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Abstract Since the Leibniz rule for integer-order
derivatives of the product of functions, which includes
a finite number of terms, is not true for fractional-
order (FO) derivatives of that, all sliding mode control
(SMC) methods introduced in the literature involved a
very limited class of FO nonlinear systems. This arti-
cle presents a solution for the unsolved problem of
SMC of a class of FO nonstrict-feedback nonlinear sys-
tems with uncertainties. Using the Leibniz rule for the
FO derivative of the product of two functions, which
includes an infinite number of terms, it is shown that
only one of these terms is needed to design a SMC
law. Using this point, an algorithm is given to design
the controller for reference tracking, that significantly
reduces the number of design parameters, compared
to the literature. Then, it is proved that the algorithm
has a closed-form solution which presents a straightfor-
ward tool to the designer to obtain the controller. The
solution is applicable to the systems with a mixture
of integer-order and FO dynamics. Stability and finite-
time convergence of the offered control law are also
demonstrated. In the end, the availability of the sug-
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gested SMC is illustrated through a numerical example
arising from a real system.
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1 Introduction

Sliding mode control (SMC) is considered as one of
the most popular, applicable methodologies among
robust control design methods to deal with nonlinear
systems suffering from uncertainties and disturbances
[6]. On the other hand, with advances in FO calculus,
many real-world systems have been modeled or con-
trolled with FO differential equations to reach a bet-
ter performance, compared to integer-order differential
equations [17,25,35]. Therefore, over the past decade,
scholars examined the extension of the SMC design
method to FO nonlinear systems.

Many successful attempts were made by researchers
on SMC for the trajectory tracking of FO nonlinear
systems. For instance, in [1], a chattering-free SMC
method was presented for FO nonlinear systems. The
SMC synchronization of FO chaotic systems was stud-
ied by [16]. In [3], the consensus tracking of FO multi-
agent systems was studied based on SMC. However,
these works considered FO nonlinear systems which
in their state-space equations the input appears in the
same equation as the output. In the cases where the
input and output variables are not in the same equation,
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due to dealing with FO derivatives the control design
becomes more challenging.

A huge number of works were published to study
the tracking control of FO nonlinear systems with the
input and the output state variable appearing in different
equations, and addressed a variety of issues by means of
various strategies including SMC method. For exam-
ple, an integral SMC design method was introduced
by [9] and a chattering-free one in [10]. An adaptive
observer-based control law via a backstepping scheme
was suggested in [28] for systems with disturbances and
for large-scale systems with unknown parameters and
additive disturbances in [5]. In the work of [8], multi-
input systems were considered using SMC. The con-
sensus control of multi-agent systems subject to cou-
pling nonlinearities and actuator failures using adap-
tive control was studied by [7]. In [22], neuro-fuzzy
network systems were employed to deal with unknown
nonlinear terms, and dynamic surface control (DSC)
scheme was constructed to overcome the problem of
explosion of complexity caused by the traditional back-
stepping design. In the work of [23], adaptive neural
network tracking control with prescribed performance
demands was considered where a FO command filter
was adapted to remove the problem of explosion. In
[34], adaptive fuzzy decentralized control was utilized
to deal with unknown nonlinear functions and unmea-
surable states for large-scale systems. Event-triggered
adaptive tracking control strategy was applied by [13]
to deal with states constraints and dead-zone input. The
synchronization of two chaotic systems with distur-
bance using a fuzzy neural network model and adap-
tive SMC was considered by [27]. In the article of
[36], uncertain systems with multiple mismatched dis-
turbances was investigated using SMC. Systems with
input delay were tackled in [30] by using backstepping
DSC technology and neural network. Nevertheless, all
these works are applicable to a small class of FO non-
linear systems formed as

D%x; =gixit+1;i=1,2,...,n—1,

D% xy = fu + guu, (D
y le’
where g; € R is a constant fori = 1,2,...,n — 1

(D%, xj,u,y,and f, represent the o;-th FO derivative
operator, state variable, input, output, and a function
of state variables, respectively, where «; € R). In the
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literature of FO nonlinear systems, this type of systems
are referred to as strict-feedback systems [22], while if
gi is a function of the time or state variables, they are
referred to as nonstrict-feedback systems [32].

The fundamental challenge in SMC of FO nonstrict-
feedback systems is that in the design process, where
the sliding surface is a function of the error between the
output and the reference input, FO derivative expres-
sions appear as D*+![g;x;11]. Inthe case of ;1 = 1,
using the Leibniz rule, D%+![g; x;11] can be easily cal-
culated analytically, comprised of only two terms, and
therefore, the classic SMC can be utilized straightfor-
wardly. However, in the case where 0 < «;41 < 1
holds, D%+1[g;x;+1], according to the Leibniz rule for
FO derivative operators, includes an infinite number
of terms, which makes the SMC law design challeng-
ing [20, 2 of Section 1.1]. Because of this challenge
few research works addressed SMC of FO nonstrict-
feedback systems. Only in [31], a SMC design was pre-
sented for a class of these systems via designing sliding
surfaces for each equation of the state-space equations.
Besides SMC method, the tracking control of some
class of these systems was studied using adaptive con-
trolin [20], using adaptive fuzzy control in [29,32], and
using adaptive neural network in [18,26]. However, all
these works did not actually solve the aforementioned
challenge, but they used another technique to avoid fac-
ing the challenge. In these works, the control law was
obtained by designing one virtual input for each single
equation, of n equations in (1), in a backstepping recur-
sive design algorithm. Nonetheless, this methodology
leads to the complexity of the design procedure as well
as a large number of design parameters. The number
of design parameters dramatically increases with small
increase in the number of equations, n, which causes
the adjustment of the parameters for achieving a desired
tracking performance to be very cumbersome. More-
over, the methodologies presented in these works are
applicable to the systems with either integer-order or
FO dynamics, but not to the systems with a mixture of
integer-order and FO dynamics.

