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Résumé

Avec l’avancée des technologies, les limitations de la norme 5G en matière de débit,

connectivité et faible latence exigent le développement de normes pour au-delà de la 5G

(B5G - Beyonf 5G). L’émergence de la 6G sous B5G pose des défis concernant l’efficacité

énergétique (EE) du traitement des stations de bases (EE - Energy Efficiency). La

technologie Multiple Input Multiple Output extrêmement large (XL-MIMO - Extremely

Large MIMO), qui améliore l’efficacité spectrale en utilisant des antennes multiples à

grande échelle, est essentielle pour la 6G. Toutefois, les systèmes MIMO traditionnels

rencontrent des difficultés, notamment une bande passante d’interconnexion élevée

et une complexité computationnelle accrue, entraînant des hausses de latence et de

consommation d’énergie. La technologie MIMO décentralisée (D-MIMO - Decentralized

MIMO) résout ces problèmes en décentralisant les tâches de traitement, réduisant ainsi

la bande passante et la complexité, et diminuant la latence et la consommation d’énergie.

Le calcul approximatif peut encore améliorer l’Energy Efficiency (EE) en exploitant la

résilience aux erreurs du système.

L’objectif principal de cette recherche est d’améliorer l’EE dans la détection des

signaux sans fil au sein de Multiple Input Multiple Output (MIMO) grâce à une

approche en deux niveaux : la décentralisation de l’algorithme et l’intégration du calcul

approximatif dans la détection des signaux. La décentralisation de l’algorithme consiste

à développer un nouvel algorithme de détection Decentralized MIMO (D-MIMO), en

caractérisant différentes topologies matérielles pour l’accumulation et le traitement des

gradients nécessaires. Une méthode heuristique pour les circuits de multiplication signée

approximative basés sur Field Programmable Gate Array (FPGA) est également proposée,

offrant des compromis entre précision et performance matérielle. L’impact des niveaux

d’approximation sur la qualité de service (Quality of Service (QOS)) de la détection
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des signaux est étudié avec le modèle Bruit de multiplication approximatif (Approximate

Multiplication Noise (AMN)), qui capture les irrégularités causées par la multiplication

approximative.

Un algorithme de détection D-MIMO, Newton décentralisé (Decentralized Newton

(DN)), utilisant l’optimisation de Newton pour le matériel FPGA, est proposé et évalué

pour la bande passante d’interconnexion, la complexité computationnelle et d’autres

indicateurs de performance clés (Key Performance Indicator (KPI)) de Beyond 5G

(B5G). Les circuits de multiplication signée approximative pour FPGA, développés

avec la méthodologie clonage logique (Logic Cloning (LC)), sont optimisés pour la

précision, la consommation de ressources et l’énergie. La performance des multiplications

approximatives est évaluée pour la détection des signaux forçage zéro (Zero Forcing (ZF))

MIMO. Une analyse de l’impact de l’approximation sur le QOS est réalisée en calculant

une expression analytique pour le taux d’erreur de symbole (Symbol Error Rate (SER)) à

l’aide du modèle AMN. Les analyses de fidélité du signal et de résilience fournissent des

informations sur les configurations fiables de multiplication approximative et les seuils de

dégradation de la fiabilité du système.

En termes de SER, l’algorithme DN est comparable à la détection ZF en bruit Gaussien

blanc additif (Additive White Gaussian Noise (AWGN)), maintenant une complexité

linéaire constante à travers les clusters d’antennes Base Station (BS). La configuration

en étoile de DN utilise moins de ressources, consommant environ 78,4× et 169× moins

d’énergie que les méthodes GPU. Pour des opérandes de 16 bits, la méthode LC réduit

la consommation des tables de correspondances (Look-Up Table (LUT)) de 31,05% pour

Booth et de 36,85% pour Baugh Wooley (BW), tout en réduisant le Power Delay Product

(PDP). L’analyse de l’impact de l’approximation sur le QOS dans Single Input Single
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Output (SISO) montre que des niveaux d’approximation plus élevés améliorent l’EE dans

des conditions de faible rapport signal sur bruit (Signal-to-Noise Ratio (SNR)), tandis que

des niveaux plus faibles sont plus efficaces dans des conditions de SNR élevé. Cette

recherche jette les bases pour l’amélioration de l’EE de la détection MIMO en utilisant la

décentralisation algorithmique et le calcul approximatif.



