epoxy 3.5 0.33 

Glass 72.3 0.22 
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Three particle shapes, spherical, cylindrical, and toroidal, are considered for 

modeling. Figure 4-1 illustrates these shapes and their parametrization. As shown, the 

sphere is characterized by its diameter (𝐷), the cylinder by its diameter (𝐷) and length (𝐿) 

(or alternatively by its diameter and length-to-diameter elongation ratio (
Z
[
)), and the 

toroidal segment by two radii: the major radius governing the overall curvature (𝑅) and 

the minor radius defining the fiber's cross-sectional dimension (𝑟), along with a specified 

arc angle (∝). 

(a) 
 

 

(b) 
 

 

(c) 
 

 
Figure 4-1. Three particle shapes available for modeling and their parametrization: (a) spherical, (b) 

cylindrical, (c) toroidal. 

First, in Section 4.1, the results of the geometry correction method are presented and 

analyzed. Then, in Section 4.2, the outcomes of the mesh cutting method are introduced 

and discussed. Finally, Section 4.3 provides a comparative analysis of both methods to 

evaluate their effectiveness and determine which approach is more robust. 
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4.1- Results obtained with geometry correction method 

This section presents results obtained for SVEs with unit cube dimensions (𝐿=1) 

using the GCM only. Three types of particle shapes, spherical, cylindrical, and torus, are 

considered. The geometric specifications of spherical, cylindrical and torus particles used 

are detailed in Table 4-2.  

Table 4-2. Particle characterization used in modeling. 

Particle Label 
Particles 

intersecting the 
SVEs borders 

Geometrical properties 
(mm) 

Volume 
fraction (%) 

Number of 
samples 

Sphere 

S1 Yes 𝐷 =
1
6 10 15 

S2 Yes 𝐷 =
1
6 30 15 

Cylinder 

C1 Yes 𝐷 = 0.085,
𝐿
𝐷 = 5 10 15 

C2 Yes 𝐷 = 0.085,
𝐿
𝐷 = 5 30 15 

Torus 

T1 Yes 𝑅 = 2.125, 𝑟 = 0.0425,
∝= 0.2	𝑟𝑎𝑑 10 15 

T2 Yes 𝑅 = 2.125, 𝑟 = 0.0425,
∝= 0.2	𝑟𝑎𝑑 30 15 

 

For each particle shape, two target volume fractions are considered: 10% and 30%. 

As detailed earlier, using the MBD algorithm, spherical or cylindrical particles required 

to achieve the target volume fraction, are inserted into the MBD generation domain with 

the open-source Project Chrono library [98]. In the case of torus-shaped particles, the RSA 

algorithm is employed, as the torus primitive is not available within the MBD framework. 
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Geometric criteria (minimum distance and minimum angle) are then applied to all 

particles, and they are free to intersect with the SVEs borders. The final distribution of 

particles that comply with these criteria is displayed in Figure 4-2a (10 % target volume 

fraction) and Figure 4-2d (30 % target volume fraction) for spherical particles and Figure 

4-3a (10% target volume fraction) and Figure 4-3d (30 % target volume fraction) for 

cylindrical particles and Figure 4-4a (10% target volume fraction) and Figure 4-4d (30 % 

target volume fraction) for toroidal particles. Any particle that does not meet one of the 

two geometric criteria undergo the geometry correction algorithm. The final distribution 

of particles that have been modified in shape, position, or orientation to ensure 

compatibility with the two geometric criteria, is illustrated in Figure 4-2b (10 % target 

volume fraction) and Figure 4-2e (30 % target volume fraction) for spherical  particles 

and Figure 4-3b (10 % target volume fraction) and Figure 4-3e (30 % target volume 

fraction) for cylindrical particles and Figure 4-4b (10 % target volume fraction) and Figure 

4-4e (30 % target volume fraction) for toroidal particles. The inclusion of these newly 

retained particles, combined with those already accepted and inserted, results in the final 

particle distribution and volume fraction as illustrated in Figure 4-2c (10% target volume 

fraction) and Figure 4-2f  (30 % target volume fraction) for spherical particles and Figure 

4-3c (10 % target volume fraction) and Figure 4-3f (30 % target volume fraction) for 

cylindrical particles and Figure 4-4c (10 % target volume fraction) and Figure 4-4f (30 % 

target volume fraction) for toroidal particles.  
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(a) 

 

(d) 

 
(b) 

 

(e) 

 
(c) 

 

(f) 

 
Figure 4-2. Geometry correction approach for spherical particles to achieve 10% volume fraction ((a)-(c)) 

and 30% volume fraction ((d)-(f)). Shown are original particle distribution ((a), (d)), corrected and 

accepted particles ((b), (e)), and final particle distribution ((c), (f)).  
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(a) 

 

(d) 

 

(b) 

 

(e) 

 
(c) 

 

(f) 

 
Figure 4-3. Geometry correction approach for cylindrical particles to achieve 10% volume fraction ((a)-

(c)) and 30% volume fraction ((d)-(f)). Shown are original particle distribution ((a), (d)), corrected and 

accepted particles ((b), (e)), and final particle distribution ((c), (f)).  
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(a) 

 

(d) 

 

(b) 

 

(e) 

 
(c) 

 

(f) 

 
Figure 4-4. Geometry correction approach for toroidal particles to achieve 10% volume fraction ((a)-(c)) 

and 30% volume fraction ((d)-(f)). Shown are original particle distribution ((a), (d)), corrected and 

accepted particles ((b), (e)), and final particle distribution ((c), (f)).  
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Numerical results, including mean volume fraction and mean number of particles of 

15 SVEs for each case, are summarized in Table 4-3. It is worth noting that, even for the 

more demanding case of cylindrical particles at 30 % volume fraction, the computational 

overhead of the GCM algorithm remains modest. This is because the maximum number 

of correction iterations per particle is deliberately limited, so that only small adjustments 

are attempted at each step. As a result, the algorithm does not require a high number of 

iterations to converge for each particle. In practice, the additional cost introduced by GCM 

is at most a couple of hours in the most demanding configurations, which is minor 

compared to the overall modeling time dominated by meshing and finite element 

simulations. For spherical particles, before applying the GCM, mean volume fractions 

around 7.17 % and 27.60 % are respectively obtained for 10 % and 30 % target volume 

fractions. After applying the geometry correction algorithm, these mean values increase 

to 9.62 % and 30.63 %. Changes to the geometry in this case are limited to changing the 

radius and position of spheres, which is significantly different for cylindrical-shaped and 

torus shaped particles. When the GCM is not applied, with cylindrical particles, mean 

volume fractions around 4.78 % and 15.31 % are respectively obtained for 10 % and 30 

% target volume fractions. After applying the geometry correction algorithm, these mean 

values increase to 7.41 % and 19.75 %. Furthermore, with toroidal particles, when the 

GCM is not applied, mean volume fractions around 4.75 % and 6.95 % are respectively 

obtained for 10 % and 30 % target volume fractions. After applying the geometry 

correction algorithm, these mean values increase to 7.39 % and 10.74 %.    
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Table 4-3. Results of applying GCM on SVEs. 

Case Target volume 
fraction (%) 

MBD without 
GCM (%) 

MBD with 
GCM (%) 

Number of 
Corrected Particles 

Total Number of 
Particles 

S1 10 7.17±0.91 9.62±0.84 19±3 52±5 

C1 10 4.78±0.50 7.41±0.32 20±3 43±5 

T1 10 4.75±0.33 7.39±0.72 9±2 41±6 

S2 30 27.60±0.20 30.63±0.30 27±3 162±2 

C2 30 15.31±0.49 19.75±0.95 31±6 106±2 

T2 30 6.95±0.25 10.74±0.68 18±2 67±2 

 

For cylindrical and toroidal particles, the algorithm tries adjustments in length, 

radius, position, and orientation of particles. Even if this approach enhances the volume 

fraction, it still falls short of achieving target volume fractions for elongated particles. This 

limitation arises because, although several particles are retained, their volume is often 

significantly reduced. Moreover, after a limited number of adjustments, a jamming limit 

is reached. As a particle's position or orientation is modified to resolve a compatibility 

issue with one neighboring particle, it can create a new compatibility problem with another 

neighboring particle. For instance, in Figure 4-5, even after adjusting the position of 

particle 2 to ensure it respects the minimum distance between the particle and the SVE 

boundary, a new incompatibility arises with particle 1. As a result, particle 2 is ultimately 

removed from the SVE model. Furthermore, when working with cylindrical particles, 

ensuring a final isotropic distribution necessitates careful attention to their random 

positioning and orientation which is checked using the orientation tensor of particles. 
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When the correction algorithm modifies orientation and position of cylinders to achieve a 

higher volume fraction, it may disrupt the random distribution of particles orientation. 

This issue is illustrated in Figure 4-6. The figure illustrates that the correction algorithm 

may tend to align particles that were randomly oriented before geometry correction, which 

ultimately results in a non-isotropic distribution of particles orientation. The alignment 

shown in Figure 4-6b is measured using the orientation tensor illustrated in Table 4-4. The 

orientation tensor of a perfect isotropic distribution of cylinders is as shown in Table 4-5. 

