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A B S T R A C T

As hardware circuits become larger and more intricate, there is a growing need for approximate circuit
techniques. These approaches offer a trade-off, sacrificing some system accuracy in exchange for greater
hardware resource efficiency and energy conservation. In the context of FPGA-based computation-intensive
arithmetic multiplication, Logic Cloning (LC) is introduced to systematically induce controlled approximation.
LC-Baugh Wooley (BW) circuits deliver exceptional error performance with precise approximation, while LC-
Booth circuits are characterized by reduced Look-Up Table (LUT) resource consumption. In the case of 16-bit
operands, LC methods effectively reduce LUT resource consumption by 31.05% for Booth and 36.85% for
BW. Additionally, compared to their accurate counterparts, they lower the Power Delay Product (PDP) by
34% for Booth and 35% for BW. When it comes to symbol error-rate performance for Zero Forcing (ZF)
Multiple Input Multiple Output (MIMO) uplink detection, these LC approximate multiplication circuits exhibit
robust performance, particularly LC-BW circuits, which closely match the accuracy of ZF detection, followed
by LC-Booth circuits.
1. Introduction

Modern applications involving multimedia and communication sys-
tems require extensive data processing and therefore need high com-
puting resources. Also, energy dissipation has become a fundamental
barrier to scale computing performance across multiple hardware com-
puting platforms. To accommodate the requirement for next-generation
computing applications, several techniques are put forth that leverage
the existing hardware capability to provide demanding application
performance, while simultaneously optimizing resource and energy effi-
ciency. Approximate computing [1,2] is one such emerging technology
hat enables explicit control over the energy and hardware resource
onsumption for the intended application by incurring penalties in the
ystem accuracy. The philosophy behind approximate computing is that
pplication systems do not always have to provide the most accurate
esults for acceptable system performance [3].
In a logic circuit, the system functionality of the circuit is repre-

sented by a Boolean logic function. Logic circuits have been conven-
tionally designed using deterministic logic gates with the input/output
deterministic bit signals being logic ‘1’ or ‘0’. The work [4] explores
a pre-synthesis iterative approach to Application Specific Integrated
ircuit (ASIC) approximation by pruning the logic gates based on the
robability of active logic. Probabilistic bit signals are transformed to
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intended probabilities with deterministic combinational logic [5]. The
characteristic of Boolean functions to output signal logic ‘1’ and ‘0’
with certain probability is exploited in [6] to form Probabilistic Boolean
Logic (PBL) gate models. PBL employs implicit probabilistic logic gates.
However, randomized circuits [7] use random input bits with de-
terministic gates for circuit output approximation, where the circuit
operates with random inputs. Furthermore, gate-level methodologies
are suited for ASIC implementation and cannot be ported for FPGA
implementation because of architectural differences between both [8].

In reconfigurable computing, FPGA hardware implementation is
characterized by adaptable hardware reconfiguration with uniform fun-
damental hardware structures, unlike ASIC hardware implementation.
Resource and energy optimization of Register Transfer Level (RTL) cir-
cuits is a strategic task for both ASIC and FPGA implementations. At the
RTL stage, ASIC circuits are composed of logic gates, while the FPGA
circuits are composed of Configurable Logic Block (CLB), primarily
comprising of LUTs, which are spread across the FPGA fabric. For a
specific RTL architecture, ASIC hardware implementation is inherently
about 35× efficient in terms of silicon area utilization, 14× efficient in
terms of dynamic power consumption and about 4× faster than FPGA
hardware implementation [8]. Hence, the ASIC implementations show
asymmetric gains when they are ported to FPGA and vice versa. The
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proposed work is focused on the discussion of comparative techniques
for FPGA hardware implementation. Therefore, can the probabilistic
ature of Boolean logic be utilized for inducing approximation in specific
PGA circuits?
For the computationally intensive operation of arithmetic multi-

lication, optimal utilization of FPGA resources and power can be
achieved either by efficiently implementing RTL of the circuit or by
introducing approximation in the accurate RTL [9]. Dedicated het-
erogeneous ASIC DSP blocks are embedded in the FPGA fabric for
efficient multiplication operation. However, these blocks improve the
area and power consumption efficiency without providing any further
scope for approximation based on the FPGA application [8]. Also,
applications have to stringently adhere to the operand bit-width of the
DSP block for significant efficiency gains. Hence, research on soft-core
FPGA multiplication circuits is gaining ground.

1.1. Preliminary

The multiplication operation of multiplicand and multiplier gen-
erates Partial Product (PP)s, which are accumulated to produce the
multiplication product. Carry Save Adder (CSA) structure is employed
with a configuration like Wallace [10] or Dadda [11] for accumulation
of PPs. Booth algorithm encodes the circuit operand bits which effec-
tively reduces the total number of PPs required for the computation
of the multiplication product. Unsigned multiplication involves un-
signed operands with unsigned multiplication product, whereas signed
multiplication is characterized by signed operands with signed mul-
tiplication product. Multiplier architectures have been adapted for
FPGA by utilizing LUT and Carry Chain (CC) (comprising several
Carry Chain Unit (CCU)s) primitives for the accurate multiplication
operation. Guidelines for efficient implementation of accurate unsigned
multiplication for FPGA implementation [12] are suggested in the form
of efficient mapping and arithmetic transformation for improvement
in the logic density of the implementation. However, this approach
requires an explicit compressor tree for the accumulation of PPs and
he implementation is suited for a 3-input LUT [13]. In the Multiply
nd Accumulate (MAC) architecture of FPGA multiplication circuits,
he PP bits are simultaneously generated and accumulated using LUTs
nd CCUs. An accurate unsigned multiplication circuit [14] using Booth
ncoding eliminates the need for an explicit compressor tree for PPs
ccumulation by employing MAC operation and utilizes a contempo-
ary 6-input LUT structure for FPGA implementation. However, its
TL implementation suffers from the under-utilization of LUT inputs
or PP bit generation and is specifically intended for the unsigned
ultiplication operation.
For achieving signed multiplication using unsigned circuit imple-
entation, the operands in two’s complement format are segregated
nto sign and magnitude using sign-converters. The unsigned multi-
lication is performed with the magnitude of these operands and the
ultiplication product is converted back to two’s complement by the
ign-converter using signs of operands. Signed multiplication operation
sing sign-converters adds computational overhead for multiplication
peration [15,16] in terms of increased LUT resource consumption.
smart approach for signed multiplication is by modifying the PPs
eneration by employing sign-extension for PPs using BW method,
hich avoids any kind of explicit sign conversion of operands. Also, the
ooth encoding technique is modified for PPs generation [17], further
educing the number of PPs for signed multiplication.