Regarding the above discussion, SMC of FO
nonstrict-feedback nonlinear systems using the Leibniz
ruleis an unsolved problem. For a class of these systems
a solution is given in this article. For this goal, using the
Leibniz rule for the FO derivative, it is proved that only
one of the infinite terms resulting from D%+![g;x; 1]
is needed to design a SMC law. On the foundation of
this point, an algorithm is introduced to design the con-
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troller for reference tracking. Afterwards, it is shown
that the algorithm has a closed-form solution which
presents a simple, straightforward tool to the designer
to obtain the controller. The solution has significantly
less design parameters than other approaches in the lit-
erature do, and also is applicable to the systems with
integer-order and/or FO dynamics. Stability and finite-
time convergence of the control law are also demon-
strated. Finally, the effectiveness of the offered SMC is
illustrated via a numerical example coming from a real
system.

The rest of the article is organized as follows. Sec-
tion?2 introduces preliminaries. Section3 presents the
main results. A numerical example and conclusion are
given in Sects.4 and 5, respectively.

2 Preliminaries

In this article, R denotes the set of real numbers, and
[o] stands for the smallest integer which is not less than
o for any @ € R. For an arbitrary function such as f(¢)
its Laplace transform is shown by L{f(t)} = F(s).
The expresions Ziikl Sr and ]_[],?:k1 fi are defined for
ki < k». In case k1 > kp holds, assume Z?:k. fi=0
and [Tj2,, fi = 1.

The Caputo definition, the most important in appli-
cations, is used for the FO derivatives throughout this
article. Suppose o € R. According to [19, pp. 51,79],
the FO integral of an arbitrary function, namely f :
[t0, 00) — R, is defined as

— N ! ! o
WD f() & ™™ /to (t— 0 f(r)ydr,a >0,
(2)

where I" stands for the Gamma function. If there exists
the [a]-th order derivative of f(¢), the Caputo FO
derivative of f(¢) is defined as

d" f(t)

T a=[a] 20,
GRS fal
fo =t - d
wD; [l [Tﬁl)], 0<a#al.

1o D throughout this article represents the Caputo
integral and derivative operator of the «-th order on
[to, t] for @ < 0 and o > 0, respectively.

Some properties of the Caputo FO derivative oper-
ator is mentioned in the following lemma, which will
be used for calculations in the next section.

Lemma 1 ;, DY wherea € Risalinear operator [4, p.
58]. Moreover, for an arbitrary function such as f(t),
the relation 1y Df [, D% f(1)] = f(t) holds fora > 0
[4, p. 53].

It is notable that for @y > 0 and o, > 0 the equation
0Dl DY f ()] = 1, DT £(1) does not hold gen-
erally for the Caputo derivative definition, while some
works [12] used this relation (see a counterexample in
[11]). The equation is valid in particular cases, namely,
when a1, a1 + ap € [[ — 1, 1] holds where [ is a non-
negative integer [4, p. 56]. Therefore, the following
notations are introduced in order to be used later.

ol f@), i > J,
1% o . .
WD (1) 2 toDza_f(l),_ i=],

oD [o DI fD], i < J.

IOD;Ii+n|"‘|ai+1“xif (1)

L tOD;YiJrn [ . ZOD;xiJrl [l() D;Xif (t)]] .

Consider the incommensurate FO nonlinear systems
described as

,OD;x”x;,(t) = fl/,(t, X')
+A/I,(I,X/),p:1,2,...,n/—1,

WD} 5 (1) = £t X') 3)

+ g (. XY u@) + Ay (1, u@), X'),
y(t) :cyxé(t),q € {1,2,...,}1/},

where 0 < «. < 1holds, x/.(¢), u(t), and y(¢) belong to
R, and are the state variable, input, and output, respec-
tively, X' £ [x{ (1), x5(1), ..., x/,(D]", 0 # ¢y € Ris
a constant, A; represents unknown terms, and fr’ and
g, are known functions where r = 1,2, ..., n’.

This article deals with those of systems in (3)
which, using the appropriate change of the subscripts
of x{(r), e}, x5(t), o, ..., x) (1), and denoting
them with x1(¢), a1, x2(¢), a2, ..., x,/(t), ct,y, can be
reformed as a class of FO nonstrict-feedback nonlinear
systems shown as
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tOD([Xixi (t)
FHe X)) + A4, X)), @i =1,

=1 £, X))+ g t, Xi) xip1(t)
+A;(t, X),

i=1,2,...,n—1,
D" X (1) = fu(t, X) 4 gu(t, X) u(t)