Indeed, the diagonal values of this tensor exhibit deviations (around 10 %) from those in 

the tensor of a perfectly isotropic distribution of particles. 

To achieve a higher volume fraction for more complex shapes than spheres, which 

is generally the case for real-world particle geometry, the mesh cutting method can be 

applied and its results are presented in the next subsection. 

 
Figure 4-5. Jamming limit in GCM, mindist problem of particle 2 (left) with the edge and (right) with 

another particle. 
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(a) 

 

(b) 

 
Figure 4-6. The correction algorithm tends to change the randomly oriented particles to become uniformly 

aligned, resulting in a non-isotropic distribution of cylinders: (a) for 10 % target volume fraction, (b) for 

30 % target volume fraction. 

Table 4-4. Orientation tensor for sample Figure 4-6b. 

`
0.294 −0.023 −0.015
−0.023 0.293 −0.015
−0.015 −0.015 0.411

c 

Table 4-5. Orientation tensor for a perfectly isotropic distribution of particles. 

⎣
⎢
⎢
⎢
⎢
⎡
1
3 0 0

0
1
3 0

0 0
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⎥
⎥
⎥
⎥
⎤

 

  

4.2- Results obtained with the mesh cutting method  

Following models are generated and evaluated by only the mesh cutting method 

described in section 3. Geometric properties used for these models are listed in Table 4-6. 
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The results are obtained for SVEs with unit cube dimensions (𝐿 = 1). Furthermore, 

material properties of a glass-epoxy composite are already listed in Table 4-1. 

Table 4-6. Particle characterization used in modeling. 

Particle Particles intersecting the 
SVEs borders 

Geometrical properties 
(mm) 

Volume 
fraction 
(%) 

Number of samples 

Cylinder No 𝐷 = 0.085,
𝐿
𝐷 = 5 10 15 

Torus No 𝑅 = 2.125, 𝑟 = 0.0425,
∝= 0.2	𝑟𝑎𝑑 10 15 

Sphere No 𝐷 =
1
6 30 15 

Cylinder No 𝐷 = 0.085,
𝐿
𝐷 = 5 30 15 

 

As presented in section 3, the final geometry and mesh of SVEs are generated 

focusing on mesh consistency and tetrahedral elements quality. In the case of torus-shaped 

particles, the RSA algorithm is utilized to generate particles, given the absence of a torus 

primitive in the MBD framework. As reported in our previous work [73], discarding 

particles intersecting the borders of SVEs reduces the number of elements and prevents 

the refinement of the size map near the boundaries. In this method, particles intersecting 

the borders of the criteria domain are similarly discarded, along with particles that do not 

meet specified criteria. This approach is justified since elements in these areas will be 

removed in subsequent steps. The volume fraction is calculated for the criteria domain for 

comparison purposes, which is followed by mesh generation and mesh cutting to achieve 

the target SVE dimensions. It is worth noting that the final SVE volume fraction of 
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particles is based on the volume of mesh elements and not on solid modelling calculations. 

The comparison between these volume fractions is presented in Table 4-7. For toroidal 

particles, before applying the MCM, a mean volume fraction of approximately 7.18 % 

was achieved, while for cylindrical particles, it was about 6.34%, both corresponding to a 

target volume fraction of 10 %. After applying the MCM, these mean values increased to 

10.45 % and 9.97 %, respectively. Similarly, prior to the implementation of the mesh 

cutting method, the maximum achievable volume fractions for a target of 30 % were 

19.34 % for spherical particles and 15.31 % for cylindrical particles. It is worth noting 

that, if compared to spheres, the volume fraction is lower for cylinders due to their 

geometric characteristics, which make it more challenging to fit a greater number of 

cylinders inside the SVE while respecting required criteria (minimum distance and angle). 

However, after applying the mesh cutting method, these values increase to 30.33 % for 

spherical particles and 30.14 % for cylindrical particles, which demonstrates the 

effectiveness of this method towards raising volume fractions.  

The orientation tensor for cylindrical particles is presented in Table 4-8 to verify 

the isotropic distribution of particles orientation within the SVE. As mentioned in sub-

section 4.1, this tensor provides insights into the alignment and distribution of cylindrical 

particles, ensuring that they are uniformly oriented which confirms effectiveness of this 

method towards achieving isotropic distributions of particles orientation. 

The orientation tensor is a useful measure of particle alignment and provides 

insight into how orientation distribution affects effective properties. When the orientation 
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tensor is close to isotropic (diagonal components ≈ 1/3), the reinforcement is randomly 

oriented and the apparent moduli are lower but more uniform, reflecting balanced stiffness 

in all directions. In contrast, as alignment increases (anisotropic tensor), the modulus in 

the fiber alignment direction grows significantly, while stiffness in transverse directions 

decreases. This behavior reflects the fundamental role of elongated fibers in transferring 

load most efficiently along their main axis. The orientation tensor serves as a bridge 

between microstructural alignment and macroscopic anisotropy. Small variations in 

orientation can therefore lead to noticeable differences in apparent moduli, even for 

composites with identical volume fraction and aspect ratio. This confirms that orientation 

distribution is a critical parameter for interpreting homogenized elastic properties and 

must be considered alongside volume fraction and particle geometry in model validation. 

Table 4-7. Comparison of volume fractions with different methods. 

 

Target 
volume 
fraction 
(%) 

Volume fraction in 
criteria domain (%) 

Volume fraction 
after cut in SVEs 

(%) 

Volume fraction with 
erosion of results only 
with erosion of results 
distance of 0.2 (%) [73] 

Torus 10 7.18 ± 0.24 10.45 ± 0.71 N/A 

Cylinder 10 6.34 ± 0.35 9.97 ± 0.87 9.13 ± 1.93 

Sphere 30 19.34 ± 0.34 30.33 ± 0.49 34.12 ± 0.57 

Cylinder 30 15.31 ± 0.49 30.14 ± 0.53 27.01 ± 1.88 
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Table 4-8. Orientation tensor for cylindrical particles. 

`
0.323 −0.004 −0.003
−0.004 0.342 −0.006
−0.003 −0.006 0.334

c 

The finite element quality distributions for both spherical and cylindrical particles 

calculated as described in previous chapter are illustrated in Figure 4-7. This quality values 

quantifies the element's deviation from the ideal shape, with values ranging from 0 (for a 

degenerate tetrahedron) to 1 (for a perfect equilateral tetrahedron). Higher values of 𝑄# 

indicate better-quality elements, which is essential for ensuring numerical stability and 

accuracy in finite element simulations.  According to this figure, the great majority of 

tetrahedra feature quality between 0.3 and 0.8. This means that meshes generally show 

high quality, which is important for the accuracy of FEA results. Only a very small 

percentage of elements show a quality below 0.3, which can be explained considering that 

the quality threshold set for the automatic mesh generation algorithm is 0.2. This means 

that along automatic mesh generation and optimization, elements with a quality below 0.2 

are eliminated and re-meshed to enhance mesh quality. 
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(a) 

 
(b) 

 
Figure 4-7. Mesh quality distribution: (a) spherical and (b) cylindrical particles with 30 % target volume 

fraction. 
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To evaluate the apparent elasticity modulus (𝐸DEE), three types of boundary 

conditions are commonly employed: Kinematic Uniform Boundary Conditions (KUBC) 

and Static Uniform Boundary Conditions (SUBC), and Periodic Boundary Conditions 

(PBCs). It is well established that PBCs are advantageous in homogenization studies, as 

they lead to faster convergence of homogenized material properties while requiring 

smaller SVEs compared to KUBCs and SUBCs [49, 99-101]. However, applying PBCs is 

not just a boundary condition challenge but also a geometrical and meshing one. For PBCs 

to be effective, the particle generation process must be intrinsically periodic before 

meshing, and the mesh itself must maintain periodicity, ensuring that opposite faces have 

matching nodes to avoid interpolation errors when enforcing PBCs. While PBCs may be 

useful in some cases, Schneider et al. [102] highlight that achieving a fully periodic RVE 

and mesh topology is inefficient and challenging, especially for complex microstructures.  

In this study, the primary objective is to achieve higher volume fractions without 

relying on the erosion of results method. This focus makes the direct enforcement of PBCs 

particularly difficult due to the lack of periodicity in the particle generation process and 

the disruption of mesh periodicity when applying a cutting plane. Unlike structured 

meshes, where node pairing is straightforward, the unstructured nature of the cut 

tetrahedral mesh complicates the identification of periodic node pairs and the imposition 

of displacement constraints.  

Thus, to evaluate the apparent elasticity modulus (𝐸DEE), two types of boundary 

conditions are employed: KUBC and SUBC. Considering that mechanical properties of 
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the glass-fiber composite are assumed to be isotropic; the macroscopically isotropic 

microstructure assumption is applied. Under this assumption, the apparent compressibility 

modulus (𝐾DEE), apparent shear modulus (𝐺DEE) and apparent elasticity modulus (𝐸DEE) 

are respectively calculated as explained in previous chapter. 

Using this FEA homogenization, the apparent elasticity modulus for KUBC and 

SUBC boundary conditions is calculated and presented in Table 4-9. These results are 

compared with the apparent elasticity modulus obtained using the erosion of results 

method described in section 3. A notable difference is observed between apparent 

elasticity moduli obtained with KUBC and SUBC boundary conditions when using the 

mesh cutting method, which is not the case when applying the erosion of results method. 