.2. Relevant work

Efficient implementation of an accurate signed multiplication cir-
uit employing the Booth algorithm [16] reduced the CC by 3 CCUs
or the generation of PPs, thereby optimizing the hardware resource
onsumption. However, an external hardware entity like an adder or
compressor was required for PPs accumulation and the accuracy of
2

he circuit thus depends on the PP accumulation methodology utilized.
sing the FPGA implementation of an accurate unsigned multiplica-
ion circuit [14], an architecture using LUTs and CCs for accurate
igned multiplication circuit based on Booth encoding [18] known as
ooth-Opt saved LUTs by embedding the logic of the carry generating
ightmost LUT and the leftmost LUT into adjacent LUT in a PP row,
hereby achieving a reduction in CC. An improvement in critical path
elay of the work in [18] was presented in the further work [19]
y optimizing the PPs generation and employing PP reduction tree,
owever, it was characterized by increased LUT resource consumption.
Performance gains were obtained by introducing approximations in

ccurate multiplication architectures. Approximations can be employed
n PP accumulation by using FPGA implementation of approximate
dder [20–22] or by approximate compressor [23], while the PPs
re generated accurately. Configurable signed multiplication circuit
rchitectures [24] were built using a combination of accurate and
our approximate compressors for PPs accumulation. As these circuit
rchitectures utilized explicit PP accumulation method, the LUT re-
ource consumption was variable with circuit accuracy for a particular
it-width operation.
The functional approximation was introduced in the accurate circuit

hile generation of PPs. The Booth-Opt circuit was further modified for
ooth-Approx [18] by approximating its PPs generation, specifically by
pproximating the carry signal generation at the rightmost LUT for all
Ps, except the last PP. Booth-Approx was characterized by a reduction
n CC chain and LUT resource consumption. However, Booth-Approx
as non-configurable to achieve a trade-off with multiplication accu-
acy and energy efficiency. AxBM circuits [25] functionally modified
he accurate Radix-8 Booth encoding for FPGA implementation to alle-
iate the generation of challenging 3×Multiplicand. The 3×Multiplicand
as approximated by 4×Multiplicand in AxBM1 and AxBM2, while
3×Multiplicand was approximated by −4×Multiplicand in AxBM1
nd −2×Multiplicand in AxBM2 respectively. For generating multiples
f multiplicand for AxBM1 and AxBM2, 4× signal was generated by
mplicit XNOR operation of 1× and 2× signals in LUT of PP bit gen-
ration, thereby mapping the Booth encoder to a two output 5-input
UT configuration. However, AxBM1 and AxBM2 were characterized
y non-MAC PPs accumulation and very poor multiplication product
ccuracy.
The presented work introduces a heuristic methodology designed

o induce approximation in arithmetic multiplication circuits suitable
or FPGA implementation at the pre-synthesis stage. The study dis-
inguishes the logic structure from hardware entities and analyzes
he circuit logic. The methodology relies on Truth Probability (TP)
alues, allowing for the creation of modular approximate multiplication
ircuits based on a single configurable parameter, in contrast to static
pproximate circuits in the works [18,25]. Additionally, the proposed
pproach employs aMAC architecture for PP accumulation, eliminating
he need for explicit PP accumulation found in works [24,25]. In the
ork [24], the reduction stages for PP accumulation increase with the
perand bit-width and have under-utilization of inputs for approxi-
ate compressors in certain instances, which is not the case for MAC
rchitecture implementations.

.3. Contributions

The following contributions are presented in the current work:

• Devise LC methodology for heuristically approximating the accu-
rate multiplication circuits for FPGA implementation. In this pio-
neering work, LC methodology systematically utilizes the prob-
ability of logic ‘1’ of the LUT logic structure output to induce
approximation in the accurate circuit.

• Proposition of novel LC-BW and LC-Booth approximate circuits
for signed multiplication. LC-BW circuits are characterized by
high multiplication accuracy, their approximation being con-
trolled with finer granularity, while LC-Booth circuits are char-
acterized by low LUT resource consumption.
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Fig. 1. LUT-LS and CCU-LS for Xilinx FPGA device [26].

• Analysis of proposed LC approximate circuits for LUT consump-
tion and energy efficiency for 8-bit and 16-bit configurations
with competitive signed approximate multiplication circuits. The
approximation induced by LC methodology in accurate multipli-
cation circuits is effective in reducing the LUT consumption and
PDP.

• Evaluation of approximate signed circuit for symbol error-rate
performance ofMIMO uplink detection using ZF algorithm for 16-
QAM and 64-QAM configuration. LC approximate signed circuits
provides close to accurate ZF detection.

The paper is organized as follows; Section 1 discusses related work
n approximate circuits techniques, motivating the need for softcore
PGA circuits. Section 2 explains the proposed methodology for the
pproximation of FPGA implementation of multiplication circuits in
etail. Section 3 explains the application of the proposed methodology
or signed circuits. Section 4 presents an error analysis of the proposed
ork with contemporary signed approximate multiplication circuits,
hile Section 5 discusses FPGA implementation analysis. Section 6
valuates approximate signed multiplication circuits for MIMO uplink
etection and discusses gains of the LC circuits for various MIMO
onfigurations. Section 7 concludes the discussion by summarizing the
C methodology for FPGA implementation and its further potential.

. Proposed methodology

.1. Notations

{𝒢 } denotes the probability of occurrence of any event 𝒢 . The
otation |G| denotes the cardinality of any finite set G. Operators ∨
nd ∧ denote logical OR and AND operations. The symbol .̂ denotes the
pproximate evaluation of the signal or value. Terms ‘LUT’, ‘CC’ and
CCU’ are used to denote the respective hardware entities henceforth,
hile the term with the suffix ‘-LS’ denotes the logic structure of
he corresponding hardware entity. The row of LUTs and CC which
erforms the MAC operation involving PP is denoted as MAC PP (MPP)
or dexterity. (.)(𝑖) denotes evaluation of any signal or value at the
th simulation step. [.]2 denotes integer values represented in two’s
omplement form.

.2. FPGA hardware architecture

A FPGA device consists of CLBs spread across the FPGA fabric. For
implementing arithmetic circuits, the carry logic is implemented using
a dedicated CC chain comprising multiple CCUs. A CLB structure is
omprised of slice units and each slice unit comprises four 6-input
UTs, a CC chain, and an associated circuit [26]. Every LUT is physi-
ally connected to a single CCU as shown in Fig. 1. For the Xilinx FPGA
evice, every LUT-LS can implement either two 5-input logic functions
3

ith shared inputs or a 6-input and 5-input logic function with shared
nputs and shared logic values [27]. Every LUT is configured with a
4-bit hexadecimal value defining its characteristic LUT-LS.
In MAC architecture, MPPs are produced by rows of LUTs and

CCs. The LUT-LS of the LUTs of MPP performs the MAC operation
and the intermediate value produced is denoted as 𝛽−MPP value. The
associated CC-LS of the CC chain of MPP transforms the 𝛽−MPP value
into MPP value. The final MPP value is considered as the product of
the multiplication operation. The 𝑂6 signal of the LUT-LS contributes
a specific bit of the 𝛽−MPP value, while the 𝑆 signal of the CCU-LS
contributes a specific bit of the MPP value. A CCU-LS XORs the signal
from LUT-LS with a prior carry signal and also computes the carry
signal to be propagated to the next CCU-LS in the CC-LS chain. The
CCU-LS as shown in Fig. 1 computes the following Boolean functions:

𝐶𝑜𝑢𝑡 = (𝑂6 ∧ 𝑂5) ∨ (𝐶𝑖𝑛 ∧ 𝑂6) (1)

𝑆 = (𝐶𝑖𝑛 ∧ 𝑂6) ∨ (𝐶𝑖𝑛 ∧ 𝑂6) (2)

2.3. Probabilistic analysis

Signals of a FPGA multiplication circuit comprise of the inputs,
interconnects and outputs. To investigate the potential for functional
approximation in the circuit architecture, it is essential to develop a
mathematical model to perform the probabilistic analysis of the circuit
signals. The accurate multiplication circuit has inputs comprising of
two 𝑁-bit signed operands and outputs forming one 2𝑁-bit multipli-
cation product. Let the finite set B be defined such that B = {0, 1}.
Consider a FPGA multiplication circuit with 2𝑁 inputs, where each
nput is represented as 𝜓𝑖 ∈ B for 𝑖 = 0, 1,… , 2𝑁 . The exhaustive
simulation of the circuit comprises 22𝑁 unique operational states based
on the input combinations. Let a particular simulation step in exhaus-
tive simulation be denoted as 𝜁 such that 0 ≤ 𝜁 ≤ 22𝑁 − 1. A specific
combination of 𝜓 (𝜁 )

𝑖 for a particular simulation step 𝜁 is represented
using a finite set P𝜁 = {𝜓 (𝜁)

𝑖 ∶ 0 ≤ 𝑖 ≤ 2𝑁}. For the exhaustive
simulation with P𝜁 for all 𝜁 , the sample space is represented using a
finite set S = {P𝜁 ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1}.