Summary

As technology advances, the limitations of the 5G standard in meeting demands

for throughput, connectivity, and low latency necessitate the development of B5G

communication standards. With 6G emerging as a key development under B5G, a

major concern is the EE of BS processing. Extremely Large MIMO (XL-MIMO)

technology, which enhances spectral efficiency through multiple antennas at a extremely

large scale, is an infrastructure enabler for 6G. However, traditional MIMO systems

face challenges such as high interconnect bandwidth and computational complexity when

scaled to a large scale, leading to increased latency and energy consumption. D-MIMO

addresses these issues by decentralizing processing tasks to reduce interconnection

bandwidth and computational complexity, thereby lowering latency and energy

consumption. Approximate computing has potential for further enhancing EE by utilizing

error-resiliency of the system.

The primary objective of this research is to improve EE in wireless signal detection

within MIMO through a two-level approach: algorithm decentralization and incorporating

approximate computing techniques in signal detection. Algorithm decentralization

involves developing a novel D-MIMO detection algorithm characterizing different

hardware topologies for accumulation and processing of gradients required for the

algorithm. A novel heuristic methodology for FPGA based approximate signed

multiplication circuits is also introduced, which provides controlled trade-offs between

multiplication accuracy and hardware implementation performance. In systematic

analysis of the impact of approximation levels on the QOS of signal detection, novel AMN

model is evaluated to capture the irregularities caused due to approximate multiplication

used for wireless signal detection.
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A novel D-MIMO detection algorithm, DN, using Newton optimization for

FPGA hardware, is proposed and assessed for interconnect bandwidth, computational

complexity, and other B5G KPIs. Approximate signed multiplication circuits for FPGA,

developed using LC methodology, are optimized for accuracy, resource consumption and

power consumption. The performance of approximate multiplications is evaluated for ZF

MIMO signal detection. A systematic analysis of the impact of approximation on QOS is

conducted by computing an analytical expression for SER using the AMN model. Signal

fidelity, approximation, and resiliency analyses provide insights into reliable approximate

multiplication configurations and the thresholds at which system reliability degrades.

In terms of SER, the DN algorithm performs comparably to ZF detection in AWGN,

maintaining consistent linear complexity across BS antenna clusters. The DN star

configuration uses approximately 1.05× DSP48E, 0.84× FF, and 0.71× LUT compared

to the DN ring, with both configurations being more power efficient, consuming about

78.4× and 169× less power than GPU based methods. For 16-bit operands, LC method

effectively reduces LUT resource consumption by 31.05% for Booth and 36.85% for

BW, and lower the PDP by 34% for Booth and 35% for BW. The systematic analysis

of the impact of approximation level of multiplication on QOS of signal detection in

SISO indicates that higher approximation levels improve EE across all bit-width values,

proving advantageous in low SNR conditions, while lower approximation levels are more

effective under high SNR conditions. A guideline to extend the systematic analysis of

SISO to MIMO enables to gain insights on approximate multiplication configuration.

The research work builds foundations using algorithmic decentralization and approximate

computing for strategically approaching the research problem of improving EE for MIMO

detection.
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Chapter 1 - Introduction

1.1 Background

Wireless communication systems have undergone revolutionary advancements since

inception, driven primarily by the escalating demands for higher data rates in evolving

applications. Consequently, various wireless standards have evolved to meet the required

data rates of these diverse application needs [1,2]. Initially, 1G and 2G were characterized

by Global System for Mobile (GSM), which facilitated communication at speeds of up

to 30-35 Kbps. This was later enhanced with General Packet Radio Service (GPRS),

achieving data rates of up to 110 Kbps. The advent of 3G significantly increased speeds

up to 2 Mbps, enabling smartphones to handle faster communication, transfer enormous

data, reduced latency, and incorporate enhanced security features. Code Divison Multiple

Access (CDMA) technology in 3G facilitated communication across multiple channels

simultaneously, thereby enhancing network speed and connectivity. Subsequently, 4G

was introduced to elevate data rates up to 100 Mbps. It entailed a complete overhaul and

simplification of the 3G architecture, resulting in substantial reductions in transfer latency,

and enhancing overall network efficiency and speed. The 5G standard has evolved to

provide peak speeds of up to 10 Gbps, latency as nearing 1 millisecond, improved security,

extensive coverage, and increased user handling capacity.