+ An(t,u(t), X),
(1) = cyx1(1),

0<Ol,'+1 < 1,

(4a)
0D} xj(t) = f1(t. X)
+AN LX) j=nFln+2, 0, (4b)

for which Assumptions 1 and 2 must be met, and if there
are more than one choice, the one with the minimum
n is chosen, where X; £ [x1(¢), x2(t), ..., xp(O]F
and X 2 [x1(1), x2(1), ..., x,()]¥. The known func-
tions fiH'l, ii, gf : [tp, 00) x 2 — R are piece-
wise continuous in ¢t € [fy, 00), and their deriva-
tives exist and are bounded in X € £ < R” for
i =1,2,...,n — 1. Moreover, the known functions
s &n» fjf : [t9, 00) X £2 — R are piecewise continu-
ous in ¢t € [fg, 00) and locally Lipschitz in X € 2 C
R" where j = n+1,n+2,...,n . Intheliterature, e.g.
[5,18,26,32], similar assumptions such as the smooth-
ness of fl.i + ii, and gl’: are requirements which imply
continuity and local libschitzness. Without loss of gen-
erality, assume the system has an equilibrium point at
the origin which is included by £2, and the subsystem in
(4b) is Mittag-Leffler stable in £2 (this can be examined
with theorems presented by, e.g., [33] and [2]). A rep-
resents lumped disturbances fork = 1, 2, ..., n which
will be determined as described in Remark 1 in the fol-
lowing. To avoid clutter, the following definitions are

used throughout the article fori =1,2,...,n — 1.
X éxi(t),u éu(t),yéy(t),

FAREN AP RV N 102 OF
g = g1, Xi)., Ai £ Ai(1. X),

o = fult, X)), gn = gn(t, X), Ay 2 Ap(t,u, X).

The goal is to present a SMC design method for the
output of the system in (4) to track the desired reference
input, y;(t). The three following fundamental assump-
tions are considered concerning with the system in (4).

@ Springer

Assumption 1 g, # 0 and p; # 0 hold in X € §2 for
i=1,2,...,n— 1 where

P ii+1
pi & pit, Xigp1) & ] B i1 = L (%)
g, O<oap <l

Assumption 2 Define

n k—1
ha £, D |:Ak I1 pr]. (©)
k=1 r=1

Giveny € (0, 1]and 8 € (0, 00), itis assumed that Ay
is sufficiently smooth and bounded fork = 1,2, ..., n
such that there is a known, finite ¢ 4 which meets

ey DY P hal < ca. )

Assumption 3 It is assumed that y;(¢) is sufficiently
smooth such that ,OD,)/“S‘“”lm‘azlalyd(t) exists and is
bounded.

It is notable that the above assumptions are equiv-
alent to similar, conventional assumptions in the liter-
ature related to FO nonlinear systems; see, e.g., [31,
Assumption 2] and [8, Assumptions 1 and 3]. Assump-
tions 1-3 together avoid the singularity of the control
signal, as will be shown in the next section.

Remark 1 Ay in (4) represents lumped disturbances
including known internal disturbances, unknown exter-
nal disturbances, and unknown unmodeled dynamics
fork = 1,2, ..., n. To transform the state-space equa-
tions of a system from (3) to (4), those terms which
can not be considered as part of fkk‘H , fkk ,or g,li can be
addedto A ;( ; these terms are called here known internal
disturbances. Therefore, A, is the summation of A ;c and
the terms added as internal disturbances. In this case,

Assumption 2 must be met by the new obtained Ay.

The stability definition used throughout this article is
the Mittag-Leffler stability [33]. The Lyapunov-based
conditions for the stability of the system in (4) is pre-
sented in the following lemma.

Lemma 2 [33] Let X,0 £ [x10, %20, - .., %n0]? =0
be an equilibrium point for the system in (4) and 2
R" be a domain containing the origin. Let V : [0, 00) X
2 — R be a continuously differentiable function in
t € [0, 00) and locally Lipschitz in X € §2 such that
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bilIX 1% < V(t, X) < by X245,

oD/ V(t, X) < —b3| X||P*bs,

where y € (0, 1], by, ba, b3, bs, and bs are arbitrary
positive constant and ||.|| denotes an arbitrary norm.
Then, X, is asymptotically Mittag-Leffler stable.

The following lemma is helpful to check the condi-
tions in the previous lemma.

Lemma 3 [2] Let y € (0, 1] and x(t) € R be a con-
tinuous and differentiable function. It follows that

1
E,OD,V x2(t) < x(t) (DY x(1).

The Leibniz rule for FO derivatives of the product
of two functions is stated as follows.

Lemmad4 [p. 59 of [4]] Let 0 < o < 1 hold, and
assume that f and g are analytic on (ty — h, to + h).
Then,

@t —1)”

wD7 [f () g(1)] —m

f(to) (g(t) — g(10))

+ (Z)thfl_kf(f)zong(f)'
k=0
(8)

The following lemma will be used for the Laplace
transform.

Lemma 5 [p. 134 of [4]] Assume L{f (1)} = F(s) and
that f : [0, 00) — Ris such that its Laplace transform
exists on [f, 00) with some t € R. Let o > 0. Then, for
t > max{0, 7} we have

1
L{oD*f(n)} = Rl OF €))

fa]
L{oDEfD)) =5“F(s) — Zsa—k[f(k—l)(t)]

=0
k=1

(10)
3 Main results
In this section, first, an algorithm is given to design a

SMC law for the output of the system in (4) to track a
desired reference input. Then, a closed-form solution

for the algorithm outcome is presented which gives the
designer a user-friendly tool to obtain the controller.

The following two lemmas are needed to introduce
the design algorithm of SMC.

Lemma 6 Consider the parameters defined for the
system in (4). Assume h £ n(t, X;) and h, £
hao(t, A;, X;) are arbitrary differentiable functions

wherei = 1,2,...,n — 1. Then, it follows that

IOD;%‘+1 |:fii+1hli + hlz]

o pitl
el
+{t0Df‘i+l [fiiHhZi]
—iyDf T xig o ) }

E’XiiH
o [
Flopiml.
IOD[I+ ‘[xi_,_lg;h’l + h'z]

ot 1
=D, xi+1gl’.hll

Qi+l
= toD[l Xi+1 iyl =1,

0<aipr <1,
i .
+{:0Dz'+ [xiy18i0}]
i1 i [
_tthl+ xi+1g;h’1

4 {IOD;)‘iJrlhé} ,

(1)

where the terms in the curly brackets, {.}, do not include
10D xi 1 and any derivative of x; 1.