Let 𝑋 ∈ B represent a Boolean variable [28] for any signal of the
ircuit. The set of all such values of 𝑋 due to exhaustive simulation is
enoted by the finite set X = {𝑋(𝜁) ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1}. The number of
ogic ‘1’ in the set X is X1 = {𝑋(𝜁) ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1, 𝑋(𝜁 ) = 1}. Let [𝑌 ]2
e any arithmetic value computed in the circuit, which comprises of
rithmetic combination of different signals. Then, Y denotes the finite
et of values generated by [𝑌 ]2 such that Y = {[𝑌 ](𝜁 )2 ∶ 0 ≤ 𝜁 ≤ 22𝑁 −1}.
The probability that 𝑋 is logic ‘1’ for the exhaustive simulation

f the circuit is called the TP of 𝑋 and evaluated as {𝑋 = 1}. The
xpression  (𝑋) is used to imply {𝑋 = 1} for dexterity. TP of 𝑋 is
omputed as:

(𝑋) =
|X1|

|X|
=

|X1|

22𝑁
(3)

The arithmetic mean of 𝑋 is computed as:

(𝑋) =
∑

𝑋(𝜁)∈X
𝑋(𝜁 )∕|X| (4)

Similarly, the arithmetic mean of [𝑌 ]2 is computed as:

([𝑌 ]2) =
∑

[𝑌 ](𝜁 )2 ∈Y

[𝑌 ](𝜁 )2 ∕|Y| (5)

But, since the sum of elements of X is equal to cardinality of X1:

(𝑋) =
|X1|

|X|
=

∑22𝑁−1
𝜁=0 𝑋(𝜁 )

|X|
= (𝑋) (6)

During circuit simulation, the calculation of the average value for any
arithmetic value within the circuit is facilitated by Eq. (5). Eq. (6)
allows for the computation of the TP value for any signal in the circuit.
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Fig. 2. (a) LUTs removed from MPP based on parameter 𝑇 # (b) Logic cloning of LUT-LS of Heavy LUT (c) CC chain reduction (d) C-𝛩 structure, where 𝛩 represents LUT-LS
configuration of Heavy LUT.
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2.4. Error metrics

For evaluating approximate multiplication circuits, error metrics
[29] capture the relative accuracy of the accurate and approximate
multiplication product. For operands [𝐴]2 and [𝐵]2, [𝛷]2 and [𝛷̂]2 repre-
sent the accurate and approximate multiplication product respectively.
𝛥𝜁 = [𝛷](𝜁)2 −[𝛷̂](𝜁 )2 computes the arithmetic difference between accurate
and approximate multiplication product for the 𝜁 th simulation step.
The sum of absolute errors in terms of the arithmetic mean of the
multiplication product is computed using triangle inequality as:

22𝑁−1
∑

𝜁=0
|𝛥𝜁 | ≥ |

22𝑁−1
∑

𝜁=0
𝛥𝜁 |

= |

22𝑁−1
∑

𝜁=0
𝛥𝜁 | + 𝛶

= |

22𝑁−1
∑

𝜁=0
[𝛷](𝜁 )2 −

22𝑁−1
∑

𝜁=0
[𝛷̂](𝜁 )2 | + 𝛶

= |([𝛷]2) −([𝛷̂]2)|22𝑁 + 𝛶 (7)

where 𝛶 ≥ 0 is an arbitrary constant.
Mean Error Distance (MED) considers the averaging effect of the

sum of absolute errors over the complete operand range, which is useful
in measuring the implementation accuracy of the approximate circuit.

𝑀𝐸𝐷 = 1
2𝑁

22𝑁−1
∑

𝜁=0
|𝛥𝜁 | (8)

Relative Error Distance (RED) computes the relative error distance
of an approximate multiplication product with respect to its accurate
multiplication product (RED is valid only for non-zero accurate multi-
plication output). Mean Relative Error Distance (MRED) measures the
4

L

arithmetic mean of RED for all valid accurate multiplication products.

𝑀𝑅𝐸𝐷 = 1
2𝑁

22𝑁−1
∑

𝜁=0

|𝛥𝜁 |

|[𝛷](𝜁 )2 |

(9)

RED and MRED are useful in evaluating approximate circuit de-
signs with varying operand ranges. Normalized Mean Error Distance
(NMED) is a metric that normalizes MED with the maximum value
of the accurate multiplication product over the operand range. Also,
the maximum relative error (Max Rel) of an approximate multiplier
circuit is a useful metric that pinpoints the worst-case operation of the
approximate circuit design.

2.5. Logic cloning

Exhaustive simulation involves simulating the accurate multiplica-
tion circuit with a range of 22𝑁 distinct input combinations. Consider
bit signals 𝑎𝑖, 𝑏𝑖, 𝜙𝑖 ∈ B for 𝑖 = 0, 1,… , 𝑁 − 1. For signed mul-
tiplication, 𝑁 bit operand multiplicand and circuit are represented
in base-2 notation as [𝐴]2 = −𝑎𝑁−12𝑁−1 +

∑𝑁−2
𝑖=0 𝑎𝑖2𝑖 and [𝐵]2 =

𝑏𝑁−12𝑁−1+
∑𝑁−2
𝑖=0 𝑏𝑖2𝑖 respectively, while the multiplication product is

enoted as [𝛷]2. The accurate multiplication circuit is prototyped and
erified for hardware implementation by mapping the multiplication
rchitecture to the FPGA architecture. The input bit signals of the
ircuit architecture are mapped such that 𝜓𝑖 ← 𝑎𝑖 when 0 < 𝑖 ≤ 𝑁 − 1
nd 𝜓𝑖 ← 𝑏𝑖 when 𝑁 < 𝑖 ≤ 2𝑁−1. The verified FPGA circuit is modeled
n the C environment to compute the TP value of the 𝑂6 signal of
he LUT-LSs of the accurate multiplication circuit. The LUT-LS function
locks are constructed to represent the Boolean logic function by using
UT-LS hexadecimal configuration value. The CCU-LS function blocks
re constructed using the Eqs. (1) and (2). The FPGA interconnects
re represented with an indexed 2-dimensional array structure. During
xhaustive simulation, the occurrence of logic ‘1’ at every 𝑂6 signal is
ecorded to compute its TP using Eq. (3).
For any 𝑛th 𝛽-MPP of the accurate circuit, the 𝑂6 signal of the LUT-
S is mapped to 𝜑 signal such that 𝜑 ← 𝑂6. The 𝑂5 signal of the



Microelectronics Journal 145 (2024) 106135A. Kulkarni et al.

c

L
t
o

w

c
v
m
H
𝑇
𝛽
r
𝑛
m

t
F
t
c
𝑇
w
c
𝛿

F

𝐶

I
a

L
i

2

m
m
c
i
p
m
i
v
e
t
b
L
t
m
c
f
s
C
a
e
s

L
a
t
m
t
b

3

3

w
c
t
i
o
t
o
𝛽

b
o
s
J
L
m
c
c
E

c
B
M
p

Fig. 3. LC methodology for approximation in FPGA implementation of multiplication
ircuit as explained in Section 2.6.