As societal communication data needs continue to grow, communication capabilities

must be able to keep pace with them. Future communication standards need to support

applications such as extended Virtual and Augmented Reality (VAR), multi-sensory

holographic teleportation, real-time remote healthcare, autonomous cyber-physical

systems, industrial automation, and precision agriculture. Some of these applications

cannot be adequately supported by the 5G standard. For instance, next-generation
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Figure 1.1 Major KPI improvement projected with 6G in comparison with
5G [1].

applications like extended VAR and holographic teleportation require data rates in Tbps

range and latency below microsecond level, capabilities that exceed those specified in

the frequency bands being utilized for 5G. Increasing industrial automation and the

transition towards Industry 4.0 will significantly raise connectivity density, surpassing

the servicing capability of 1 million devices per km2 that 5G was designed to handle.

Heightened connection density will drive demands for improved EE, an aspect that 5G

was not specifically designed to address. This has led to the emergence of a new set of

requirements and KPIs for evolving B5G communication standards as shown in Figure.

1.1. Spectral and energy efficiency is doubled for 6G, while user data rate and peak

data rate is increased by 10× and 50× respectively. Latency is reduced by 10×, while

connection density is increased by 10×. Reliability is increased by about 100×.
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For B5G, the development of 6G standard encompasses advancements in three key

areas: spectrum, protocol, and infrastructure [1–3] as shown in Table. 1.1. At

the spectrum level, incorporation of higher frequency bands is being researched to

expand available bandwidth. Protocol level enhancements aim to optimize data packet

organization and transmission methodologies. At the infrastructure level, efficient

hardware implementation techniques are crucial for realizing B5G networks. A particular

focus is placed on reducing energy consumption to improve the overall scalability and

environmental sustainability [4].

Figure 1.2 MIMO uplink signal detection with BS and UEs with single
antenna and channel matrix H.

Table 1-1 6G enabling technologies.

Technology Features Benefits
Spectrum Level Enablers

Terahertz
Communications

Uses frequencies above 100
GHz in THz range for wider
bandwidths and higher data
rates.

Enables ultra high speed data
transmission suitable for
future applications like
virtual reality and high
definition streaming.

Visible Light
Communication

Uses visible light spectrum
for data transmission,
integrating with illumination
systems.

Offers high speed and energy
efficient communication with
minimal interference, ideal
for indoor applications.
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Technology Features Benefits
Dynamic Spectrum
Sharing

Allows flexible allocation of
spectrum resources among
different operators and
services.

Optimizes spectrum usage
and increases network
capacity.

Cognitive Radio Utilizes spectrum sensing
and interference management
techniques.

Enhances spectrum
efficiency by dynamically
sharing resources.

Free Space Optics Uses light propagation in free
space for high capacity,
point-to-point
communication links.

Offers high data rates, low
latency, and immunity to
electromagnetic interference.

Protocol Level Enablers
Machine Learning Application of Machine

Learning (ML) algorithms
for intelligent and adaptive
communication
configuration.

Improves network
performance, reduces
latency, and supports
dynamic network
management.

Orbital Angular
Momentum

Utilizes helical phase
wavefronts for wireless
modulation, enabling
multiplexing with
perpendicular orbital angular
momentum modes.

Increases channel capacity
and spectrum efficiency.

Full Duplex
Communication

Enables simultaneous signal
transmission and reception.

Increases spectral efficiency,
bolsters network capacity,
and supports real time
bidirectional communication.

Non Orthogonal
Multiple Access

Allows multiple users to
share the same resources
through power and code
domain assignments.

Improves user connectivity
and spectral efficiency.

Network Slicing Provides customized virtual
networks on a shared
physical infrastructure.

Optimizes resource
allocation, and supports
diverse application
requirements.

Blockchain Implements decentralized
security mechanisms for
authentication and data
integrity.

Enhances network resilience,
protects against cyber threats,
and ensures trustworthiness
in communication.
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Technology Features Benefits
Proactive Caching Caching of frequent utilized

content.
Reduces latency by reduced
access delay and efficient
traffic offloading.

Infrastructure Level Enablers
Edge Intelligence Integrates ML algorithms at

the network edge for real
time data analytics and
decision making.

Reduces latency and power
consumption. Supports
autonomous applications in
distributed environments.

Holographic Radio Creates a continuous
electromagnetic aperture
using electromagnetic wave
interference, akin to optical
holography.

Enables ultra-high density
and resolution spatial
multiplexing, facilitating
accurate electromagnetic
field reconstruction.

Wireless Energy
Transfer

Enables wireless charging
and power delivery to IoT
devices and sensors.

Enhances device autonomy,
reduces maintenance costs,
and supports sustainable
network operations.

Satellite Networks Integrates satellite
communication systems for
global coverage and
ubiquitous connectivity.

Extends network reach,
supports remote and rural
areas.