Proof We notice that since h’1 and h’2 do not have x; 1,
wD; " hi and ;, D" kY do not include 4, D' x4 1.
For the case of «j+1 = 1, we have

oD |:fii+lhil + hlz]

& 41 al:fii-‘rlhil:l Aitlgd

I I o L) SR
k=1 k

i al:fl+lh11:|

— ZOD?iJrlxkl—

0x
k=1 k

a[fiiﬂhli]

it
+ 4 D" xiq1
0xi41

+ {to D;xi“hé}

@ Springer
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i al:f‘ll-l-lh[l] afi+1
_ Doz,~+1x + Olz+1x i hi
Z:to t k—axk — +4D i+1 X1 1

o r )
l‘()Dt i+1 |:fit+]h,1]

i+1

Ait1 i
_t()D[l Xi4+1 hl

Xi+1

i+1
O‘L+l af

+ t() Xi+1 hl

0Xi+1
+{oDi 1) (12)

In (12), obviously since the last two terms in the curly
brackets cancel each other, the curly brackets do not
include ;D *'x;11 and any derivative of x; 1. For the
case of 0 < «;41 < 1, using Lemma 1, we have

WD [xigaglhl + 1] = o D [ glnd ]
+ {,OD?”'hg} C a3

Defining f(t) £ x;11, g(t) £ gl’:h’i, and @ £ o,
one can check that among the infinite terms on the
right side of (8) only the term , D' x; 4 1 g' 1} includes
0 Df” * x; 1. Therefore, the first term on the right side
of (13) can be rewritten as

[toDO[i+1 [xi+lg,l:hi] - toD;xi+1xi+lg§hli }
“+1 D, xz+1g,h1,

where the terms in the curly brackets do not include
0D xi+1 and any derivative of x;4+1 because the
term 0 Dfl’ M xii1 gih incorporated in

D7 [xi418¢hi ] cancels the second term in the curly
brackets. |

In designing a SMC law in Theorem 1, one will
see that we need to calculate 0D ai“ [fiJrl hi + hi] or
[x,+1gl h’ + hi 5], and then replace ZOD 'Xit1
w1th the system dynam1cs in (4a). However, according
t0 (8), o Dy [f/ T hi + il and ,, DY [xi1 g1 R +
h’z] produce an infinite number of terms, among which
we do not know which terms include ,,D; "' x; 1.
Lemma 6 reveals that only one term out of those infinite
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terms depends on 4, D;"*'x; 11, and extracts that single
term outside of the curly brackets, as in (11).

Lemma 7 Assume L{f(t)} = F(s) and that f :
[0, 0c0) — R is such that its Laplace transform exists
on [f, 00) with some t € R. Let 0 < a < 1 hold for
k=1,2,...,n. Then, fort > max{0, {} we have

L [on‘”""'“lf(r)] = sXI=1% F(s)

_Z Zr 10{,—1[ D‘n‘ |0‘k+1f(t)] 0. (14)

Proof Using (10), one can write

cloppt e p )] = e [oDf e r ) ]
_ sal—l[ODanl \azf(t)]

=0

— g |:Sa2£ [ODfln\'“lﬂlz f(t)]

— s [on‘”'“'“%‘(O)]t:O}
_ gl [OD;xnlwwazf(t)]t:O
_ utap [OD;xnr--mf(,)]
- sorten=t [ Dl £ o)
st op e p )

t=0
=0
From the above equations, it is easy to derive (14). O

The following theorem offers an algorithm to design
a SMC law for the system in (4).

Theorem 1 Assume yq £ va(t) and e L e@t) =
Yy — yq are, respectively, the desired output (reference
input) and the tracking error for the system in (4) with
Assumptions 1, 2, and 3. Suppose y € (0, 1] and ks €
(0, 00) are arbitrary values. Define the sliding surface

m—1 1 a1 oy
S@) & tODfla,zlmlazlme + Zc IODM| R R el Vel
=0
15)

wherem € {1,2, ..
way that

.} and B € R are chosen in such a
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B >0, (16)
B+ ax <2m (17)
k=1

hold, and ¢y, c1, . .., cm—1 € Rarealso chosen in such
a way that all the roots of

m—1

P Y art =0, (18)
=0

denoted by r; forl = 1,2, ..., m, satisfy the relation

farg ()] > 5 (ﬁ + Zak) . (19)

k=1
Then, defining ueq £ Ueq(t) and u, £ 4. (t) as equiva-
lent and reaching inputs, respectively, the closed-loop
system is asymptotically stable with the control law

U= lUeg + Uy, (20)

where

Employing (11), from (23) we get
WD x1 = 4 D xaw] + [w%} (24)

where, according to Lemma 6, w} and w% are functions

that do not include , D;*x>. Similarly, given i = 2,

replace 1, DY x; in (24) from (4) and then apply 1, D;" "'

using (11). Therefore, one has

plela
t

to X1

WD + ax]ul + ).
WD fF + 833+ Ax]wl + {wl}, 0<es <1,

az3=1,

azlonfag

2 2
= 4, Dy x1 = D x3wy + {wz}
where w% and w% are functions that do not include
wD:x3. Keeping performing these steps, the final
result fori = n — 1 will be formed as

m—1 1B | lay lag oy
e o 15t 115 15 e

f, lODt Py |:Z ClloDzy e — IOD;’WQ | 0‘2|011yd:|
ueq = ——n — _ =0 ’ (21)