UT-LS is mapped to 𝛿 signal such that 𝛿 ← 𝑂5, whose only function is
o provide the Accumulator (AC) bit supplied to the LUT-LS for MAC
peration to the CCU-LS. For any 𝑛th 𝛽−MPP of the circuit, let  (𝜑𝜆) =
(𝜑𝜆+1) = ⋯  (𝜑𝜆+𝑇−1) for any 𝜆 > 0 for 𝑇 LUT-LSs. Out of 𝑇 LUT-LSs,
ith a group of 𝑇 # LUT-LSs such that 0 ≤ 𝑇 # ≤ 𝑇 , the arithmetic mean

value of 𝛽−MPP can be effectively approximated with only LUT-LS
orresponding to 𝜑𝜆+𝑇 #−1 signal as given in Lemma. Thus, the 𝑂6 signal
alue of (𝑇 # − 1) LUT-LSs are redundant to approximate the arithmetic
ean of 𝛽−MPP. The LUT corresponding to 𝜑𝜆+𝑇 #−1 signal is termed as
eavy LUT and (𝑇 # − 1) LUTs are removed in the MPP row. Parameter
# controls the amount of approximation of the arithmetic mean of
−MPP, with 𝑇 # = 0 resulting in no approximation, while 𝑇 # = 𝑇
esulting in highest amount of approximation. Approximation in every
th 𝛽−MPP contributes to inducing approximation in the arithmetic
ean value of the final multiplication product.
The approximation of the 𝑛th 𝛽−MPPmakes several LUTs redundant

hereby leaving CCU-LSs with dangling input signals as shown in
ig. 2a, which are interlinked to propagate the carry signal. To analyze
he redundancy in the CC-LS of the 𝑛th 𝛽−MPP, the Heavy LUT-LS is
loned as shown in Fig. 2b. Consider 𝑇 # CCU-LSs of the corresponding
# LUT-LSs with equal TP. 𝛿𝑖 and 𝜑𝑖 represent inputs to the 𝑖th CCU,
hile 𝐶𝑖 and 𝐶𝑖+1 represent the 𝐶𝑖𝑛 and 𝐶𝑜𝑢𝑡 respectively. Due to logic
loning procedure, 𝜑𝜆 = 𝜑𝜆+1 = ⋯ = 𝜑𝜆+𝑇 #−1 ≡ 𝜑#. For 𝑛th MPP, if
𝜆 = 𝛿𝜆+1 = ⋯ = 𝛿𝜆+𝑇 #−1 ≡ 𝛿#, then in such case, the Eqs. (1) and (2)
for 𝜆th CCU-LS become:

𝐶𝜆+1 = (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#) (10)

𝑆𝜆 = 𝐶𝜆 ⊕𝜑# (11)

or evaluating the (𝜆 + 2)th carry signal, the Eq. (10) becomes:

𝜆+2 = (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆+1 ∧ 𝜑#)

= (𝜑# ∧ 𝛿#) ∨ (((𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#)) ∧ 𝜑#)

= (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#) (12)

t is inferred from Eqs. (10) and (12) that 𝐶𝜆+1 = 𝐶𝜆+2 = ⋯ = 𝐶𝜆+𝑇 #

nd 𝐶 can be equated with 𝐶 . Hence, from Eq. (11), it is also
5

𝜆+𝑇 # 𝜆+1
inferred that 𝑆𝜆+1 = 𝑆𝜆+2 = ⋯ = 𝑆𝜆+𝑇 # . Thus, CCU-LS for computing
𝐶𝑖+1 and 𝑆𝑖 for 𝜆+1 ≤ 𝑖 ≤ 𝜆+ 𝑇 # −2 can be deemed redundant and the
corresponding CCUs are pruned as shown in Fig. 2c. However, every
UT is physically connected to a single CCU, hence an additional LUT
s required to supply the 𝛿𝜆 and 𝜑𝜆 signals as shown in Fig. 2d.

.6. Overview of LC methodology

The LC methodology for approximating FPGA implementation of
ultiplication circuits is outlined in Fig. 3. In the initial phases of the
ultiplication algorithm to architecture mapping, an apt behavioral
ircuit model intended for implementation on an FPGA is developed,
ntegrating LUT and CC primitives. The behavioral circuit model is
rototyped in C by utilizing the logic structure of the primitives. The
odel undergoes functional verification to guarantee accurate behav-
or as intended by the multiplication algorithm. Through this careful
erification, it is ensured that the chosen combination of primitives
ffectively captures the desired computational logic of the multiplica-
ion algorithm. Subsequently, the approximation process commences
y calculating TP values for the output signal 𝑂6 within the LUT-
Ss. Specifically, the TP values are computed by using circuit inputs
hrough analysis as outlined in Section 2.3 using the behavioral circuit
odel. Upon analyzing the TP values of the MPPs of the behavioral
ircuit model, a set of LUT-LSs with identical TP values is identified
or each MPP. Using a single parameter 𝑇 #, a selective removal of a
pecified number of LUT-LS is employed. This results in corresponding
CU-LSs dangling without any input signals. Hence, a redundancy
nalysis is initiated as the Heavy LUT-LS is cloned, enabling a detailed
xamination of redundancy in the CC-LS. This process results in the
ubsequent removal of redundant CCU-LSs.
The behavioral circuit model obtained at this stage comprises LUT-

S and CCU-LS barring the redundant ones. The interconnects obliter-
ted by redundant logic structures are modified, ensuring adherence
o the physical constraints imposed by the FPGA architecture. The
ethodology generates various approximate circuit versions for mul-
iplication based on the 𝑇 # parameter, providing a range of trade-offs
etween computational accuracy and resource utilization.

. Logic cloning for signed multiplication circuits

.1. Logic cloning for BW circuit

For the computation of the signed multiplication of two operands
ithout the requirement of sign converters, the BW method is an effi-
ient method for generating 𝑁 PPs, which are accumulated to generate
he final product [𝛷]2. For BW architecture, LUT-LSs are configured for
mplementing two 5-input Boolean functions as shown in Fig. 4. LUT-LS
f L configuration as shown in Fig. 5a performs the AND logic operation
o produce a PP output using operand bits and performs its XOR logic
peration with the AC bit to produce the 𝑂6 signal, comprising the
−MPP bit.
The functionality of controlled negation logic operation of the AC

it and its XOR logic operation with the output of NAND logic operation
f the operand bits is configured for LUT-LS of M configuration as
hown in Fig. 5b. Constant logic ‘1’ signal is provided by LUT-LS of
configuration as shown in Fig. 5c. Using LUT-LS configurations of
, M and J, FPGA implementation of BW circuit for 4-bit and 8-bit
ultiplication operation as shown in Figs. 6 and 7 respectively are
onstructed. Considering 𝑂6 signal of LUT-LS of the BW multiplication
ircuit as 𝑋, TP value of this signal for every LUT-LS is evaluated using
q. (6).
For the application of LC methodology for approximation in BW

ircuit, TP of LUT-LS of L, M and J configuration for 4-bit and 8-bit
W circuit are shown in Fig. 6 and Fig. 7 respectively. For a particular
PP row, all LUT-LSs with L configuration with an equal TP pose
otential for the LC methodology. For every MPP where 0 ≤ 𝑖 < 𝑁 −1,
𝑖
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a

w

Fig. 4. Mapping of MPPs of signed multiplication circuit with the LUT-LS configura-
tions using BW method for 4-bit operands. PP output is added using XOR operation
in LUT-LS of L configuration. LUT-LS of M configuration employs MAC operation for
negated PP output and controlled negation of AC bit. LUT J is utilized for supplying
logic ‘1’ signal for the most significant MPP bit of the last MPP.