Integrated Access and
Backhaul

Combines wireless access
and backhaul/fronthaul
infrastructure.

Optimizes spectrum usage,
reduces deployment costs,
and enhances data transfer
efficiency in dense and
heterogeneous 6G
environments.

Integrated Broadcast
and Multicast
Networks

Enables large-scale content
delivery to multiple devices
simultaneously via broadcast
and multicast.

Improves network flexibility
to support diverse service
needs and utilizes existing
infrastructure effectively.

Backscatter
Communication

Utilizes ambient RF signals
for interaction between
devices for short range
communication.

Optimizes resource
deployment and enhances
network services by
minimizing power
consumption.

Intelligent Reflective
Surfaces

Manipulates electromagnetic
waves using metamaterials.

Improves spectral efficiency
and reliability encountered in
multipath signal propagation.
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Technology Features Benefits
Tactile Internet Enables real time human to

machine interactions using
haptic sensors.

Enhances user experience by
enabling real-time and low
latency tactile feedback.

Quantum Technologies Computing and
communication through
quantum principles.

Boosts computational power
for complex algorithms.
Provides massively reduced
latency and very high
throughput.

MIMO Uses multiple antennas for
simultaneous transmission of
data streams. XL-MIMO
utilizes these antennas at a
very large level.

Increases data throughput
and spectral efficiency by
transmitting multiple streams
concurrently. Enhances link
reliability and extends
coverage area.

XL-MIMO is one of the infrastructure enabler for 6G as given in Table. 1.1, MIMO

with extremely large number of antennas. In the downlink scenario, the BS employs its

multiple antennas to transmit data to UEs. The downlink channel matrix represents the

spatial relationships between BS and UE antennas. Conversely, the uplink process for

signal detection at BS, as illustrated in Figure. 1.2, involves UEs transmitting data back

to the BS. The uplink channel matrix captures the spatial characteristics between UE and

BS antennas. As MIMO, XL-MIMO largely improves spectral efficiency and reliability

in multipath signal propagation using spatial diversity and spatial multiplexing.

Meeting simultaneous requirements for ultra high speed, high capacity, and low latency

connectivity poses a significant challenge. While traditional communication networks

have primarily focused on optimizing metrics such as throughput and latency, EE has

recently gained critical importance due to growing environmental concerns regarding

electricity consumption. This shift is driven by the substantial power demands of

BS operations. BS alone account for about 60% to 80% of overall network energy
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consumption [5, 6]. This consumption primarily stems from baseband processing, RF

processing, and signal power amplification during active modes. For example, typical

baseband energy consumption for BS is approximately 150 Watts for 4G LTE and 220

Watts for 5G NR, constituting 5-15% of their total energy use [7]. The efficiency of RF

and power amplification is also dependent on baseband processing efficiency [8].

The EE of algorithms implemented for BS baseband processing is influenced by

their computational complexity and hardware resource utilization. Algorithms with

higher computational complexity demand more processing power and longer execution

times, leading to increased energy consumption as hardware components operate for

extended periods. Efficient management of hardware resources, such as memory and

bandwidth, optimizes data movements and storage operations, thereby reducing overall

power consumption. The goal of EE algorithm design is to achieve computational

objectives while minimizing energy expenditure. Consequently, prioritizing algorithms

with lower computational complexity and resource usage can substantially increase the

EE of baseband processing.

Communication systems require extensive data processing and substantial computing

resources, yet the growth of computing capabilities lags behind demand. As

transistors shrink to smaller sizes, they encounter physical limits like quantum tunneling,

short-channel effects, and increased leakage currents. These factors restrict further

performance gains by causing reduced gate control and challenges in heat dissipation,

thus hindering the ability to increase the number of transistors on integrated circuits.

To address this challenge, there is need for techniques that optimize existing hardware

capabilities to deliver necessary performance while minimizing resource and power

consumption. One such approach is approximate computing [9], [10]. The principle
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underlying approximate computing is that systems do not always require the highest

level of accuracy for all applications [11]. By assessing the error resiliency of

such applications, the surplus reliability can be managed, creating opportunities for

approximate computing implementation. The deployment of an approximate computing

technique is tailored to a specific application. Subsequently, the error resilience of

various components within the communication system’s processing algorithms have to

be assessed based on their criticality. This evaluation is crucial for determining where and

how approximate computing can be effectively utilized to optimize performance while

maintaining acceptable QOS.