Moreover, the apparent elasticity modulus with KUBC and the mesh cutting method is 

higher than that obtained with KUBC and the erosion of results method. This is due to the 

fact that the erosion of FEA results from the SVE boundary tends to supress boundary 

condition effects. It is also observed that KUBC results tends to overestimate elastic 

properties by enforcing rigid displacements on the boundaries, while SUBC 

underestimates these properties since it allows more boundary deformation. This 

difference highlights the contrasting effects of boundary conditions on the predicted 

material properties. 
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Table 4-9. Comparison of apparent elastic modulus with erosion of results method for KUBC and SUBC. 

 
Volume 

fraction with 
cut (%) 

EKUBC (𝐺𝑃𝑎) ESUBC (𝐺𝑃𝑎) 

Volume 
fraction erosion of 

results with 
erosion 

distance of 0.2 
(%) [73] 

EKUBC, erosion of results 
with erosion 
distance of 0.2   
(𝐺𝑃𝑎) [73] 

ESUBC,erosion of results 
with erosion 
distance of 0.2  
(𝐺𝑃𝑎) [73] 

Torus 10.45 ± 0.71 4.69 ± 0.09 4.26 ± 0.05 N/A N/A N/A 

Cylinder 9.97 ± 0.87 4.92 ± 0.14 4.39 ± 0.10 9.13 ± 1.93 4.46 ± 0.24 4.43 ± 0.23 

Sphere 30.33 ± 0.49 7.41 ± 0.18 6.32 ± 0.06 34.12 ± 0.57 6.89 ± 0.09 6.90 ± 0.09 

Cylinder 30.14 ± 0.53 8.45 ± 0.17 6.92 ± 0.11 27.01 ± 1.88 6.76 ± 0.29 6.64 ± 0.27 

 

To validate results obtained, the evolution of apparent elasticity modulus with 

respect to the volume fraction of each SVE is also compared with analytical bounds of 

Reuss, Voigt and Hashin–Shtrikman (HS-, HS+) (Figure 4-8 and Figure 4-9). It appears 

that, for each case, the apparent elastic modulus lies between lower and upper bounds, 

with a significant margin from Hashin–Shtrikman lower bound (HS-). This indicates that 

predicted apparent elastic moduli are neither overly conservative nor overly optimistic. 
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(a) 

 

(b) 

 
Figure 4-8. Elastic modulus scatter for different SVEs with: (a) toroidal and (b) cylindrical particles. 
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Figure 4-10 and Figure 4-11 provides insights about how moving toward the core 

of the cube, affects results. As the distance from boundary faces increases through the core 

of the SVE between 0 and of 0.2 (for a unit cube SVE) the change in volume fraction is 

not significant. This consistency confirms that the distribution of particles within the SVE 

is even and isotropic. In addition, as the distance from boundary faces increases, the 

differences between results obtained with KUBC and SUBC gradually diminish, which 

illustrates, as expected, that boundary conditions have very little effect at the core of the 

SVE. However, with the mesh cutting method, a clear difference between KUBC and 

SUBC results is observed, which demonstrates that the mesh cutting approach maintains 

the influence of boundary conditions. 

(a) 
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(b) 

 
  

Figure 4-9. Elastic modulus scatter for different SVEs with: (a) spherical and (b) cylindrical particles. 
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(a) 

 

(b) 

 
Figure 4-10. Elastic modulus scatter toward the core of the cube for a SVE with: (a) toroidal and (b) 

cylindrical particles. 
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(a) 

 
(b) 

 
  

Figure 4-11. Elastic modulus scatter toward the core of the cube for a SVE with: (a) spherical and (b) 

cylindrical particles. 
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4.3- Comparing geometry correction method with mesh cutting method 

for sphere 

A comparative analysis of the GCM and the MCM for spherical particles at a volume 

fraction of 30% provides key insights into their performance. Both methods successfully 

achieve the target volume fraction and obtain final averaged elastic modulus values, as 

summarized in Table 4-10. However, distinct differences emerge in their efficiency, 

particle distribution, and the consistency of their results. First of all, it should be 

mentioned that, as shown before in Chapter 3, it is not possible to reach this volume 

fraction with cylindrical particles using GCM, and this is the reason why only results for 

spherical particles are compared in this section. 

Table 4-10. Comparison of apparent elastic modulus with GCM and MCM. 

Sphere Volume fraction (%) EKUBC (𝐺𝑃𝑎) ESUBC (𝐺𝑃𝑎) 

MCM 30.33 ± 0.49 7.41 ± 0.18 6.32 ± 0.06 

GCM 30.00 ± 0.53 7.95 ± 0.14 6.15 ± 0.07 

 

From an elastic modulus perspective, both methods effectively reach the desired 

volume fraction, but the difference between KUBC and SUBC is more pronounced when 

using GCM than MCM. This discrepancy, illustrated in Table 4-10, Figure 4-12 and Figure 

4-13, highlights the effect of particle distribution on numerical results. In Figure 26, which 

presents the elastic modulus distribution within SVEs, a larger gap between KUBC and 
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SUBC results is observed for GCM. This suggests that GCM induces more variability in 

elastic modulus estimation, likely due to its less uniform particle distribution. 

The particle distribution differences between the two methods are further 

demonstrated in Figure 4-13, where the non-uniform volume fraction distribution in 

GCM-generated SVEs is evident from the sudden jumps in the volume fraction versus 

distance from the SVE edge curve (Figure 4-13a). In contrast, MCM maintains a more 

gradual and stable distribution, ensuring a more homogeneous spatial arrangement of 

particles (Figure 4-13b). This improved uniformity contributes to the better consistency 

of elastic modulus values obtained via MCM. Additionally, the distance required for 

KUBC and SUBC results to converge is greater in GCM than in MCM, further indicating 

that MCM provides a more stable and predictable numerical framework. 

Another important observation comes from Figure 4-12. In Figure 4-12a, the results 

generated by GCM are evenly scattered around the target volume fraction of 30%, whereas 

in Figure 4-12b, MCM results tend to exceed the target volume fraction. This suggests 

that MCM has a greater capability to reach even higher volume fractions or accommodate 

more elongated particles, making it a more versatile approach in handling complex 

composite microstructures. Furthermore, the geometric integrity of particles is 

significantly better preserved using MCM. With GCM, some particles are artificially 

reduced in size to fit within the computational domain, leading to an unrealistic 

representation of their physical properties. On the other hand, MCM retains the original 

particle dimensions, ensuring that all spheres conform to the same geometric parameters. 
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This consistency contributes to the uniformity of particle distribution and elastic 

properties within the matrix. The alteration of particle size in GCM likely contributes to 

the uneven distribution of volume fraction observed in Figure 4-13a, further 

demonstrating the advantages of MCM in maintaining structural fidelity. 

(a) 
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(b) 

 
Figure 4-12. Elastic modulus scatter for different SVEs with spherical particles generated by: (a) GCM 

and (b) MCM. 
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(a) 

 
(b) 

 
Figure 4-13. Elastic modulus scatter toward the core of the cube for a SVE with spherical particles 

generated by: (a) GCM and (b) MCM. 
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In summary, the following conclusions can be drawn from this comparative study: 

1. Higher Volume Fraction Capability: MCM has the potential to achieve higher volume 

fractions and can be applied to more elongated particles, whereas GCM is limited in 

this regard. 

2. Uniform Particle Distribution: MCM provides a more homogeneous distribution of 

particles within the SVE, while GCM results in a non-uniform arrangement due to 

geometric modifications and positional adjustments. 

3. Reduced Variation in Elastic Modulus: Due to the maldistribution of particles, GCM 

exhibits a wider range of elastic modulus values between KUBC and SUBC results, 

whereas MCM ensures a more stable and consistent response. 

4. Possibility of combining GCM and MCM: Although a combination of GCM and 

MCM could be considered, in the context of this study, such an approach was deemed 

unnecessary. The MCM alone successfully achieves the target volume fractions, 

maintains particle isotropy, and ensures numerical stability, making the combination 

redundant for the current objectives. However, future work could explore the potential 

benefits of hybrid strategies, particularly for applications requiring more complex 

particle shapes, targeted anisotropy, or multi-phase composites. Moreover, further 

refinement of the GCM could be investigated to enhance its compatibility with high 

volume fraction insertions or to tailor particle distributions for specific mechanical or 

thermal property optimizations. 
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These findings demonstrate that MCM is the superior approach for modeling 

spherical particles in composite materials, offering improved numerical stability, better 

particle representation, and enhanced predictive accuracy in elastic modulus estimation. 

In addition to the comparative study between GCM and MCM, the results obtained 

from the erosion of results method were also compared with those from the MCM, as 

presented in Table 4-7 and Table 4-9. This comparison led to several important 

conclusions. The results indicate that MCM produces a smoother and more isotropic 

distribution of particles throughout the SVE ensuring uniformity both near the boundaries 

and within the interior, while the erosion of results method exhibits more noticeable 

fluctuations in local particle volume fractions. These fluctuations are inherent to the initial 

microstructure generation process and are not eliminated by the erosion technique. 