8n P&n Cypgn

DNy = p (i + guu) + i+ (25)

—Bl— . 1 1 IO n gnu /"l’ A,
v — Dy Bl—y [—ksS(1) — casign(S(1))] o o Ds
" 9

CyP8n

and the functions p = p(t, X), n = u(t, X), and
ha 2 ha(t, X) are obtained as follows. Giveni = 1,
replace 1, D;" x; from (4) and then apply ,, D{'"" using
(11). Therefore, one has

i+ A, a =1,

D'x| =
oA {f11+gllx2+A1,0<a2<1,:>

Dﬂleotlxl — toD;Yz [f]2+A1]a ar=1,
! wD;” [f11+g11x2+A1],0<042<1.
(23)

from which p, i, and h o can be extracted, considering
that the terms including Ay, Aa, ..., A, belong to h p.

Proof In the following, first, it is proved that the slid-
ing surface in (15) is stable. Then, it is shown that the
trajectory of e on the surface converges to the origin

asymptotically. For checking the stability of S(¢), the
Lyapunov function

1

V(s) & Eszm (26)
is chosen. Using Lemma 3, one can write

wDIV(S) < S(t),DS@). 27)

@ Springer
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Using e = y — yg and y = cyxy, from (15), it is con-
cluded that

1% v|Blan|-laala; v|Blan|-laalai
wDi S(t) =cyy Df 7" xi— D" Yd

ﬁ‘%‘...|ﬂ|ﬂ
m m m m

m—1
+3 a,D) e. (28)
=0

The goal of the n — 1 steps mentioned in the theorem,
using (11), is actually to develop the first term on the
right side of (28) and to replace 4, Df”*lxiJrl, fori =
1,2,...,n — 1, until a point where Dfl”xn appears.
Therefore, it can be replaced using the dynamics of the
system in (4), and consequently u appears and can be
obtained such that S(),, D,y S(t) < 0 holds. Regard-
ing (11), the terms resulting from applying ,, D; "' to
its argument include a term which is the product of
0 Df”“ x;i+1 and another function that does not include
10 thi+1xi+ 1 plus an infinite number of other terms in
curly brackets that do not include Dfl"“xiﬂ, either.
That is, among these infinite terms resulting from a FO
derivative operator only one term is needed here. con-
sidering this point and performing the steps mentioned
in the theorem it is easy to infer that we expect to get

WD e = o Dy 4 R (29)

in step n — 1 where p and u + h’[l do not include
D" xy and

WAy —pA,. (30)
Using the dynamics of the system in (4) we have
wDi" Xy = fa + gnu + A,. By replacing this in (29)

and using (30), one gets (25). Substituting (25) into
(28) yields

wD! S) =cyiy DI 1o (fu + gutt) + 1t + hal
_ IODE/IBIan\---Iaz\au

m—1 |
14
+2_ D
=0

Yd

’ﬁ|l‘)‘7n|,..|l"‘72|mil
m m m m

€29

In view of Assumptions 1, 2 and 3, (20)—(22) are
nonsingular. Substituting (20)—(22) into (31), applying
some simplification using Lemma 1 and considering
(16) and y € (0, 1], gives
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lthyS(f) = —kSS(l‘) — CASign(S(t)) + cleDtihA'
(32)

Substituting (32) into (27) and utilizing (7) gives

WDl V(S) < — ks S?(t) —ca IS()| + cyiy DY P haS ()

non-positive

< —k;S%(t) < 0. (33)

Therefore, based on Lemma 2, the sliding surface S(#)
is stable. In the following, it is shown that after the tra-
jectory of e reaches the surface at the reach time, t = t,.,
it converges to the origin asymptotically. Considering
S(t,) = 0 and tacking the Laplace transform of (15)
using Lemma 7 gives

sPHiimi o g (s)

m—1
+ 3 asn PR E(s) — N(s, e(t,) = 0=

=0
N (s, e(tr))
E(s) = o EY
sﬁ+ZZ:1 Yk 4 Z Cls%(ﬂJFZZ:l“k)
=0

where N (s, e(t,) is a FO polynomial. According to [15,
pp- 19-22], E(s) in (34) is asymptotically stable if and
only if the roots of

m—1
Na> 2L e B+l — (35)
1=0

on the principal Riemann sheet, denoted by A; for

l=1,2,...,m,satisfy the relation
| Dl > =
ar, > —,

g2 (Al >

which is equivalent to that the roots of (18) satisfy the
relation in (19) where r £ i Bk @) Moreover,
supposing that arg(9) € (—m, ] holds for a 6 on the
complex plane, (17) guarantees that the area character-
ized in (19) is not null. Therefore, E (s) is stable and
the trajectory of e on it converges to the origin asymp-
totically. O
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In the following corollary, it is shown that the tra-
jectory of e reaches the sliding surface in finite time.

Corollary 1 Under the SMC designed in Theorem 1,
the trajectory of the error reaches the sliding surface
in finite time.