Fig. 5. LUT configuration for BW circuit with (a) L (b) M and (c) J.

Fig. 6. Signed multiplication circuit of BW circuit for 4-bit operands. TP for 𝑂6 signal
of LUT-LS of every LUT shown on its depiction.

𝑇 = 𝑁 − 𝑖 − 1 LUT-LSs of L configuration have equal TP with 𝜆 = 0. In
version 1 of the approximate BW circuit, the LC methodology is applied
by considering 𝑇 # = 𝑇 , resulting in saving of (𝑇−2) LUTs perMPP of the
6

[

Fig. 7. BW circuit for signed multiplication with 8-bit operands.

ccurate BW circuit, while the (𝑇 −1)th LUT is considered as the Heavy
LUT. Version 1 of the approximate BW circuit is represented as LC-BW-
1, the 8-bit LC-BW-1 shown in Fig. 8a. In version 2 of the approximate
BW circuit, LC methodology is applied by considering 𝑇 # = 𝑇 − 1,
thereby saving (𝑇 − 3) LUTs per MPP of the accurate BW circuit, while
the (𝑇 − 2)th LUT is considered as the Heavy LUT. Version 2 of the
approximate BW circuit is represented as LC-BW-2, the 8-bit LC-BW-2
shown in Fig. 8b.

3.2. Logic cloning for Booth circuit

In BW multiplication, 𝑁 PPs of the multiplier are computed for
operands with 𝑁 bits. It is challenging to efficiently utilize LUT inputs
for FPGA implementation of the Boolean functions involved in the BW
circuit. A more efficient method of signed multiplication circuit, the
Booth algorithm [17] encodes the operand multiplier bits, such that
the number of PPs required for multiplication product is reduced. In
Radix-4 Booth encoding [17], the operand circuit is encoded as follows:

[𝐵]2 =
𝑁∕2−1
∑

𝑖=0
[𝐵′

𝑖 ]22
(2𝑖) (13)

here [𝐵′
𝑖 ]2 for the 𝑖th bit position is represented as:

′
𝐵𝑖 ]2 = −2𝑏2𝑖+1 + 𝑏2𝑖 + 𝑏2𝑖−1 (14)
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Fig. 8. LC-BW circuits for 8-bit operands (a) LC-BW-1 and (b) LC-BW-2.
Fig. 9. Signed multiplication circuit of Booth-Opt [18] circuit with TP of 𝑂6 signal of LUT-LSs evaluated for (a) 4-bit (b) 8-bit operation.
The product is calculated as :

[𝛷]2 =
𝑁∕2−1
∑

[𝐴]2[𝐵′
𝑖 ]22

(2𝑖) (15)
7

𝑖=0
Booth-Opt [18] is utilized as FPGA implementation of a signed
multiplication circuit utilizing the Booth algorithm to demonstrate the
applicability of LC methodology.

For every LUT-LS of the Booth-Opt circuit, TP value of the 𝑂6 signals
are computed using Eq. (6) by considering 𝑂6 signal as 𝑋 for analysis.
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L
𝑖

Fig. 10. LC-Booth circuits for 8-bit operands (a) LC-Booth-1 (b) LC-Booth-2.
Table 1
Evaluation of approximate circuits for multiplication product accuracy.
Multiplier 𝑁 = 8 𝑁 = 16

MED MRED NMED Max Rel MED MRED NMED Max Rel

MUL_14_4a [24] 512 0.9393 0.0313 2118 7.007+e6 0.0301 652.569−e5 1.000
MUL_14_6a [24] 100 0.2317 0.0061 1094 2.765+e6 0.0169 257.543−e5 1.000
MUL_13_4a [24] 647 1.2014 0.0395 2118 7.518+e6 0.0333 700.189−e5 1.000
MUL_13_6a [24] 112 0.2486 0.0068 838 3.270+e6 0.0200 304.518−e5 1.000
Booth-Approx [18] 89 0.0949 0.0054 6 0.023+e6 0.0010 2.146−e5 0.097+e6
AxBM1 [25] 1229 2.2104 0.0750 72 294.880+e6 11.4910 27470.000−e5 0.037+e6
AxBM2b [25] 1200 2.1893 0.0732 72 286.675+e6 11.4473 26698.000−e5 0.037+e6
LC-BW-1 37 0.0584 0.0022 63 0.015+e6 0.0011 1.357−e5 0.016+e6
LC-BW-2 16 0.0279 0.0010 31 0.007+e6 0.0058 0.655−e5 0.008+e6
LC-Booth-1 82 0.0830 0.0050 2 0.034+e6 0.0016 3.184−e5 3.000
LC-Booth-2 37 0.0451 0.0023 2 0.017+e6 0.0009 1.543−e5 3.000

a 16-bit variant is built using a combination of M8s variants.
b For 16-bit, nine LSBs are truncated and ‘1’ is added to the tenth bit for error compensation.
Proposed approximate multiplication circuits are shown in boldface.
TP values for LUT-LSs are evaluated for Booth-Opt circuit as shown
in Fig. 9a and Fig. 9b for 4-bit and 8-bit multiplication operations
respectively. The TP for 𝑂6 signal is constant across a chunk of LUT-
Ss with A configuration for every MPP row. Precisely, for MPP𝑖 with
= 0, 1,…𝑁∕2 − 1 for 𝜆 = 1, about 𝑇 = 𝑁 − 1 − 2𝑖 LUT-LSs have equal
TP. For version 1 of the approximate Booth circuit, LC methodology is
applied to the accurate Booth circuit by considering 𝑇 # = 𝑇 LUT-LSs of
A configuration for every MPP, thereby saving (𝑇 − 2) LUTs and CCUs
per MPP. The 𝑇 th LUT is considered as the Heavy LUT for each MPP.
Version 1 of the approximate Booth circuit is represented as LC-Booth-
1. For version 2 of the approximate Booth circuit, LC methodology is
applied to the accurate Booth circuit by considering 𝑇 # = (𝑇 − 1) LUT-
LSs of configuration A for every MPP, thereby saving (𝑇 − 3) LUTs
and CCUs per MPP. The (𝑇 − 1)th LUT of MPP is considered as the
Heavy LUT. Version 2 of the approximate Booth circuit is represented
as LC-Booth-2. Both versions of the 8-bit LC based circuits are shown
in Fig. 10a and Fig. 10b.

4. Simulation results

Competitive circuit designs are evaluated as per the error metrics in
Table 1. For signed multiplication of 𝑁 bit operands, the operand range
is [−2𝑁−1, 2𝑁−1−1], while the multiplication product occupies 2𝑁 bits.
As the error metrics are dependent on the operand range of the circuit
according to Eqs. (8) and (9), the error performance of the approximate
multiplication circuits is also dependent on the operand range. For the
8-bit signed configuration of approximate compressor based multiplica-
8

tion circuits [24], PPs are generated using the BW method. For 16-bit
Table 2
LUT resource consumption of accurate and proposed LC circuits for 𝑁 bit operands (𝑁
is even).
Multiplier #LUT

BW (𝑁2 + 1)
BOOTH-OPT (𝑁2 + 2𝑁)∕2
LC-BW-1 (𝑁2 + 5𝑁 − 4)∕2
LC-BW-2 (𝑁2 + 7𝑁 − 10)∕2
LC-Booth-1 (𝑁2 + 8𝑁 − 4)∕4
LC-Booth-2 (𝑁2 + 10𝑁 − 8)∕4

signed configuration, four 8-bit unsigned approximate multiplication
circuits (built using the approximate compressors) are utilized while
the sign computation is managed by the additional 17th bit of the
PP. The signal ordering of the approximate compressors affects the
error performance of the circuit. Booth-Approx [18] is approximated
from the FPGA implementation of the Booth-Opt. For AxBM [25], the
Booth encoding of accurate Radix-8 is modified for AxBM1 and AxBM2
encoders.