Although the erosion of results method does not fully capture the mechanical effects 

induced by boundary conditions, since it mitigates them by excluding affected regions, it 

remains effective for estimating the overall elastic properties of particle-reinforced 

composites. The method demonstrates good predictive capability, with acceptable errors 

in the estimation of elastic moduli. Therefore, while MCM provides a more robust and 

physically representative modeling framework, the erosion of results method offers a 

practical and computationally efficient alternative when a direct handling of boundary 

effects is not feasible or necessary. 

It is important to note that the definition of high-volume fraction is not absolute but 

depends on the modeling context and particle geometry. In numerical homogenization, 



155 
CHAPTER 4 – RESULTS AND DISCUSSION  

 

 

fractions around 30 % are generally regarded as high because of the meshing and 

convergence difficulties they introduce. This threshold is particularly relevant when 

elongated particles are considered, since their shape increases the complexity of packing 

and numerical stability. From this perspective, the proposed Mesh Cutting Method 

effectively meets the stated objective of enabling reliable homogenization at high particle 

contents, whereas GCM represents a partial step toward that goal. 

The next section extends this framework to natural fiber reinforced composites 

(NFRCs), where the ability of MCM to handle elongated particles is further evaluated 

under more realistic microstructural conditions. 

 



 

 

CHAPTER 5  

APPLICATION OF MESH CUTTING 

METHOD TO NATURAL FIBER-

REINFORCED COMPOSITES 

Natural fiber-reinforced polymer composites are the environmentally friendly 

materials that are getting more attention because of showing some more advantages over 

the synthetic fibers. The evolution from metal and ceramic materials to synthetic fiber-

reinforced composites, and eventually to NFRPC, reflects the continuous effort to obtain 

new material characteristics that can better fulfill the demands of various industries [103-
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105].  Figure 5-1 shows the path from metal and ceramic to the synthetic fiber 

reinforcement composite and then advancing to NFRPC. 

 

Figure 5-1. Advancement of composites [104]. 

Wood (hard/soft), wool, bamboo and cotton are different types of natural fibers. 

These materials have characteristics such as low density, light weight, inexpensiveness, 

non-rough surface, renewable, and able to solve environmental pollution that made them 

a better alternative material for glass, carbon, and human-made fibers for composite 

manufacturing [103]. However, natural fiber composites can show unwanted properties 

like high water absorption rate, inferior fire resistance, and low mechanical properties. 

Thus, the type of materials should be chosen carefully [103]. 

There are different kinds of natural fibers and polymer matrix. To obtain and choose 

an optimised material, one should be able to estimate the effective properties of different 

composite materials. Evaluating the elastic properties of heterogeneous materials can be 

done by experimental tests which are time consuming and cost ineffective. Another 
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popular method is to use homogenization to estimate the properties of heterogeneous 

materials. By homogenization we can estimate the macroscopic behavior (effective 

properties) of heterogeneous material having the material characteristics of its constituents 

(microstructure) and their arrangement. 

In this section, the High-Density Polyethylene-birch fiber (HDPE-birch) 

composite is modeled using the FEM. The experimental results of the elastic properties 

for this composite material are presented in [106]. The study presented in [106] 

investigates the mechanical properties of HDPE/birch fiber composites through tensile 

and flexural tests, dynamic mechanical analysis, and Scanning Electron Microscopy 

(SEM). The materials were prepared by blending the constituents on heated rollers, 

followed by molding under heat and pressure, as illustrated in Figure 5-2 of the reference 

article. 

The study evaluated five different fiber weight fractions, ranging from 10 % to 

50 %, to assess their effect on mechanical properties. The experimental results 

demonstrated that increasing the fiber volume fraction leads to a significant enhancement 

in the elastic modulus. Specifically, for fiber content up to 50 % by weight, the tensile 

modulus increases by 210 %, while the flexural modulus shows a 236 % improvement. 

These results highlight the reinforcing effect of birch fibers and their potential for 

enhancing the mechanical performance of HDPE-based composites. Additionally, the 

experimental findings indicated that fiber-matrix adhesion plays a crucial role in 

mechanical performance, which was improved using maleic anhydride polyethylene 
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(MAPE) as a coupling agent. SEM images confirmed good interfacial bonding between 

the HDPE matrix and birch fibers. Furthermore, the thermal analysis revealed that 

although HDPE possesses higher thermal stability, the addition of birch fiber lowers the 

degradation temperature of the composite, with thermal breakdown occurring in two 

distinct stages. 

 

Figure 5-2. Summary of production process for composites and samples [106]. 

The wood fiber used in the experimental tests has a length-to-diameter ratio of 20, 

which is four times greater than the fiber elongation considered in previous sections of 

this study. Given the significant impact of fiber aspect ratio on the mechanical properties 

of fiber-reinforced composites, it is essential to analyze how fiber elongation influences 

the material’s elastic response. 



160 
CHAPTER 5 – APPLICATION OF MESH CUTTING METHOD TO NFRC  

 

To systematically investigate this effect, five different fiber elongation ratios are 

modeled using the mesh-cutting method described in Section 3. The aim is to compare 

and analyze the variations in elastic properties resulting from different fiber elongations 

and to validate the applicability of the mesh-cutting approach for modeling fiber-

reinforced composites with varying aspect ratios. The numerical results are compared 

against each other and ultimately validated against the experimental data reported in [106]. 

By integrating the mesh-cutting method into the modeling framework, this study 

aims to replicate these experimental findings and evaluate how the fiber elongation 

influences stress distribution and load transfer within the composite structure. The results 

from the numerical simulations provide deeper insights into the structure-property 

relationships of HDPE-birch fiber composites and offer a validation pathway for 

employing mesh-cutting techniques in microstructural modeling.  

All the steps follow the methodology described earlier. However, due to the high 

elongation of the particles considered in this section, certain adaptations to parameters 

were necessary to ensure their successful insertion into the SVEs while maintaining 

computational efficiency. These modifications were implemented to address challenges 

related to both geometric constraints and the computational cost of simulating highly 

elongated particles. 

Below, the specific parameters considered for each numerical method steps, along 

with the adaptations introduced to overcome the challenges associated with modeling 
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highly elongated cylindrical particles are outlined. Any steps not mentioned here remain 

unchanged from the original methodology. 

5.1- Adaptations introduced into the geometry generation step 

The results are obtained for SVEs with unit cube dimensions (L = 1) and a targeted 

volume fraction of 14.15%, which corresponds to a 10% weight fraction as reported in 

[106]. The average fiber dimensions used in the experimental tests are approximately 0.5 

mm in length and 0.025 mm in diameter. Five models are considered in modeling, with 

particle aspect ratios of 1, 5, 10, 15, and 20. To represent different particle elongations 

ranging from 1 to 20, the length of each model is kept constant while the particle diameter 

is adjusted accordingly. For each of the five models, the geometric properties of the 

particles used are listed in Table 5-1. Furthermore, Figure 5-3 illustrates five different 

configurations corresponding to the particle characterization parameters presented in this 

table. 

Table 5-1. Particle characterization used in modeling. 

𝐿
𝐷 

D (mm) Volume 
fraction (%) 

1 0.150 14.15 

5 0.100 14.15 

10 0.050 14.15 

15 0.033 14.15 

20 0.025 14.15 
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This approach is adopted for two main reasons. First, it simplifies comparisons by 

ensuring that only one geometric parameter, either length or diameter, is varied. Second, 

and more importantly, it significantly reduces computational costs. Since the SVE is fixed 

at dimensions of 1 × 1 × 1, maintaining a constant target volume for smaller elongations 

would require a much larger number of particles to reach the targeted volume fraction. 

This increase in particle count would, in turn, lead to a substantial rise in computational 

time. 

(a) 

 
(b) (c) 

 
 

(d) (e) 
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Figure 5-3. Five particle configurations with L/D equal: (a) 1, (b) 5, (c) 10, (d) 15, (e) 20. 

When dealing with highly elongated particles, inserting them into the SVE becomes 

increasingly challenging. This difficulty arises due to two primary factors. 

First, as particle elongation increases, the volume of each individual particle 

decreases. Since the length remains fixed while the diameter becomes smaller, a larger 

number of particles is required to achieve the targeted volume fraction. This higher 

particle count not only increases computational complexity but also raises the likelihood 

of particle overlap, making the packing process more intricate. 

Second, as the elongation increases, the insertion process becomes more difficult 

due to the expanding particle domain box. More elongated particles occupy a larger 

bounding box relative to their actual volume, which reduces the available free space within 

the SVE. This spatial constraint leads to a greater risk of intersection between particles, 

making it more computationally demanding to generate a well-distributed and non-

overlapping particle arrangement. 

To help with these particle placement challenges, one strategy is to minimize the 

acceptable minimum distance between particles or between particles and the SVE 
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boundary. However, it is important to recognize that there are practical limitations to 

minimizing this distance. As the spacing between particles decreases, the complexity of 

the finite element mesh increases significantly. This can lead to difficulties in achieving 

mesh convergence, as the element quality deteriorates, and the computational cost 

escalates. Extremely small distances may introduce excessive distortions in the mesh, 

requiring finer discretization and more refined numerical techniques to ensure accurate 

and stable simulations. Therefore, an optimal balance must be struck between increasing 

particle density and maintaining numerical efficiency.  