1.2 Rationale

Enhancing the EE of baseband processing, integral to BS operations, directly influences

the overall energy consumption of the BS. The work [12] emphasizes the incorporation of

energy-efficient methods into the design of baseband processing for BS, aiming to reduce

operational expenses and environmental impact. Similarly, improving the EE of wireless

signal detection, essential for baseband processing, contributes to overall EE in baseband

processing.

The transition to next-generation communication systems demands higher data rates,

often necessitating an increase in carrier frequency to achieve desired throughput.

As frequencies advance into the THz range, conventional communication approaches

encounter challenges such as heightened signal attenuation and propagation loss. To

address these issues and improve reliability and spectral efficiency, XL-MIMO systems

offer a promising solution. Higher carrier frequencies enable the use of smaller

antennas, facilitating effective utilization of a large number of antennas for XL-MIMO

infrastructure.
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However, integrating XL-MIMO with numerous antennas brings about a few technical

challenges. A major problem is the immense interconnect bandwidth necessary between

the increased antennas and single BS processing unit. In XL-MIMO infrastructure, the

data transfer rates and computational complexity can burden the network infrastructure

and consume substantial power because of increased resource consumption. To tackle

this issue, effective architectures for XL-MIMO uplink processing are vital. D-MIMO

stands out as a potential solution by allocating computational tasks and signal processing

across several smaller processing units instead of centralizing them at the BS, where every

processing unit is allocated a set of smaller number of dedicated antennas. This method

lessens the requirement for high bandwidth interconnects and minimizes computational

complexity and interconnect bandwidth. By employing D-MIMO, the system can more

effectively handle the computational workload and thus reduce energy consumption.

Approximate computing in the context of wireless signal detection operations can

improve EE by strategically compromising on computational precision by using the

inherent error resiliency. By relaxing the requirement for high computational precision in

signal processing, computational resource usage can be reduced. For instance, algorithms

can be designed to operate with reduced bit-widths or employ simplified computation

methods that trade-off minor accuracy losses for substantial energy savings. This approach

can be particularly advantageous in D-MIMO systems where numerous antennas and

distributed processing nodes collaborate.

In situations where rigorous computational accuracy is not essential for attaining the

desired QOS, algorithms dynamically modify their precision levels according to real-time

performance indicators. This adaptive ability can enable D-MIMO uplink systems to

customize their signal processing methods to the current operating conditions, reducing
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energy consumption without sacrificing overall system reliability. To further reinforce this

procedure, hardware implementation on a FPGA platform can offer benefits due to its

reconfigurability. This reconfigurability is especially valuable in scenarios requiring rapid

prototyping, iterative design enhancements, or adjustments to evolving standards.

1.3 Research Problem

As personal computing devices become increasingly interconnected on a large scale, the

data processing requirements for next-generation communication systems are escalating.

The emergence of new enterprise applications is also driving the need for increased

capabilities in wireless signal detection, making these systems more sophisticated and

increasing the demand for computing resources.

However, the traditional trajectory of transistor scaling is encountering diminishing

returns as it is becoming increasingly difficult to accommodate more transistors on

integrated circuits. This phenomenon, coupled with power dissipation challenges, acts as

a barrier to further increase computing capabilities across hardware platforms for signal

detection systems. Consequently, there is a need for efficient computing approaches to

harness gains in EE.

The research work addresses the challenge of improving the EE of wireless signal

detection for B5G with emphasis on XL-MIMO. The thesis is composed of three research

articles. The first research article expounds on a novel D-MIMO detection algorithm.

The second article details novel signed approximate multiplication circuits. The work

proposed in these articles is evaluated for FPGA implementation. The third research

article proposes a systematic analysis linking the QOS of signal detection with the level

of approximation in the arithmetic multiplication circuit.
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1.4 Objectives

The goal of this research work is to find novel techniques using two level approaches for

efficient signal detection in context of XL-MIMO processing. The first level approach

uses D-MIMO signal detection. The second level approach incorporates approximate

arithmetic multiplication operations for signal detection. The goal is achieved through the

following objectives:

1. Algorithm decentralization in centralized XL-MIMO uplink detection.

2. Proposition of a heuristic methodology for inducing approximation in signed

arithmetic multiplication circuits.

3. Systematic analysis for the application of approximate multiplication to wireless

signal detection to link the level of approximation in multiplication operation and

QOS of the system.