Proof From (33), it is deduced that there exists a finite,
positive constant such as ¢, > 0 such that

1wD{ V(S) < —cu. (36)

Considering #yp = 0, from (36) and (26), it is inferred
that there is a function such as /,(¢) > 0 such that

0.50D) $(t) = —cy — hy(1) . (37)

Taking the Laplace transform of (37) using (10), one
has

s7L [Sz(t)] _ 571820y = —CS—“ — Hy(s) =

S20) e Hu(s)
s+l sv

c {Sz(t)} - 38)
Regarding that £=1{1/s7 1} = ¥/ (y + 1) [15, p.
27] and also using (9), from (38) one gets

2y = §20) — "

v -y
o+ 1) oD; "hy (). (39)

Since hy () > 0 holds, considering (2), we conclude
that oD, "k, (t) > 0 holds. Moreover, denoting the
reaching time with #., S(¢,) = 0 holds. Hence, (39)
can result in

1
14 2 v
t, S0 r D\
52(0)_%—r > 0 =1 < <w> .
'y +1 Cy
Therefore, the reaching time, ¢,, is finite. a

Closed-form solutions for the functions p, u, and
h a, used in the SMC law in (20)—(22), are obtained in
the following theorem.

Theorem 2 The functions p, w, and ha, used in the
SMC law in (20)—(22) can be obtained with the rela-
tions

n—1
p=]]r (40)
i=1

n—1

w=y oD, (41)
i=1
and (6), where p; was defined in (5), and

wi = pit, Xig1) =

i—1
Ojt1 i+1
wD;' Tt |:fl-l I1 pr} a1 =1,
r=1

i+l i—1
_ Aitl of;
Dy Xig1 Xt rl:ll Prs

i1

41 /

wD;' " [Xi+1gf- I1 )Or] 0<aiy <1
r=1

i—1
Qi1 i
—1o Dy T xiv1g) T1 or
r=1

i—1
i .
+t0Dtr+lfil 1_[ Or
r=1

Proof To prove this theorem, we follow the n — 1 steps
mentioned in Theorem 1 to obtain ;, D" 121! a5 in
the form of (25). Using the dynamics of the system to
replace ;, D', we have

pnllelen

oMt X1
= ton‘”l""o‘Z [tthouxl]
2
_ palele ) ST+ AL ar=1,
—obr {f11+g}x2+A1,0<a2<1. (42)

By applying 4, D{* and 4, D{*® to the expression in the
single curly bracket in (42), as steps 1 and 2, one will
obtain the relations in Boxes I and II, respectively.
Examining (43) and (44) in Boxes I and II, respec-
tively, one can discover the patterns based on which the
terms develop till appearing in step n — 1. These terms,
in step k, include terms multiplied by DI xiq
which reveal the pattern for p, terms appeared in
the curly brackets independent of Ay, Aj, ..., Axy1
whichreveal the pattern for u, and terms appeared in the
curly brackets depending on A1, Ay, ..., Axy1 which
reveal the pattern for h'z_l described in (30). Based on
the discovered patterns from (43) and (44), one expects
to obtain (29) in step n — 1 where p and p will be in
the forms described in (40) and (41), respectively, and
h’z_l will take form as
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Box I

th;malxl
oD S+ {6 D A} w =1,

wD;? [fll +g11x2] + {,UD;XZA1}, 0<ap <1,

aft aff

] ,OszxZWﬁ{,OD,“fo—toufzxzﬁ}ﬂ,onm]}, w=1, )

tngzx%’ll + {fthOt2 [ngll] - ,OD“szgll} + {foD;xzfll} + {fthazAl}’ O<a <1,

af? af?
[f5 + 42] dilz + {zonlzflz - ronsz%.'z} + {wDi? A1}, w=1la=1,
af? . af2

= [f22 +g%X3 + Az] afT]z + {,OD?Zflz — D x2 aclz } + {[OD?ZAl}, am=10<a3 <1,

(13 + 2]l + LoD [ragl] o Dxagl) + LD A + laDE ], 0=l =1,

[fF + 83x3 + Az] gl + {1 D2 [x28]] — 10 DPx281} + {1 D2 £} + {0 D2 A1}, 0 <2 < 1,0 <3 < 1.
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Box II
2
mDM\OI oy
o 1) o)
N T s N
w02 [ |+ [R5 ]+ oo [ ]}
= a2 a Off pete
+{ [D f2= D8 xzm]}+ WD A
wDi P ]+ {sz' [4261]} O<m <lLay=1,
{0 DI [ D52 [ragl] = Dixagl ]} + D 1)+ |, D
oD Tesgdal ]+, 0 [241]) + £, D[] 0<ar <10 <o <1,
oD [y D [r28]] = D2l 1} + {5 1+ { i an ]
o} o} af ard of?
0w DI X3 T Iy +{ |:f23 drlz:| — D x3 T w=La=1
+{ m[ af.“ { ['UD?zflzituDuz“ngz}} HHMA]}
9 9
D )qua—' { D;“|:xg%(,£'ﬂj| Dmngzaz} { |:22(,§'Zi|} awm=10<a3 <1,
2 9 2
= +{ trnli ajf]} { |:,0Df‘~f127mD”2xzaﬁ:|} ‘”"‘A]]
Dmx afs Dozz f‘s D‘“ afs )1 +{ [A ]} 0 1 -1
‘augl TPt M35 81 1o 281 <o <lLa =1

+{ D7 [, D [x281]
oD 3gigl +{, D [x3

+ {mD‘rn [Azgll]} + {m

dx3 dxa

aff
efoor [ ]}

(£ + 43] L +{

Hloor [2 K]} +]

[/5 + 43] 83 af‘ + 10D

o [ ]

=[5 + gl + 4] 35k

ofor o). |

[+ 23] Ll 4 { D

ax3
+{, DI [, DY [x281]

a
[ + ghxs + 23] B2 ]