The specific minimum distance and other geometrical parameters values used for 

all models are summarized in Table 5-2. 

Another important strategy is the careful selection of the MBD domain and the 

criteria domain to maximize particle retention within the unit SVE. When cutting the 

MBD to fit within the unit SVE, it is essential to ensure that as many particles as possible 

remain inside while minimizing empty regions at the borders. To achieve this, the 

difference between the unit SVE and the criteria domain should be at least equal to the 

particle length. This approach prevents the removal of particles that partially intersect the 

criteria domain while still contributing to the overall volume fraction inside the unit SVE. 

By optimizing this cutoff process, the model maintains a more representative particle 

distribution and avoids unnecessary reductions in volume fraction. 
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Table 5-2. Geometrical parameters considered for particles. 

𝐿
𝐷 1 5 10 15 20 

Particles 

intersecting SVE No No No No No 

Distancemin (mm) 0.020 0.018 0.018 0.017 0.013 
Volumemin (mm3) 8.177e-5 1.308e-3 3.271e-4 1.425e-4 8.177e-5 
Areamin (mm2) 1.575e-3 2.616e-3 6.542e-4 2.849e-4 1.635e-4 
Lengthmin (mm) 1.940e-2 2.500e-2 1.250e-2 8.250e-3 6.250e-3 

 

This concept is visually demonstrated in Figure 5-4, which illustrates the 

relationship between the MBD domain dimension (𝐿 + ∆), the criteria domain dimension 

(𝐿 + 𝜀), and the unit SVE (𝐿). The figure highlights that if the particle length is considered 

𝐿IF$ but the difference between the criteria domain and the unit cube is smaller than this 

value, some particles will inevitably intersect both domains. Since intersection checks are 

a key criterion for particle placement, these particles would be automatically eliminated 

during the criteria domain evaluation. However, if these particles were retained, their 

partial presence within the unit SVE would contribute to the overall volume fraction, 

thereby improving the accuracy of the microstructural representation. This emphasizes the 

importance of properly defining the criteria domain to avoid unnecessary particle removal 

and ensure a more accurate volume fraction estimation within the SVE. 
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(a) 

 

(b) 

 
Figure 5-4. Effect of size of MBD domain (green square) and criteria domain (purple square) on 

maintaining more particles (or a part of particle) inside the unit cube (red square). 
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With this in mind, the domains are considered as in Table 5-3. 

Table 5-3. Domains coordinates. 

Domain 𝑋C!J(𝑚𝑚)  𝑌C!J(𝑚𝑚) 𝑍C!J(𝑚𝑚) 𝑋CDB(𝑚𝑚) 𝑌CDB(𝑚𝑚) 𝑍CDB(𝑚𝑚) 

MBD -0.6 -0.6 -0.6 1.6 1.6 1.6 

Criteria -0.5 -0.5 -0.5 1.5 1.5 1.5 

SVE 0.0 0.0 0.0 1.0 1.0 1.0 
 

Finally, the geometry of MBD domain and then the criteria domain with final 

particle distribution is generated (Figure 5-5).  
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Figure 5-5. Geometry of particle distribution in criteria domain for particle elongation of: (a) 1, (b) 5, (c) 

10, (d) 15, (e) 20. 
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The final orientation tensor for cylindrical particles inside criteria domain in each 

model is evaluated to make sure of uniformly isotropic distribution of fibers. Table 5-4,  

Table 5-5, Table 5-6, and Table 5-7 demonstrating orientation tensor for particles with 

elongation of relatively 5, 10, 15, and 20 all show a good isotropic distribution of particles. 

Table 5-4. Orientation tensor for cylindrical particles L/D=5. 

í
0.337 0.005 0.001
0.005 0.330 −0.006
0.001 −0.006 0.331

ì 

Table 5-5. Orientation tensor for cylindrical particles L/D=10. 

í
0.367 0.048 −0.002
0.048 0.335 0.005
−0.002 0.005 0.297

ì 

Table 5-6. Orientation tensor for cylindrical particles L/D=15. 

í
0.329 0.009 −0.002
0.009 0.332 0.0004
−0.002 0.0004 0.338

ì 

Table 5-7. Orientation tensor for cylindrical particles L/D=20. 

í
0.354 0.007 −0.001
0.007 0.336 0.008
−0.001 0.008 0.340

ì 

Other techniques are also considered which belonged to the next steps and will be 

explained in the next sections. 
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5.2- Material properties of NFRPC 

The material properties of constituents are gathered in Table 5-8.  

Table 5-8. Material properties [106, 107]. 

Material E (𝐺𝑃𝑎) G (𝐺𝑃𝑎)  𝜐 𝜌		(𝑔 𝑐𝑚7™ ) 

Yellow birch fiber 13.90 0.95 0.42 0.62 

HDPE 1.34 0.83 0.35 0.92 

 

High-density polyethylene (HDPE)/birch fiber composites used in [106] are 

fabricated by thermomechanical pulping and compression molding. Yellow birch fibers 

are first extracted using a thermomechanical process, dried at 80 °C for 24 h, and ground 

to 20–60 mesh size. HDPE pellets are blended with malleated polyethylene as a 

compatibilizer to improve fiber–matrix adhesion. The fibers are then incorporated into the 

molten HDPE/compatibilizer blend using a Thermotron mixer at 170 °C, followed by 

repeated blending cycles to ensure homogeneity. The resulting sheets are compression 

molded under 5 MPa at 170 °C and cooled to below 60 °C under circulating water before 

being cut and polished into the required geometries.  

The mechanical behavior of the composites was assessed by means of tensile and 

flexural testing. Table 5-9 summarizes the experimental test protocol used in this study. 

For the tensile tests, standardized dog-bone specimens were prepared according to ISO 
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527-2:2012 (Type 1A). The average specimen dimensions were 10 mm in width and 4 mm 

in thickness. The tests were performed on an Instron universal testing machine fitted with 

a 150 kN load cell. Strain was measured using a 25 mm extensometer placed on the gauge 

length. The loading rate was fixed at 2 mm/min, in accordance with ISO 527-1:2012. Six 

specimens were tested for each condition to ensure reproducibility of the results. For the 

flexural tests, rectangular specimens were cut following ASTM D790-10 requirements. 

The average dimensions were 12.2 mm in width and 3.1 mm in thickness, with a support 

span of 55 mm (span-to-depth ratio of 16 ± 1). A 10 kN load cell was selected to provide 

better accuracy given the compliance of the material. The crosshead speed was set at 1.5 

mm/min, calculated according to Procedure A of the ASTM standard. Flexural modulus, 

flexural strength, and strain at break were determined. 

Table 5-9. Summary of test protocol. 

Test 
Type 

Specimen 
Geometry Standard Key Dimensions 

(mm) 
Load 

Cell (KN) 
Loading Rate 
(mm/min) 

Tensile Dog-bone 
(Type 1A) ISO 527-2:2012 10 width × 4 

thickness 150 2 

Flexural Rectangular ASTM D790-10 12.2 width × 3.1 
thickness, 55 span 10 1.5 

 

The experimental datasets obtained under these conditions are later used as 

benchmarks for validating the results of the numerical simulations. 
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5.3- Adaptations introduced into the mesh generation 

For highly elongated particles, an alternative meshing technique is introduced to 

avoid the excessive generation of elements within the particles themselves, which would 

significantly increase computational costs. As previously mentioned, achieving higher 

elongation requires reducing the particle diameter. However, as the diameter decreases, 

the number of particles that need to be inserted into the model increases accordingly. This 

leads to a large number of small-diameter particles that must be meshed, resulting in an 

extremely high total element count, primarily due to the fine meshing required within the 

particles. Consequently, if the standard meshing approach is applied, the number of 

elements required to discretize just the particles can become impractically large. 

To address this issue, a more efficient meshing approach is proposed. In the standard 

method, every circular cross-section and longitudinal edge is discretized into segments 

based on a size map (Figure 5-6a). This method initially creates nodes, progressively 

forming segments, triangles, and ultimately tetrahedrons through the whole model (Figure 

5-6b). Conversely, the new approach involves fully meshing all cylinders without initially 

applying the size map, whereas the surrounding matrix continues to be meshed using the 

usual size map. Specifically, each circular section of the cylinder is discretized into only 

four equal segments (Figure 5-6c). The lengths of these segments are then uniformly 

applied to segment the cylinder along its entire length. The resulting segments serve as 

the basis for generating triangles and subsequently tetrahedrons throughout the cylinder 

volume(Figure 5-6d). 
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(a) 

 

(b) 

(c) (d) 

Figure 5-6. Particle segmentation and meshing process by: (a), (b) original and (c), (d) new method. 

This approach dramatically reduces the initial segment count around and along each 

fiber, speeding up mesh generation while still delivering the fine resolution dictated by 

the size map. This method not only reduces the number of elements required to mesh an 

individual fiber but also minimizes the overall element density within the surrounding 
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matrix. Specifically, in usual meshing approaches, the need for extremely small elements 

near the fiber surface often dictates the global element size in the matrix, further increasing 

the total number of elements. By contrast, the proposed method alleviates this constraint, 

allowing for a more balanced and computationally manageable meshing process without 

compromising accuracy. 