1.5 Contributions

The research outlines techniques aimed at achieving its objectives, with each contribution

yielding explicit gains in specific KPIs. This facilitates the adoption of these techniques

that require homomorphic improvements in KPIs necessary for wireless communication

applications. Specifically, the emphasis on EE highlighted by these contributions would

reduce electricity consumption associated with wireless signal detection. This reduction

not only saves operational costs but also decreases the carbon footprint of these systems,

thereby improving their sustainability. For each of the objectives, the contributions are

explicitly listed in respective research article. A summary of these contributions is as

follows:
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• Objective 1:

The article introduces a novel algorithm that adapts the centralized Newton

optimization algorithm for D-MIMO detection, focusing on developing a local

objective function across decentralized antenna clusters of BS. The proposed DN

algorithm demonstrates performance comparable to ZF SER, especially under low

SNR conditions. The work further presents ring and star topological architectures

designed for FPGA hardware implementation of DN, enabling efficient gradient

and Hessian sampling while leveraging decentralized antenna cluster configurations.

Further, the work conducts an analytical comparison of interconnect bandwidth,

throughput, latency, computational complexity, hardware resource consumption,

and energy consumption between ring and star topologies and other contemporary

D-MIMO uplink detection techniques. The ring topology maintains a consistent

interconnect bandwidth despite increasing cluster numbers, contrasting with the star

topology which exhibits lower latency but the ring topology excels in throughput

capabilities.

• Objective 2: A heuristic methodology LC is introduced which utilizes the

probability of logic ‘1’ of the LUT-LS output to induce approximation in the

accurate multiplication circuit for FPGA implementation. Novel approximate

multiplication circuits are designed from BW and Booth multiplication schemes for

signed operation using LC methodology. LC-BW circuits are characterized by high

multiplication accuracy, their approximation being controlled with finer granularity,

while LC-Booth circuits are characterized by low LUT resource consumption.

Also, impact of approximate multiplication circuits at the application level is

evaluated for signal fidelity analysis of ZF MIMO uplink signal detection.
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• Objective 3: A systematic analysis of the application of approximate multiplication

to wireless signal detection is conducted in this work. For such assessment,

Truncated Multiplication (TM) operation on Quadrature Phase Shift Keying

(QPSK) Minimum Mean Square Error (MMSE) signal detection is explored.

AMN model is introduced as a constant noise model for signal fidelity analysis.

The EE gains are analysed through approximation analysis. Insights into reliable

configurations of TM for QPSK MMSE signal detection are provided using the

resiliency analysis.

1.6 Research Methodology

This abstract research methodology primarily aims to improve EE in wireless signal

detection for B5G using MIMO technique. The research work begins with an examination

of existing MIMO techniques to assess its capabilities and limitations in scaling signal

detection for XL-MIMO. This investigation identifies bottlenecks that currently restrict

XL-MIMO’s potential as a key enabler for B5G. Subsequently, D-MIMO approach to

uplink signal detection is identified as a primary strategy to overcome these bottlenecks,

aligning with B5G KPIs. The work involves evaluating efficient D-MIMO architectures

that prioritize EE, minimize latency, maximize throughput, and optimize interconnect

bandwidth to meet the demands of B5G.

The research introduces a novel technique for D-MIMO uplink detection based on

Newton optimization. The proposed D-MIMO technique is implemented and evaluated

for FPGA, employing multiple topologies to assess their performance according to KPIs.

The research explores the critical role of arithmetic multiplication operations in MIMO

signal detection and investigates the potential of approximate computing to improve EE.

Novel approximate multiplication circuits are developed using a heuristic methodology
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that introduces controlled approximation to accurate multiplication operations, evaluated

for FPGA, aiming to balance accuracy with power and resource consumption. The

approximate multiplication circuits are evaluated for QOS at the system level for ZF

MIMO signal detection. The research identifies incomprehension between the level of

approximation in approximate multiplication circuits and their impact on signal detection

performance. A systematic analysis is presented to remove this incomprehension,

providing insights into regulating approximation level with intended QOS for SISO.

Further, guideline is outlined for extending this analysis to MIMO systems. Research

methodology is outlined in Figure. 1.3. A detailed methodology for each article is

provided in its respective chapter.
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Understand the role of XL-MIMO signal detection for B5G

Investigate bottlenecks for XL-MIMO in wireless signal detection

Study D-MIMO detection techniques and
their implications as facilitator for XL-MIMO

Propose a novel D-MIMO detection technique
and evaluate hardware topologies on FPGA

Recognize the critical role of arithmetic
multiplication in XL-MIMO operations

Investigate approximate computing for
improving efficiency in arithmetic multiplication

Develop novel approximate multiplication architectures
using heuristic and evaluate them on FPGA