+{i DI [y DI [x28]] =
[f34+A;]g2g] +{, D

[f3 + 83X4 + A3]gzgl

6332
[+ gdm+ a3 (2 U0

—opll) + o s+ [ pe

3873 ] Dmx;gzg }+{Io M[ 225'11]}

D [, D [x28!] =, D xagl ]} + [ i+ 1| + [, it 4

O<ay<l1,0<a3 <,

lLag =1,

LO0<oay <1,

afi afs ol
[f;axé}*npf}mﬁﬁ} o =103=
2 o o Y
D’ |:m D 2 — o D7 x2 s i|} + l’“ D;YHMAII .
3 0f af5 aff
i [fz 8X12:| WD T G } @ =103 =
toD |: szzf] W ;Yz dLj| ozz+oaAl]
) ) afE
P xag3 0{11] DazXSE’% l,f'z + oD’ 22(,@ a=10<a3 <
. of?
tﬂD |: Drxzf] Da X2 drlz aﬁMA ]
+{ Jos [ng — D3 gg";ﬁg Do [fzzzf;“ w=10<a; <

R D |:IU D fl _ D”ZXzaff‘:” + {Iu D‘,’(2+"3A] } ,

[X38%g” WD ugigl )+ |, Dl m [7si]}

08 (4211} + 1, 08 [, D L] - mwm.]nI,ODWA‘} [urrean.

(i D [38381] = 1 D xsg3st} + {,, O [£781])

10D (2]} + o D [0 07 [rosd] = o Dol + {25 it {2742

;"3[f2g11]—I0D”‘X33Qg1 +{ 0 [4281]} O<am<loz=

—o Dl + (o Dt | + o,

[ (et =D Bt + {00 (28] 0 < Loy =
0D x281 ]} +[,O L R I Y

l,ag =1,

1,0 <ag

l,ag =1,

1,0 <oy

O<ap<l,0<a3<l,o4

O<ay<1,0<az3<1,0<ayg <1.

(44)
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n—1 k—1
h'Z_l _ ZtoD;xnlw‘akH |:Ak ,Or:|- 45)
k=1 r=1

on

By replacing (45) and ;, D; " x,,, using the dynamics of
the system, in (29) one gets (25) where 5 4 is obtained
with (6). |

The following remark gives some hints to select the
design parameters of the offered controller.

Remark 2 In Theorem 1, as for y and B, choosing
y = 1 and non-negative integers for 8 which lead
to integer-order operators reduces computational bur-
den compared to other values which lead to FO oper-
ators. Moreover, it is obvious that there are infinite
choices for the values of 8 and m for which (16) and
(17) hold. It is suggested that the values for 8 and m
be selected in such a way that B + Y j_jox ~ m
holds. This selection causes the FO polynomial in (35),
from which (18) is originated, to tend to an integer-
order polynomial whose dynamical behavior tuning is
more convenient via selecting appropriate values for
c; to place its roots at desired points. In the case of
o] = oy =--- = o, = 1, the selections of B = 0 and
m = n are the most convenient. It follows that there is
no need for m to be selected larger than n.

With regard to Theorems 1 and 2 and Remark 2, the
following algorithm is suggested to obtain the param-
eters and the SMC law for the system in (4).

Design Algorithm:

1. Obtain p, u, and h 5 according to (40), (41), and (6).

2. Choose values for y € (0, 1], preferably y = 1,
and kg € (0, 00).

3. ffay =2 = -+ =, = 1, select = 0 and
m = n, and go to 5. Otherwise, go to the next step.

4. Choose values for 8 > 0, preferably an integer,
and m € {1,2,...,n} such that (17) holds while
B+ Y i_; o is close to m as much as possible.

5. Calculate cg, c1, ..., ¢;u—1 such that the roots of
(18) satisfy (19). 6. Obtain S(¢) and u according to
(15) and (20).

The SMC design method presented in this work is
based on designing one sliding surface in one step,
based on the presented closed-form solution, rather
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than designing sliding surfaces and virtual inputs in
n steps. This increases the simplicity and applicability
of the method to large extend. The following remark
reveals these advantages compared to the state-of-the-
art.

Remark 3 A comparison between the SMC design
method suggested in this work for the FO nonstrict-
feedback nonlinear systems formed as (4) and the only
SMC design method in the literature offered for these
systems by the work of [31], as the state-of-the-art, is
presented as follows:

e The number of design parameters in this work, in
a worst-case scenario, is n + 4 (kg, y, m, B, and
¢ where I = 0,1,...,n — 1), but that in [31],
excluding the design parameters used in the both
fuzzy system and adaptive laws, is 3n + 4 (¢;, ki,
koi, k,&,r,and g wherei = 1,2,...,n).

e In this work, since 0 < «; < 1 holds for
i = 1,2,...,n, it is applicable to the systems
of both commensurate and incommensurate orders
and also systems with a mixture of integer-order
and FO dynamics. However, in [31], since o; = o
fori =1,2,...,nand 0 < o < 1 hold, it is appli-
cable only to the systems of commensurate order
and systems with only FO dynamics.

e Inthiswork,0 < «; < lholdsfori =1,2,...,n.
Therefore, it is applicable to the systems with
derivatives of any order. However, the work of [31]
is applicable to the systems with 0 < o < 1 and
3/4 < o(l 4+ «), that is, only the systems with
083 <a<l.

Though this article focused merely on a new SMC
design method for FO nonstrict-feedback nonlinear
systems, issues such as saturation, fault, and estimation
of disturbances and uncertainties could be incorporated
into the presented design method with different tech-
niques introduced in the literature [26,31,36], which
could be further investigated by interested researchers.