For instance, in the case of a particle with an elongation ratio of 10, a direct 

comparison is made between two different meshing strategies: (1) the conventional 

meshing method without partitioning, and (2) the proposed partitioning method, where 

the fiber's diameter is first split, and meshing is performed accordingly. The impact of 

each meshing technique on the total number of tetrahedral elements generated for a single 

fiber is analyzed. The results, summarized in Table 5-10, illustrate the effectiveness of the 

proposed method in significantly reducing the computational burden while maintaining 

meshing quality and accuracy. 

Table 5-10. number of tetrahedral elements for one particle of elongation 10, with two meshing methods. 

Meshing method 
Number of tetras for 

one particle 

Number of tetras 

for matrix 

Conventional 800 32150 

Elongated particle 90 31700 

 

Figure 5-7a shows a particle being meshed by the conventional method and Figure 

5-7b shows a particle being meshed by this new method. By the conventional method, for 
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a symbolic example, around 800 tetras will be created to mesh this particle in criteria 

domain before cutting. However, with this new technique, for the same size card and 

volume fraction of particles, this number goes down to around 90 tetras.   

(a) 
 

 

(b) 
 

 
Figure 5-7.   A particle meshed inside the SVE with: (a) conventional meshing method and (b) splitting 

meshing method. 

By implementing this technique, not only is the meshing process optimized for 

elongated particles, but it also ensures that the matrix surrounding the fibers is meshed 

more efficiently, preventing an unnecessary increase in element count. This approach 
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proves particularly beneficial when dealing with high-volume fractions of fibers, where a 

balance between computational efficiency and meshing fidelity is essential for accurate 

finite element analysis. 

Another aspect that affects the final volume fraction is the difference between linear 

and quadratic elements. This is well stablished in Figure 5-8 and also been evaluated in 

Table 5-11. Figure 5-8a and b demonstrate the transfer from a linear tetrahedral mesh to a 

quadratic tetrahedral mesh of a particle. Figure 5-8c and d demonstrate the same but for a 

conventional meshing technique. 

(a) 

 

(c) 

 
(b) 

 

(d) 

Figure 5-8. Transferring from linear to quadratic tetrahedral mesh for: (a) and (b) splitting meshing 

technique, (c) and (d) conventional meshing technique. 

Switching to quadratic elements can lead to an increase in the achievable volume 

fraction. As shown in Table 5-11, for elongation values greater than 5, reaching the target 

volume fraction is only possible when using quadratic elements. For instance, at an 
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elongation of 10, the maximum attainable volume fraction with linear elements is 

approximately 10 %, whereas with quadratic elements, it exceeds 14 %. 

This is because, at higher elongations, the particle splitting meshing method is 

employed, making the models more influenced by the quadratization of elements. This 

effect is illustrated in Figure 5-8 and Figure 5-9. Figure 5-9  shows a cross-section of a 

particle initially meshed with two linear elements, where the area covered by these 

elements is significantly smaller than the area covered when the same elements are 

quadratized. Additionally, in the quadratized mesh, the nodes shift toward the particle 

surface, enhancing geometric representation. The transition from a linear to a quadratic 

mesh improves accuracy in capturing curved geometries and fine details of particle 

boundaries, ultimately leading to better packing efficiency. 

Table 5-11. Results of geometry and mesh generation. 

Model 

𝐿
𝐷 

1 5 10 15 20 

No. SVE 15 15 15 5 1 

Criteria 

Domain 

No._particle 205 ± 5 110 ± 10 423 ± 62 1198 ± 23 1699 ± 83 

VF % 9.77 ± 0.19 7.77 ± 0.55 8.65 ± 0.63 8.76 ± 0.22 7.77 

Unit cube 

No. 

tetrahedral 

elements 

~52000 ~140000 ~355000 ~1140000 ~1700000 

VF % with 

linear 

elements 

10.36 ± 0.29 13.83 ± 0.42 10.47 ± 0.21 9.33 ± 0.41 8.28 

VF % with 

quadratic 

elements 

14.54 ± 0.19 14.43 ± 0.78 14.59 ± 0.51 14.54 ± 0.22 11.85 
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Figure 5-9. A particle cross-section meshed with left: linear elements, right: quadratic elements. 

The final generated mesh for all five modeling is presented in Figure 5-10. 

(a) 
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(b) 

 

(c) 
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(d)

 

(e) 

 
Figure 5-10. Quadratic mesh distribution on SVE with particle elongation of: (a) 1, (b) 5, (c) 10, (d) 15, (e) 

20. 
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Next steps including applying two primary types of boundary conditions, KUBC 

and SUBC, then performing the finite element analysis, and finally homogenization to 

extract macroscopic properties from numerical simulations are as previously described in 

MCM description. By averaging the stress and strain responses obtained from multiple 

SVEs, homogenization techniques allow for the estimation of effective material properties 

such as elastic moduli and Poisson’s ratio. Two commonly used homogenization methods 

are the volume averaging technique and the energy-based approach. The volume 

averaging method computes effective properties by integrating the local stress and strain 

fields over the entire SVE domain. The energy-based approach, on the other hand, 

determines the homogenized stiffness tensor by minimizing the difference between the 

strain energy of the heterogeneous material and that of an equivalent homogeneous 

medium. These homogenization strategies enable the translation of microstructural 

behaviors into macroscopic material properties, providing a reliable framework for 

material characterization and design. By combining automated boundary condition 

application with advanced numerical techniques and homogenization methods, this 

approach enhances the accuracy and reliability of finite element simulations for fiber-

reinforced composite materials. 

5.4- Results  

The resulting elastic modulus for two different boundary conditions at various 

elongation values is reported in Table 5-12. For comparison with experiments, Table 5-12 

also includes results obtained for birch fiber reinforced HDPE composites tested in [106]. 
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In these tests, the fibers exhibited an average aspect ratio of approximately 20, with a 

volume fraction of 14.15 %. These conditions correspond to the experimental modulus 

values reported and serve as a validation benchmark for the numerical predictions. The 

results in Table 5-12 highlight that replacing spherical inclusions with cylindrical fibers 

leads to an increase in the elastic modulus, confirming the superior reinforcement 

efficiency of elongated particles. However, the effect of further increasing the fiber aspect 

ratio depends strongly on the boundary condition applied. Under KUBC, the elastic 

modulus generally remains nearly constant as fiber elongation increases. In certain cases, 

the over-constraining nature of KUBC can suppress local strain fluctuations and limit the 

ability of elongated fibers to effectively participate in carrying the applied load. By 

contrast, under SUBC, the elastic modulus increases with elongation ratio, showing that 

longer fibers are more effective reinforcements when the boundary conditions allow local 

deformations to develop. Despite these differences, in all cases the elastic modulus 

obtained with cylindrical inclusions remains higher than with spherical particles at the 

same volume fraction. This demonstrates that fiber geometry exerts a strong influence on 

the overall stiffness of the composite. Taken together, these results suggest that while 

KUBC provides consistent upper bounds, it may underestimate the reinforcement 

potential of elongated fibers, whereas SUBC predictions capture the expected trend of 

modulus enhancement with fiber elongation. This reinforces the importance of evaluating 

results under multiple boundary conditions to ensure that numerical predictions are both 

reliable and physically meaningful. 



184 
CHAPTER 5 – APPLICATION OF MESH CUTTING METHOD TO NFRC  

 

In addition, these findings align with existing studies in the literature, which 

consistently report that elongated fibers improve stiffness compared to spherical 

inclusions, although the magnitude of the effect depends on boundary conditions and 

microstructural assumptions. 

However, simulating particles with an elongation of 20 at the target volume fraction 

of 14.15 % proved to be computationally expensive in terms of both time and memory, 

making it infeasible within the available resources. Instead, simulations were conducted 

at lower volume fractions for this particle shape. By leveraging an extrapolation approach, 

an estimation of the elastic modulus at the targeted volume fraction was obtained. This 

method provides a reasonable approximation while significantly reducing computational 

costs. To verify the accuracy of the extrapolation method, simulations were also performed 

for particles with an elongation of 15, progressively approaching the target volume 

fraction. The results for elongations of 15 and 20 were plotted together on the same graph 

in Figure 5-11 for both kinematic uniform boundary conditions and static uniform 

boundary conditions. As shown in this figure, the results obtained for the two different 

elongations exhibit close agreement under each boundary condition, thereby confirming 

the reliability of the extrapolation approach for estimating the elastic modulus at the 

targeted volume fraction.  
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Table 5-12. Resulting volume fraction and elastic modulus for different elongations. 