For the 8-bit configuration, the LC-BW circuits have the lowest
MED, MRED and NMED among all the circuits, with LC-BW-2 of LC-BW
being the lowest than LC-BW-1. LC-Booth circuits show the best error
performance after LC-BW circuits, where LC-BW-2 performs better than
LC-BW-1. However, the maximum relative error is lower for the LC-
Booth circuits than that for the LC-BW circuits. Booth-Approx performs
best after LC-BW and LC-Booth circuits for the MED, MRED and NMED
error metrics, its maximum relative error lies in between that of LC-BW
and LC-Booth. Approximate compressor based multiplication circuits
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(MUL_xy_k; where 𝑥 and 𝑦 denote the approximate compressors used
nd k denotes the approximation factor) perform better after Booth-
pprox, LC-BW and LC-Booth circuits. AxBM1 and AxBM2 have the
owest error performance, AxBM2 performs better than AxBM1. For
ircuits with 16-bit operands; MED, MRED and NMED follow a sim-
ilar pattern in error performance as the circuits with 8-bit operands.
The maximum relative error varies unevenly among the circuits. It
decreases with an increase in bit-width for multiplication circuits using
approximate compressors. However, it increases for AxBM1, AxBM2,
Booth-Approx, LC-BW and LC-Booth circuits.

5. Hardware implementation

For demonstrating the hardware evaluation of approximate circuits,
Xilinx Vivado 2021.1 tool is used for synthesis and implementation,
with XILINX VIRTEX-7 FPGA device xc7vx690tffg1930-3. FPGA circuits
are prototyped in VHSIC Hardware Description Language (VHDL). For
RTL synthesis, LUT6_2 and CARRY4 primitives are used as components.
Critical Path Delay (CPD) is the longest path delay in the circuit,
measured between the input and output signal of the circuit. The signal
propagation delay of LUT is independent of its LUT-LS configuration.

Conventional multiplication circuits are combinational in nature,
ence the logic delay of the circuit is clock invariant and the circuit
elay must be lesser than the clock cycle period. However, for estimat-
ng the routing delay, the design tool optimizes the critical path based
n the timing constraint of the inputs. Hence, the timing constraint
s adjusted to get the best possible delay value of the critical path
or a particular circuit configuration. To get the precise CPD value,
nitially, the timing slack value is nullified at the synthesis level by
alibrating the timing constraint. In the next stage, implementation is
nitiated with the timing constraint obtained at the synthesis level for
ullifying the timing slack. At the subsequent iterations of the synthe-
is/implementation, the timing constraint is updated with the data path
elay from the previous iteration of synthesis/implementation. This
rocess is repeated until the design tool provides a relatively minimum
alue for the data path delay, to be considered as CPD.
For power calculation, simulation configuration with a supply volt-

ge of 1 V with Linear Feet per Minute (LFM) of 250 along with a
eat sink is considered. Precise dynamic power values are computed by
mplementing multiple instances of RTL circuit design. The logic delay
ime of the Xilinx IP [30] in the area-optimized mode is chosen as the
lock period to evaluate the power consumption of circuits.
The LUT consumption of non-MAC circuits of AxBM and approx-

mate compressor based multiplication circuits not only depends on
he PP generation but also on the PP accumulation method. However,
he MAC circuits have a comprehensive architecture with implicit PP
ccumulation. LUT resource consumption of accurate BW and Booth
ircuits and their derived accurate LC approximate circuits for 𝑁 bit
perands are depicted in Table 2. The efficiency of LUT resource
onsumption of MAC approximate multiplication circuits is shown in
ig. 11. In terms of LUT savings, LC-BW circuits show a logistic growth,
hile the Booth-Approx shows an exponential decay with an increase
n the circuit bit-width 𝑁 . LC-BW circuits achieve more LUT savings as
ompared to LC-Booth circuits. Also, version 1 of LC-BW and LC-Booth
hows more LUT saving than version 2.
To evaluate the performance of LC methodology, circuit configura-

ions are shown in Table 3. As compared to the accurate BW circuit, the
ains in LUT consumption for LC-BW-1 are 5.88% for 4-bit, 23.07% for
-bit and 35.40% for 16-bit configuration. LUT consumption of LC-BW-
for 4-bit configuration is similar to that of accurate BW circuit, while
he gains are 15.38% for 8-bit and 30.40% for 16-bit configuration. LUT
onsumption for LC-BW-1 is lower than that for LC-BW-2 for similar
onfigurations. Similarly, as compared to the accurate Booth circuit,
ains in LUT consumption for LC-Booth-1 are 8.33% for 4-bit, 32.5%
or 8-bit and 34.02% for 16-bit configuration. LUT consumption of LC-
9

ooth-2 for 4-bit configuration is equal to that of the accurate Booth
Fig. 11. LUT saving due to induced approximation of MAC signed approximate circuits.

ircuit, while gains in LUT consumption are 15% for 8-bit and 29.17%
or 16-bit configuration. Gains in LUT resource consumption increase
ith an increase in bit-width for all approximate circuits.
The Power Delay Product (PDP) of a circuit is the product of its

PD and power consumption. For 4-bit circuit configurations, in terms
f PDP efficiency, LC approximate circuits have similar PDP efficiency
ompared to the accurate BW circuit, while LC-Booth-1 and LC-Booth-
circuits are 20% and 3% more efficient than the accurate Booth
ircuit. For 8-bit circuit configuration, LC-BW-1 and LC-BW-2 show an
fficiency of 23% and 4% in PDP respectively as compared to accurate
W circuit, while LC-Booth-1 and LC-Booth-2 show an average of 18%
fficiency in PDP as compared to accurate Booth circuit. For 16-bit
ircuit configuration, LC-BW-1 and LC-BW-2 show an average of 36.5%
DP efficiency as compared to the accurate BW circuit, while LC-Booth-
and LC-Booth-2 show an average of 29% PDP efficiency as compared
o accurate Booth circuit. Efficiency in PDP increases with an increase
n bit-width for all circuit configurations.
On comparing LUT consumption for competitive approximate mul-

iplication circuits for 8-bit and 16-bit configurations, it is lowest
or LC-Booth circuits, followed by Booth-Approx. AxBM1 and AxBM2
ave comparable LUT consumption with LC-BW circuits, for 16-bit
ircuit configuration. For the 8-bit circuit configuration, the CPD of
ultiplication circuits with approximate compressors is higher than
hat of Booth-Approx and does not increase drastically with an increase
n the bit-width of the operands. CPD performance of LC-circuits is
omparable to multiplication circuits utilizing approximate compres-
ors, however, the former’s CPD increases more drastically as compared
o the latter on increasing the bit-width. For the 16-bit circuit con-
iguration, the low power consumption is more critical than low CPD
n lowering the PDP of multiplication circuits with approximate com-
ressors as compared to the PDP of AxBM1 and AxBM2 circuits. PDP
f LC-Booth circuits lies in between that of multiplication circuits
ith approximate compressors and Booth-Approx. LC-BW circuits are
haracterized by the highest CPD, compensated by their better error
erformance.
Fig. 12 captures the relationship between PDP, NMED and LUT