4 Numerical example

In this section, the efficiency of the control law design
method offered in the last section is illustrated by apply-
ing it to amodel arising from a practical loudspeaker. In
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[24], the FO model of a loudspeaker was identified as

u(t) = Rei(t) + Bl(x) df:) +oD! [Lp(x)i@)],
(46)
Bl i) — M d*x (1) R dx (1) Do
(x)i(t) = t?"’ m7+77(x)0 p x(1)
.2 d
+ KO x(t) — - ;) ij(x), (47)
() = x(t), (48)

where the input voltage, u(¢), and the cone displace-
ment, x(¢), are the input and the output, respectively.
The superiority of this model over conventional integer-
order models was shown by the aforementioned work
both numerically and experimentally. As can be seen,
this model is a mixture of integer-order and FO deriva-
tives. While there is no SMC design method in the liter-
ature for such a model, in the following, a SMC law is
designed for this model using the theorems presented
in the last section. One can check that the model in
(46)—(48), after some manipulation, can be formulated
as (4) where

n=4,a1=a,ap =1—a,az =1,

as=b,cy=1,j =0,

xp =x(@t),x2=0D{x(t),x3 =dx(t) /dt,
x4 =Lg(x)i(),

fl=0,gl=1,41=0,f =x3,4,=0,
3 K n(x1) Ry

f3 = Mt X1 — Mt X2 — ﬁtm,
2= Bl(x1) _ dLg(x1)/dx1 4
37 MiLg(xy) 2M, L3 (x1) 4
4 = —Bl(x1) x3 — ‘x4, 84=1,
/ LyGe) 08

whose the numerical values of the relevant parameters
are

a =0.116, b = 0.890,

R, =7.23, M; = 0.582 x 1073, R,, = 0.089,

Bl (x1) = — 0.4163x] — 0.2567x3 — 0.3172x?
+0.0295x] 4 2.5479,

Lg (x1) = 1073(=0.0636x] — 0.0113x3
—0.0305x7 — 0.0735x1 4 0.5824),

K (x1) = 10%(0.3561x] — 0.1619x}
+0.6245x7 4 0.4177x1 + 1.9999),

n (x1) = 10*(—0.8325x] + 0.1665x; + 1.3070x7
+2.2561x] + 4.0854).

Note that f33 , g% , and A3 have been determined using
Remark 1. For a conventional loudspeaker, the param-
eters of Bl(x1), Lg(x1), K(x1), and n(x1) are posi-
tive, and their derivatives exit and are bounded [14].
Therefore, ], gl, f5, f3, &3, f4, and g4 are continu-
ous and locally Lipschitz. Considering that |x;| < 0.5
mm holds in practice, this system meets Assumption 1.
Although no uncertainties was considered by [24] in
the fourth equation, assume

Agq = xycos(t) + 0.2sin (20071) .
Using Theorem 2, we have

pr=p=1,p=p=g,

1= =0,pu3=pn=oD" [mgg]
— oD xag3 + oD f5,

ha = oD{* Az + Agps.

Regarding Remark 2 and Theorem 1, let y = 1,
B = 0, and m = 3. Consider also k; = 500. More-
over, to place the roots of (18) at —5 x 103, one has
co=125x10% ¢y =7.5x 107, and ¢; = 1.5 x 10%.
Further, let ¢y = 4.7 x 10% to meet Assumption 2. Sup-
pose yg = 1073[0.4sin(1007¢) + 0.25in(2007¢) +
0.1 sin(4007 1)] which satisfies Assumption 3. The cal-
culated parameters are substituted into the control law
described in (20)—(22), and the control law is applied
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0.5 T T T T

Amplitude (mm)
>

-0.5 . .
0 10 20 30 40 50

Time (ms)

Fig. 1 The output (blue solid line) and reference input (red
dashed line) of (46)—(48), in millimeter, using the SMC law
designed based on Theorems 1 and 2

to (46)—(48). The simulations are performed using the
Simulink of MATLAB, and the FO derivative operators
are implemented using Toolkit [21]. The sampling time
rate and initial values are chosen as 96 kHz (a standard
rate in audio applications) and [—3 X 1073,0,0, 0],
respectively. The output is obtained as displayed in
Fig. 1, where the blue solid line and the red dashed
line show the output and the reference input, respec-
tively. As can be seen, the output asymptotically tracks
the reference input. The tracking error and the sliding
surface have been also plotted in Figs. 2 and 3.

According to Remark 3, while the SMC design
method suggested here was applied to the system in
(46)—(48) easily, the one presented by [31] is not appli-
cable to this system because of three reasons: o) #*
oy # a3 # ag; o4 < 0.83; and oz = 1. Moreover,
the number of design parameters in the method offered
here for this example is 7, but that in the method intro-
duced by [31] for a system with n = 4 is 16.

5 Conclusion

Unlike the Leibniz rule for integer-order derivatives
of the product of two functions which includes only
two terms, the rule for FO derivatives of that includes
an infinite number of terms. This challenge caused
the sliding mode control (SMC) design methods intro-
duced in the literature so far to be applicable to a very
limited class of FO nonlinear systems. In this article,
it was shown that only one of these infinite terms is
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Fig. 2 Output tracking error
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Fig. 3 Sliding surface, S(t)

needed to design a SMC law for a class of incommen-
surate FO nonstrict-feedback systems, and thereby, an
algorithm was offered to design a new SMC design
method which decreased the number of design param-
eters and increased the applicability of the method to
large extend, compared to the state-of-the-are. Stability
and finite-time convergence of the suggested method
was proved. Moreover, a closed-form solution was
presented for the algorithm which offers the designer
a simple tool to design the controller. The merit of
the presented design method was illustrated through
a numerical example.
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