𝐿
𝐷 

Volume fraction 

with cut (%) 
EKUBC (𝐺𝑃𝑎) ESUBC (𝐺𝑃𝑎) 

Calculation time for 

each SVE (day) 

EExpeimental (for particles with 	
5
6
= 20, volume fraction=14.15 %) 

(𝐺𝑃𝑎) 

1 14.54 ± 0.19 1.81 ± 0.01 1.71 ± 0.01 < 1 

1.92 ± 0.21 

5 14.43 ± 0.78 1.93 ± 0.04 1.75 ± 0.02 < 1 

10 14.59 ± 0.51 1.91 ± 0.03 1.93 ± 0.02 1 

15 14.54 ± 0.22 1.90 ± 0.01 1.84 ± 0.01 4 

20 14.15 1.88 ± 0.02 1.82 ± 0.01 N/A 

 

 
Figure 5-11. Elastic modulus scatter for different SVEs with particle elongation of 15 and 20. 

The scatter in the elastic modulus for different elongations under both boundary 

conditions is illustrated in Figure 5-12. For each case, the results are compared with 

theoretical bounds, including the Reuss, Hashin-Shtrikman, and Voigt limits. 
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The most noticeable difference when comparing the results is the impact of particle 

shape on the elastic modulus. Specifically, transitioning from spherical to cylindrical 

particles leads to a distinct increase in the elastic modulus, bringing the results closer to 

the upper Hashin-Shtrikman bound. In contrast, for spherical particles, the computed 

elastic modulus remains noticeably below this upper bound. This indicates that particle 

elongation plays a significant contribution in increasing the stiffness of the composite 

material. 

(a) 
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(b) 

 

(c)
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(d)

 
Figure 5-12. Elastic modulus scatter for different SVEs with particle elongation: (a) 1, (b) 5, (c) 10, (d) 15. 

Furthermore, Figure 5-13 presents the variation of the elastic modulus through the 

core of the SVE as a function of volume fraction. A key observation is that as the particles 

become more elongated, the difference between the elastic modulus values obtained using 

KUBC and SUBC decreases. More specifically, the results under SUBC exhibit an 

increasing trend with elongation, whereas the values obtained with KUBC remain 

relatively stable. This suggests that SUBC is more sensitive to variations in SVE size, 

particle shape, and elongation, whereas KUBC provides more consistent results. While 

KUBC provides more consistent results, this does not necessarily imply higher accuracy. 
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(a) 

 

(b) 
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(c) 

 

(d) 

 
Figure 5-13. Elastic modulus scatter through the core of different SVEs with particle elongation of: (a) 1, 

(b) 5, (c) 10, (d) 15. 
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Additionally, the scatter in volume fraction through the core of the SVE 

demonstrates a uniform distribution of particles. As one moves through the core, the 

volume fraction curve stabilizes, showing no sudden or significant fluctuations. This 

indicates that the particles are well-distributed throughout the SVE, reinforcing the 

reliability of the microstructural representation used in the simulations. 

The scatter in the elastic modulus for different elongations is illustrated within the 

same figure for each type of boundary condition in Figure 5-14, Figure 5-15, and Figure 

5-16. It can be concluded that under KUBC, the difference between spherical and 

cylindrical particles is more pronounced, whereas only a small variation is observed 

between cylindrical particles of different elongations. On the other hand, by analyzing the 

Figure 5-14 and Figure 5-16, it is evident that under SUBC, the influence of particle 

elongation on the results becomes more clearly noticeable. 
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Figure 5-14. Elastic modulus scatter for different SVEs with various particle elongation with KUBC 

and SUBC. 

 

Figure 5-15. Comparison of elastic modulus for different SVEs and particle elongations with KUBC. 
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Figure 5-16. Comparison of elastic modulus for different SVEs and particle elongations with SUBC. 

The comparison of data related to geometrical parameters is presented in Figure 

5-17. Regarding cylindrical elongations, as the particle becomes more elongated, its 

volume decreases, requiring a greater number of particles to achieve the target volume 

fraction. However, when considering these results alongside the elastic modulus for all 

elongation types, it becomes evident that increased elongation leads to higher 

computational costs and resource consumption. Therefore, from a purely numerical 

perspective, lower aspect ratios are preferable since fewer particles are needed, which 

reduces meshing complexity and computational cost. However, this observation must be 

interpreted carefully in light of the trends obtained in the mechanical property predictions. 

A particular case occurs when moving from spheres to cylinders with L/D=5. Here, 

the particle volume increases relative to spheres, meaning that fewer cylinders are required 
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to reach the same target volume fraction. For higher aspect ratios (L/D>5), the diameter 

decreases, and particle volume becomes smaller, which increases the number of particles 

required. 

While lower aspect ratios provide a balance between accuracy and efficiency, 

realistic fiber geometries must be considered for predictive modeling of natural fiber 

composites. The combined analysis of Figure 5-15, Figure 5-16 and Figure 5-17 therefore 

shows that the choice of aspect ratio is a compromise: overly low values may 

underestimate stiffness, while highly elongated particles increase computational 

requirements. Moderate aspect ratios, such as L/D=5, appear to provide a reasonable 

balance while still reflecting the reinforcement mechanisms observed experimentally. 
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Figure 5-17. Comparison of (a) number of particles, (b) volume fraction, for various particle elongations. 

This chapter applied the mesh cutting method to natural fiber reinforced composites 

and demonstrated its ability to model realistic microstructures at high volume fractions. 

The numerical results were compared with experimental data from birch fiber/HDPE 

composites and showed good agreement, validating the predictive capability of the 

method. The study highlighted the influence of fiber aspect ratio on the apparent elastic 

properties that replacing spheres with cylindrical fibers significantly increased stiffness. 

The study demonstrated that particle geometry strongly influences computational 

efficiency. Although low aspect ratios reduce computational cost, realistic elongations 

must be considered to capture the actual mechanical behavior of natural fiber composites. 

Taken together, these findings confirm that the mesh cutting method provides a robust and 

versatile framework for investigating the microstructure–property relationships of 

NFRCs, while also underlining the importance of balancing computational efficiency with 

physical representativeness  



 

 

CHAPTER 6  

CONCLUSIONS AND PERSPECTIVES 

The research presented in this thesis advances the numerical modeling of particle-

reinforced composites. By developing an automated framework that integrates geometry 

generation, meshing, FEA, and homogenization, this study enhances the efficiency and 

accuracy of evaluating the effective mechanical properties of these materials. 

6.1- Conclusions 

This thesis has focused on advancing the numerical modeling of particle-

reinforced composites, with particular emphasis on high reinforcement fractions. It is 

important to clarify what is meant by high volume fraction in the context of this work. In 

experimental studies on particle-based composites, high reinforcement fractions can often 

exceed 50 % by volume, depending on the processing method and fiber packing efficiency. 

However, in numerical modeling, the definition of “high” must be adapted to reflect 
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computational constraints. Because of particle geometry, aspect ratio, and the inherent 

challenges of particle insertion, overlap correction, and mesh convergence, reinforcement 

levels of about 30 % already constitute high volume fractions in numerical modeling. This 

thesis therefore defines high volume fraction relative to modeling feasibility, and its 

contributions lie in extending those feasible limits. 

The motivation stemmed from the need to overcome the shortcomings of existing 

microstructural modeling approaches, which often fail to balance geometric realism, 

computational efficiency, and predictive accuracy. The literature review highlights the 

strengths and weaknesses of analytical and numerical homogenization methods. 

Analytical approaches such as mean-field or variational models offer simplicity and 

efficiency but rely heavily on idealized geometries and assumptions of dilute or moderate 

reinforcement fractions. Numerical homogenization, on the other hand, provides higher 

fidelity by explicitly modeling microstructures but faces challenges at high volume 

fractions, particularly in meshing complex geometries. Classical particle generation 

strategies, such as RSA or Voronoi tessellation, were shown to suffer from convergence 

limitations, unrealistic particle morphologies, or incompatibility with finite element 

analysis. This review revealed a clear gap: the absence of an automated and robust 

methodology that could generate realistic microstructures with elongated particles at high 

volume fractions while preserving mesh quality. 

To address this gap, two distinct methodologies are developed. The GCM was 

designed to resolve criteria (minimum distance and minimum angle) dissatisfaction 
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between geometrical entities by systematically adjusting particle size, position, and for 

elongated inclusions, orientation. The MCM, in contrast, operated on a larger generation 

domain, which was later trimmed into the desired representative element. MCM avoided 

edge empty spaces, preserved randomness, and ensured high-quality finite element 

meshes, supporting high fiber volume fractions. 

The primary objective was to overcome the limitations of the erosion of results 

method, which relies on discarding boundary information, and to replace it with 

automated, robust methodologies capable of generating high-fraction representative 

volume elements without relying on erosion of results. Another objective was to validate 

these methodologies both numerically and experimentally in the context of natural fiber 

composites where high particle volume fractions and elongated geometries pose unique 

challenges. These objectives are achieved through the development of the GCM and the 

MCM, both of which provide innovative solutions to microstructural modeling 

challenges. 

The robustness of the GCM algorithm is examined for both spherical and non-

spherical particles. When applied to spheres, the algorithm can only rely on two 

adjustments: reducing the particle size or adjusting its position. Reducing particle size, 

however, decreases the actual inserted volume, which means that the increase in total 

volume fraction becomes less effective. Position adjustments can also be problematic in 

highly packed configurations, because moving one particle to resolve a violation may 
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generate a new overlap or boundary conflict with neighboring particles. These limitations 

explain why convergence becomes slower as density increases. 