esource consumption of approximate multiplication circuits. LC-Booth
ircuits have the lowest LUT consumption with average PDP and low
MED. LC-BW circuits have the lowest NMED, average LUT consump-
ion and highest PDP. LUT consumption and PDP increase while NMED
ecreases with the version of approximation for LC-Booth and LC-BW
ircuits. While having a comparable NMED with an LC-based approx-
mate circuit, Booth-Approx has an average LUT consumption and
DP. Multiplication circuits with approximate circuits (MUL_xy_k) are
haracterized by the lowest PDP and high LUT consumption. AxBM1
nd AxBM2 circuits have an overall average PDP and LUT consumption,
owever, have an extremely high NMED for 16-bit operands.
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Table 3
Hardware implementation analysis of signed approximate multiplication circuits on XILINX VIRTEX-7 FPGA device. CPD in ns, Power in 𝑊 and PDP in pJ.

Multiplication circuits 𝑁 = 4 𝑁 = 8 𝑁 = 16

#LUT CPD Power PDP #LUT CPD Power PDP #LUT CPD Power PDP

Accurate

Xilinx(Speed) [30] 19 1.85 0.34 0.63 73 2.76 1.35 3.73 281 3.73 3.70 13.78
Xilinx(Area) [30] 25 2.82 0.60 1.69 86 3.41 1.95 6.66 314 5.03 5.50 27.69
BW 17 2.71 0.23 0.63 65 5.67 1.20 6.80 257 11.64 3.55 41.31
Booth-Sign-1 [16] 18 1.65 0.68 1.13 66 2.80 2.36 6.60 243 4.48 5.92 26.52
Booth-Sign-2 [19] 14 2.59 0.51 1.31 54 4.37 1.66 7.26 208 5.28 5.90 31.14
Booth-Opt [18] 12 2.31 0.26 0.60 40 4.13 1.00 4.13 144 7.96 2.75 21.90

Approximate

MUL_14_4a [24] – – – – 48 4.15 0.30 1.25 208 5.85 1.30 7.60
MUL_14_6a [24] – – – – 59 4.65 0.43 2.01 212 5.85 1.32 7.72
MUL_13_4a [24] – – – – 45 3.92 0.26 1.02 163 5.62 1.00 5.62
MUL_13_6a [24] – – – – 57 4.57 0.35 1.60 176 5.63 1.04 5.86
Booth-Approx [18] – – – – 37 3.41 1.24 4.23 137 6.88 2.78 19.13
AxBM1 [25] – – – – – – – – 194 3.68 4.90 18.03
AxBM2 [25] – – – – – – – – 161 3.45 4.12 14.21
LC-BW-1 16 2.76 0.23 0.64 50 5.20 1.00 5.20 166 10.65 2.45 26.10
LC-BW-2 17 2.72 0.23 0.63 55 5.39 1.00 5.39 179 10.84 2.45 26.55
LC-Booth-1 11 2.08 0.23 0.48 27 4.04 0.85 3.43 95 7.95 1.90 15.10
LC-Booth-2 12 2.23 0.26 0.58 34 3.93 0.85 3.34 102 8.22 1.90 15.61

a Clock frequency of 100 MHz.
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Fig. 12. Comparative analysis of PDP, NMED and LUT resource consumption for (a)
-bit (b) 16-bit configuration. PDP is given in 𝑝𝐽 .

. Case study: Massive MIMO detection

Being a promising concept for future cellular networks, massive
IMO has been at the forefront in substantially improving both spectral
nd energy efficiencies of communication systems. A MIMO system is
haracterized by several Base Station (BS) antennas interacting with
everal User Equipment (UE)s over a wireless communication channel
y spatial multiplexing [31]. The power dissipation at MIMO BS is
significant when the system has to be scaled on a massive level for
servicing an increasing number of UEs [32]. MIMO uplink detection
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with the ZF algorithm is explored to evaluate the impact of approximate
signed multiplication circuits on symbol error-rate performance.

Approximate circuits are evaluated for the ZF MIMO uplink de-
tection algorithm. For a generic BS model, a BS with B antennas
servicing U number of UE is considered. Every UE has a single antenna.
Accordingly, y = Hx + n represents MIMO uplink signal at BS, where
∈ C𝐵×1 is the vector representing receive signal over B antennas of
S, 𝐱 ∈ C𝑈×1 is transmit signal estimate from UEs to BS. 𝐇 ∈ C𝐵×𝑈
s the channel model whose entries follow identical distribution (i.i.d).
∈ C𝐵×1 is the channel noise. The ZF MIMO uplink signal is obtained
s:

̂ = (𝐇𝐻𝐇)−1𝐇𝐻𝐲 (16)

Typically, the more critical case is when the number of transmit
ntennas is negligible to number of receive antennas i.e. 𝐵 ≫ 𝑈 . In such
cenarios, statistical methods of optimization are used to estimate the
ransmit vector 𝐱̂ from receive signal 𝐲. Symbol error rate performance
f MIMO uplink signal detector improves with increasing the number of
S antennas as the single-user channels become more decorrelated and
pproaches optimal uplink detection performance when the number
f BS antennas is infinite [33]. However, this scenario is practically
ot possible to engineer due to resource constraints, signal processing
omplexity and energy requirements. Hence, optimization is introduced
n the MIMO uplink signal detection to achieve optimal detection with
ounded resource constraints.
Approximate multiplication circuits functionally implemented in the
environment are compiled into a dynamic library for accelerated

imulation, which is linked to high-level Python implementation of
he MIMO uplink detection, channel matrix being randomly generated
or simulation. The circuit implementation in the C environment is
nterfaced with the Python environment using ctypes library. The 64-
it data type unsigned long long is used in C to handle multiplication
perands and the multiplication product is interfaced with c_int64 data
ype provided by ctypes library. To compute Eq. (16), matrix inverse
peration is performed using the state-of-art Gauss-Jordan elimina-
ion method and accurate multiplication operations are replaced with
pproximate multiplication operations. To perform a multiplication
peration, the operands are left bit shifted by𝑁−1 and truncated to the
earest signed integer since all the operands are in the range (−1,1).
fter the multiplication operation, the product is right bit-shifted by
(𝑁 − 1).
Simulation result with 5000 randomly generated symbols for ZF
IMO uplink detection using various approximate multipliers circuits
s presented in Fig. 13. For the 8-bit simulation of 16-QAM and 64-
AM based MIMO detection, circuits with approximate compressors,
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Fig. 13. Symbol error rate vs. SNR simulation for ZF MIMO uplink detection using 8-bit circuits for MIMO configuration 𝐵 = 128, 𝑈 = 4 given as (a) 16-QAM (b) 64-QAM and
16-bit circuits for MIMO configuration 𝐵 = 128, 𝑈 = 4 given as (c) 16-QAM (d) 64-QAM.
AxBM1 and AxBM1 show the worst error-rate performance. Booth-
Approx diverges for higher Signal-to-Noise Ratio (SNR) for 16-QAM
and 64-QAM configurations. LC based circuits converge towards a 1%
symbol error-rate at a difference of less than 3 dB for 16-QAM as
compared to the accurate ZF MIMO uplink detector. Symbol error-rate
performance of version 2 of both LC-BW and LC-Booth is better than
that of version 1 of both circuits respectively. ZF detector with LC-
BW circuits provides more optimal detection than ZF detector with
LC-Booth circuits. For 16-bit ZF MIMO uplink detection, detectors of
all approximate circuits except AxBM1 and AxBM2, achieve a 1%
symbol error-rate at an SNR difference of less than 1 dB for 16-QAM.
Approximation in circuits increases inter-symbol interference which is
prominently sensitive to higher QAM modulations.