Study the effect of approximate multiplication
circuits on XL-MIMO detection

Identify comprehension gaps in the level of approximation in
multiplication and its impact on signal detection performance

Create a system analysis framework for analyzing the precise effect
of multiplication approximation on the QoS of SISO detection

Propose guidelines to extend the system analysis for MIMO detection

Figure 1.3 Research Methodology

1.7 Research Infrastructure

The research infrastructure and available funding had major contribution in the success of

the work. The primary research was conducted at the Laboratory of Signal and System
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Integration (LSSI) at Université du Québec à Trois-Rivières (UQTR), which provided

access to essential computing resources, including a workstation and an IBM System

x3850, necessary for heavy computational tasks. In addition to computing facilities,

the UQTR Bibliothèque played a vital role by offering necessary stationary supplies and

dedicated study space.

The research utilized various simulation tools to achieve its objectives. Python

and C/C++ were employed for numerical simulations, enabling modeling and analysis

required for the work. Furthermore, the Vivado Design Suite 2021.1 was utilized for

hardware implementation, specifically targeting Xilinx Virtex 7 and Virtex Ultrascale

FPGA devices.

The research was funded through multiple organizations. The contributors are Natural

Sciences and Engineering Research Council of Canada, Prompt, Canadian Foundation

for Innovation, and CMC Microsystems. Additional funding support came from

Opal-RT Technologies Inc., Hydro-Québec, NUTAQ Innovation, and LSSI Laboratoire

des Signaux et Systèmes Intégrés, as well as Chaire de recherche sur les signaux et

l’intelligence des systèmes haute performance.

1.8 Thesis Outline

The thesis is organised in the following manner. Chapter 1 provides an introduction and

rationale for the work, outlining the research objectives, achieved contributions, research

methodology and infrastructure utilized. Chapter 2 details the essential literature study

conducted for the work. Chapter 3 delves into the research article addressing algorithm

decentralization. Chapter 4 discusses the research article focusing on a novel methodology

for signed approximate multiplication circuits. Chapter 5 covers the research article
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dealing with the systematic analysis of the application of approximate multiplication

operations for wireless signal detection. Finally, Chapter 6 presents the conclusion of

the research and outlays future avenues for research.
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Chapter 2 - Literature Review

This chapter presents contemporary research in the domain of each of the research

objectives, categorically segregating them into separate sections according to their

objectives. The section on algorithm decentralization explores various decentralized

approaches under different configuration scenarios and addresses challenges in

XL-MIMO. The further section investigates FPGA softcore arithmetic circuits and

explores approximate circuits for signed multiplication operations. The next section

examines research on systematically applying approximate computing for wireless signal

detection, discussing its relevance in communication systems. Each section conducts

a thorough literature review to evaluate state-of-the-art techniques, discussing their

characteristics and challenges. These research works lay the groundwork for the

contributions of the proposed research, aimed at fulfilling the research objectives.

2.1 Algorithm decentralization for MIMO uplink detection

The work [13] comprehensively examines novel paradigms critical for XL-MIMO,

focusing on the near-field region visibility and leveraging signal sparsity, aspects often

overlooked in traditional MIMO systems. D-MIMO is an important advancement for

XL-MIMO. In the work [14], Decentralized Coordinate Descent (DCD) based MIMO

detection computes partial uplink signals at each distributed BS antenna cluster using

the coordinate descent method. These partial signal estimates are adjusted by the BS

antenna cluster variance and merged to create the final uplink signal at the BS. In the

work [15], Decentralized Alternating Direction Method of Multipliers (ADMM) is a

high computational complexity method based on consensus exchange, providing near

MMSE performance with minimal iterations for low UE. In the work [16], ADMM

with Gauss-Seidel iteration (ADMM-GS) integrates Gauss-Seidel iteration in ADMM
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for better performance in SER. This method is appropriate for high SNR and high

UE situations and is robust against channel estimation errors. The work [15] utilizes

Decentralized Conjugate Gradient (DCG) method and yields near MMSE performance

with minimal iterations in high UE scenarios per BS antenna cluster. The work [17]

utilizes a fully decentralized architecture in daisy chain topology for D-MIMO detection

with Stochastic Gradient Descent (SGD), eliminating the need to reconfigure the central

cluster when adding new BS antenna clusters and maintaining constant interconnect

bandwidth between two clusters for a specific number of UEs.