For non-spherical particles, especially elongated fibers, the algorithm has a third 

option which is adjusting orientation. This additional degree of freedom is very effective 

because even a small angular adjustment can create sufficient clearance to resolve criteria 

violations. However, repeated orientation adjustments may gradually promote partial 

alignment of fibers, as the algorithm tends to rotate particles in directions that favor further 

insertions. This tendency limits the effectiveness of the GCM when applied to elongated 

particles. 

The performance of the MCM was analyzed in detail and compared with both the 

GCM and the erosion of results approach. The MCM proved more robust than both the 

GCM and the erosion of results approach. GCM, although efficient for moderate fractions 

and spherical particles, became less effective at very high densities, particularly for 

elongated fibers. Unlike GCM, MCM reliably achieved target fractions while maintaining 

isotropy and mesh quality. Compared with erosion, MCM produced smoother particle 

distributions and avoided the local volume fraction fluctuations that erosion could not 

eliminate. While erosion remains a practical and computationally efficient option for 

estimating elastic properties, especially when boundary effects are secondary, MCM 

provides a more accurate and physically representative framework. Furthermore, the 

MCM is extended to practical applications, specifically NFRCs. It is adapted to capture 

the elongated geometry of birch fibers embedded in HDPE and successfully applied to 
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generate realistic microstructures. Numerical homogenization results were compared 

against experimental data, demonstrating strong agreement in elastic properties. This 

validation provided crucial evidence that the developed methodology is not only 

theoretically sound but also applicable to real engineering materials.  

A key finding of this research is the impact of particle elongation on mechanical 

performance. Finite element simulations demonstrate that cylindrical particles provide 

more accurate estimations of elastic properties compared to spherical particles when 

modeling elongated reinforcements. This highlights the importance of selecting 

appropriate particle shapes in numerical modeling to improve prediction accuracy. 

Additionally, the results indicate that modeling highly elongated particles with 

aspect ratios greater than 5 leads to excessive computational costs and resource 

consumption. Consequently, it is more efficient to model elongated particles with 

moderate aspect ratios, rather than extreme elongations, to achieve a balance between 

accuracy and computational feasibility. 

The results obtained with the GCM and MCM approaches can be better understood 

by comparing them to existing RVE/SVE generation and homogenization strategies. 

Traditional stochastic filling methods, such as RSA, are simple to implement but 

encounter convergence difficulties at high volume fractions due to frequent rejections of 

overlapping particles. Voronoi-volume-based techniques allow efficient packing of non-

overlapping inclusions but are more suited to polycrystalline microstructures and often 

produce unrealistic particle shapes for fibrous composites. FFT-based homogenization 
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methods offer very high computational speed for large RVEs, but they require voxelized 

geometries and may struggle with complex particle boundaries or irregular morphologies. 

In contrast, the GCM and MCM approaches developed in this thesis achieve high fiber 

volume fractions with controlled particle placement, while preserving mesh quality 

suitable for finite element analysis. Their main advantage lies in balancing geometrical 

realism (arbitrary shapes, high elongation ratios) with computational tractability, avoiding 

the meshing artifacts and excessive rejection rates encountered in more conventional 

methods. This positions GCM and MCM as efficient and flexible tools for simulating 

NFRCs with complex microstructures, while remaining compatible with standard FEM 

workflows. 

Beyond the specific case of natural fiber reinforced composites, the developed GCM 

and MCM tools have a more general scope and can be adapted to a wide variety of 

multiphase systems. The geometric correction strategy is not limited to spherical or 

cylindrical inclusions but can be extended to irregular shapes or particles with size 

gradients, making it suitable for modeling filled polymers, particle-reinforced metals, or 

biological composites. Similarly, the ability to generate SVEs with controlled morphology 

and high volume fractions open perspectives for studying multi-scale materials, where 

inclusions of different sizes or phases interact across length scales. This flexibility 

highlights the potential of the developed approaches as generic tools for microstructural 

modeling, capable of being tailored to different material classes. 
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Taken together, the work presented in this thesis fulfills its objectives and delivers 

several original contributions. First, it provides the community with two new automated 

methodologies, GCM and MCM, that overcome the limitations of existing RVE 

generation approaches, particularly the erosion of results method. Second, it advances 

understanding of the role of particle geometry, showing how aspect ratio controls both 

predictive accuracy and computational cost. Third, it validates the new methods against 

experimental data for NFRCs, bridging the gap between numerical and physical modeling. 

Fourth, it positions the framework as a general-purpose tool, adaptable to various classes 

of composites and multiphase materials. 

The impact of this research is therefore both scientific and practical. Scientifically, 

it deepens knowledge of how microstructural features influence macroscopic properties, 

offering new insights into particle-packing strategies, boundary conditions, and geometric 

realism. Practically, it provides engineers and researchers with robust, automated tools for 

the design and optimization of sustainable composites. By eliminating the dependence on 

erosion methods, ensuring mesh quality, and validating against experiments, the 

framework offers a more accurate and efficient path to predicting composite performance. 

6.2- Perspectives 

Despite the significant progress achieved in this study, several important directions 

remain open for exploration. The current framework provides a solid foundation for the 

numerical characterization of particle-reinforced composites, yet additional developments 

can greatly expand its applicability and accuracy, particularly in the context of natural 
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fiber-reinforced composites, where microstructural complexity and interfacial behavior 

demand more sophisticated modeling tools. 

One of the most promising extensions of this work lies in the deeper investigation 

of the geometry correction method. Further analysis could refine its capabilities for 

achieving higher volume fractions while maintaining random and isotropic distributions 

during particle insertion. For instance, systematic studies could explore the method’s 

behavior under varying particle shapes, orientations, and aspect ratios to assess how it can 

be optimized without compromising geometric randomness or statistical homogeneity. A 

hybridization of GCM with the MCM also represents an attractive avenue, combining the 

strengths of both approaches into a single pre-processing tool capable of particle insertion, 

correction, and mesh preparation for complex geometries. 

On assumption of the present framework is the statistically uniform particle 

distributions. In practice, manufacturing processes such as extrusion, compression 

molding, or injection molding often induce heterogeneities such as clustering, 

concentration gradients, or preferential fiber orientations. These effects can locally stiffen 

or weaken the material, altering global performance. Incorporating process-induced 

microstructural variability into the models would make predictions more representative of 

real composites. 

Another direction involves the explicit modeling of the fiber-matrix interface. The 

present study assumes idealized perfect bonding between particles and matrix; however, 

this simplification may not be sufficient for natural fiber composites, where interfacial 
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adhesion, debonding, and surface treatments strongly affect mechanical performance. 

Introducing cohesive zone models or interfacial damage laws would provide insight into 

stress transfer, failure initiation, and the effect of surface treatments on durability. 

Beyond elastic behavior, extending the framework to nonlinear regimes remains a 

critical step. Incorporating viscoelasticity, plasticity, and damage mechanics would allow 

simulation of creep, microcracking, fiber pull-out, and matrix degradation. Coupling 

mechanical and thermal effects would also enable thermo-elastic analyses, capturing 

coefficients of thermal expansion, residual stresses from fiber–matrix mismatches, and 

environmental degradation mechanisms. In the thermo-mechanical case, each phase can 

be described with temperature-dependent elastic properties and a thermal expansion 

tensor, while heat conduction is solved in parallel with the mechanical equilibrium. This 

makes it possible to compute not only the effective stiffness, but also effective thermal 

expansion coefficients and conductivities, while capturing residual stresses generated by 

thermal mismatches between fibers and matrix. 

Beyond methodological advancements, several practical extensions can be 

explored using the existing modeling framework. These include incorporating large 

deformation simulations, which is relevant for materials capable of sustaining very high 

strains under normal loading, such as elastomers. In such cases, accounting for finite 

strains would improve the predictive capability of the framework. Additionally, fiber 

anisotropy can be introduced by assigning direction-dependent properties to the 

reinforcement phase, allowing for more accurate modeling of materials exhibiting 
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anisotropic mechanical behavior. The framework can also be adapted to model coated 

particles by introducing an additional material layer between the matrix and core particle. 

Similarly, porosities, whether arising during manufacturing or inherent to natural fibers, 

can be explicitly modeled as void inclusions to study their effects on mechanical 

performance. 

Furthermore, future studies could investigate other forms of inclusions, such as 

platelets or irregularly shaped reinforcements, expanding the versatility of the approach 

for a wider range of composites. Finally, non-isotropic particle distributions, such as 

aligned or partially aligned reinforcements, could be examined to evaluate the directional 

dependence of composite properties and better match the behavior of real-world materials 

subjected to forming processes or preferential orientation during fabrication. 

In summary, this thesis provides a strong and flexible approach for microstructural 

modeling of particle-reinforced composites, especially at high volume fractions. While it 

contributes to the optimization and design of sustainable composite materials, there are 

still many opportunities to expand and improve the work. Whether through improving the 

particle generation and meshing algorithms, modeling interfacial phenomena, capturing 

nonlinear or damage responses, or validating against experimental data, each of these 

future directions has the potential to significantly advance the field. Continued 

development in this area will enhance the design and optimization of next-generation 

sustainable composites, supporting their broader adoption in structural and functional 

applications. 
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