ZF detection with LC-BW circuits shows close to accurate ZF detec-
tion performance, specifically at 16-QAM configuration for both 8-bit
and 16-bit ZF detection, but the LC-BW circuits are characterized by
relatively high PDP. ZF detection with LC-Booth circuits show close
to that of ZF detection with LC-BW and the LC-Booth circuits have
a relatively lower PDP than LC-BW circuits. Multiplication circuits
with approximate compressors have the lowest PDP, however, their
ZF detection stringently requires 16-bit operation for convergence.
LC-Booth circuits are more advantageous than Booth-Approx for ZF
detection symbol error rate performance as well as PDP efficiency.

7. Conclusion

LC methodology is an approximation technique employed on the
accurate multiplication circuit for FPGA implementation to harness
gains in energy and resource consumption by penalizing the accuracy
of the multiplication product. The application of LC methodology for
approximate signed multiplication circuits based on BW and Booth
provides a systematic control over LUT resource consumption and PDP.
LC-BW circuits show the best performance in terms of multiplication
accuracy by cutting down on the PDP of the accurate BW, however,
have more LUT consumption than other competitive approximate cir-
cuits. LC-Booth circuits require fewer LUTs and have lower PDP as
compared to LC-BW circuits. However, since the number of MPPs is
less in LC-Booth circuits, the granularity of approximation is lower
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for them and hence they incur more penalty in error performance as
compared to LC-BW circuits. LC methodology provides explicit control
over the approximation for LUT consumption, energy efficiency and
accuracy for LC-BW and LC-Booth circuits, by selectively choosing the
eligible LUTs of a MPP row for the particular circuit by using 𝑇 #

parameter. Massive MIMO detection involves computationally inten-
sive matrix-matrix and matrix–vector multiplication operations, which
are fundamentally optimized by substituting accurate multiplication
with approximate multiplication. For the application of approximate
circuits for MIMO uplink detection, the ZF detector with LC-BW cir-
cuits achieves close to accurate ZF detection performance. It is also
observed that the error performance of approximate multiplication
circuits is critical for ZF detection for high QAM and low bit-width
configurations. It can also be inferred that no single error metric can
be used to optimally choose the approximate multiplication circuit for
the ZF MIMO detection. CPD for circuits increase with bit-width and
can prove a critical factor in configuring the circuit with high clock
frequency. The proposed work presents a heuristic methodology for
approximating arithmetic multiplication circuits for FPGA and such
analysis for higher bit-widths is a topic of further research exploration
with future computing capabilities.
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ppendix A

.1. Lemma

The following derivation explains that if a group of LUT-LSs of the
MPP have equal TP value of 𝑂6 signal, then the arithmetic mean of
𝛽-MPP can be approximated without using all LUT-LSs of the MPP.
Let the multiplication product [𝛷]2 have 𝑁𝑅 MPPs, each comprised
of 𝑁𝐶 bits. The 𝑛th MPP denoted as [𝛷𝑛]2 is comprised of the 𝑛th 𝛽-
MPP denoted as ∑𝑛−1

𝑖=0 [𝛷𝑖]2 and the CC offset denoted as 𝑛. Therefore,
[𝛷𝑛]2 = [𝑛]2 +

∑𝑛−1
𝑖=0 [𝛷𝑖]2 with [𝛷0]2 = 0 and the final product given

as [𝛷]2 = [𝛷𝑛=𝑁𝑅 ]2. 𝜌𝑖 represents the power values of radix 2 such
that 𝜌0 < 𝜌1 < ⋯ < 𝜌𝑁𝐶−1. Hence, 𝑛th 𝛽-MPP is represented as
∑𝑛−1
𝑖=0 [𝛷𝑖]2 = −𝜑𝑁𝐶−12

𝜌𝑁𝐶−1 +
∑𝑁𝐶−2
𝑖=0 𝜑𝑖2𝜌𝑖 . The value of the 𝑛th 𝛽−MPP

for the 𝜁 th simulation step is computed as:
𝑛−1
∑

𝑖=0
[𝛷(𝜁 )

𝑖 ]2 = −𝜑(𝜁 )
𝑁𝐶−1

2𝜌𝑁𝐶−1 +
𝑁𝐶−2
∑

𝑖=0
𝜑(𝜁)
𝑖 2𝜌𝑖 (17)

The arithmetic mean of 𝑛th 𝛽−MPP evaluated over the exhaustive
simulation range:



(𝑛−1
∑

𝑖=0
[𝛷𝑖]2

)

= −(𝜑𝑁𝐶−1)2
𝜌𝑁𝐶−1 +

𝑁𝐶−2
∑

𝑖=0
(𝜑𝑖)2𝜌𝑖 (18)

From Eq. (6), as  (𝜑𝜆) = ⋯ =  (𝜑𝜆+𝑇 #−1) ⟹ (𝜑𝜆) = ⋯ =
(𝜑𝜆+𝑇 #−1)

Hence, Eq. (18) is transformed as:



(𝑛−1
∑

𝑖=0
[𝛷𝑖]2

)

= −(𝜑𝑁𝐶−1)2
𝜌𝑁𝐶−1 +

𝑁𝐶−2
∑

𝑖=𝜆+𝑇 #

(𝜑𝑖)2𝜌𝑖 …

+(𝜑𝜆+𝑇 #−1)
𝜆+𝑇 #−1
∑

𝑖=𝜆
2𝜌𝑖

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
critical term

+
𝜆−1
∑

𝑖=0
(𝜑𝑖)2𝜌𝑖 (19)

The critical term in Eq. (19) is approximated as:

(𝜑𝜆+𝑇 #−1)
𝜆+𝑇 #−1
∑

𝑖=𝜆
2𝜌𝑖 ≈ (𝜑𝜆+𝑇 #−1)2

𝜌𝜆+𝑇 #−1 (20)

Using Eq. (20) in Eq. (19):



(𝑛−1
∑

𝑖=0
[𝛷̂𝑖]2

)

= −(𝜑𝑁𝐶−1)2
𝜌𝑁𝐶−1 +

𝑁𝐶−2
∑

𝑖=𝜆+𝑇 #

(𝜑𝑖)2𝜌𝑖 …

+ (𝜑𝜆+𝑇 #−1)2
𝜌𝜆+𝑇 #−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
approximated term

+
𝜆−1
∑

𝑖=0
(𝜑𝑖)2𝜌𝑖 (21)

Thus for every 𝑛th MPP, by using the approximation in Eq. (20), an
error is generated in the 𝛽−MPP value with arithmetic mean given as:



(𝑛−1
∑

𝑖=0
[𝛷𝑖]2

)

−

(𝑛−1
∑

𝑖=0
[𝛷̂𝑖]2

)

= (𝜑𝜆+𝑇 #−1)
𝜆+𝑇 #−2
∑

𝑖=𝜆
2𝜌𝑖 (22)

The arithmetic mean error in Eq. (22) is accumulated at every 𝛽−MPP
till the final multiplication product value is computed, provided  (𝜑𝜆)
12

= ⋯ =  (𝜑𝜆+𝑇 #−1) for every MPP.
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