The work [18] explores a Maximum A Posteriori (MAP) estimation based

decentralized algorithm known as Large-MIMO Approximate Message Passing (LAMA),

and presents two architectures for hardware implementation: Partially Decentralized

as LAMA-PD and Fully Decentralized as LAMA-FD. D-MIMO detection using

LAMA-PD and LAMA-FD equalization achieves optimal performance under the

assumption that the channel matrix H follows an i.i.d distribution and is characterized

by a variance of 1/B, where B denotes the number of BS antennas [18]. However,

LAMA’s robustness is questioned in realistic channel environments [19] like 3GPP

spatial channel model. The work [20] proposes an Expectation Propagation (EP) based

method, which rivals LAMA in error rate performance but involves explicit matrix

inversion, thus escalating its computational complexity. The work [21] improves upon

LAMA’s performance, especially at high SNR, although it necessitates high interconnect

bandwidth. MAP methods incur computational overhead to enhance numerical stability

for variance computation from noise statistics. Also, in MAP methods, partial local

estimates must be fused and processed using a soft detector for signal estimation, with

proposed enhancements discussed in the work [22]. The work [23] discusses a tree-based

D-MIMO detection architecture, outlining a decentralized scalable BS system where
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interconnect links grow logarithmically with the addition of BS antenna clusters.

The work in [24] introduces a new D-MIMO detection algorithm based on

approximate message passing. This algorithm incorporates a configurable additional

inner loop into the decentralized version of GEC-SR (Generalized Expectation Consistent

for Signal Recovery) and optimizes the utilization of computing resources in local

decentralized computing units. In [25], a D-MIMO detection algorithm is presented

that addresses spatial non-stationarities arising from the deployment of XL-MIMO,

further proposing approaches to accelerate the convergence of the algorithm. The

work in [26] explores an approximated version of the expectation propagation algorithm

using MIMO-Orthogonal Time Frequency Space (OTFS), where OTFS is a joint

time-frequency space modulation of symbols designed to mitigate high inter-symbol

interference in scenarios with high mobility, affected by Doppler effects.

The work [27] applies reinforcement learning techniques within ML to mitigate issues

arising from spatial non-stationarities. These non-stationarities stem from modeling

systems in the near-field region, as opposed to the far-field region typical in traditional

MIMO systems. The work in [28] introduces a D-MIMO detection method that addresses

Out-of-system noise, characterized by unknown statistics. In the work [29], the focus is

on integrating local means and variances from decentralized antenna clusters for symbol

demodulation. The variance values significantly influence algorithm convergence, with

smaller variances leading to faster convergence rates. The algorithm exhibits linear

complexity with regards to the number of users. The work highlights that non-uniform

antenna clusters outperform uniform configurations, stressing on the need for optimal

antenna allocation methods.

The work [30] introduces an integrated communication and learning framework
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utilizing MIMO for decentralized federated learning applications, specifically tailored

for edge devices. The work analyzes the convergence bounds of the algorithm to assess

the impact of communication errors and mixing matrices, resulting in an optimized

algorithm aimed at mitigating these challenges. In the work [31], a D-MIMO

uplink detection method based on EP is presented. This method groups users to

suppress interference, thereby reducing latency. The paper proposes partially and fully

decentralized architectures in the form of star and daisy-chain topologies. Star topology

performs better when the ratio of BS to UE antennas is low. Subsequently, an approximate

version of the same algorithm is introduced to lower computational complexity.

The work [32] investigates D-MIMO uplink detection, specifically addressing colored

noise where the channel noise correlation matrix becomes non-diagonal. In the work

[33], Gaussian elimination is utilized for recursive D-MIMO detection, and an adaptive

recursion termination method is proposed to improve detection latency. The work [34]

explores cell-free Massive MIMO systems and proposes decentralized optimization

methods for enhancing spectral efficiency. The work [35] advocates for non-linear

processing in MIMO for 6G, aiming to mitigate computational complexity through a

proposed massively parallel non-linear processing framework. The work [36] proposes

a decentralized algorithm without a centralized unit to address computational complexity,

scalability, and non-stationarities for D-MIMO uplink detection. The work [37] explores

Kalman filters with a square-root implementation for MIMO uplink signal detection.

The challenges in XL-MIMO detection include high computational complexity,

significant interconnect bandwidth requirements, and scalability limitations, which

D-MIMO aims to alleviate. Realistic phenomena, such as Doppler effects and

colored noise correlation, further exacerbate the challenges of XL-MIMO. Additionally,
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integrating XL-MIMO with advanced applications, such as federated learning and

cell-free massive MIMO systems, necessitates further optimization of resource allocation.

In the current work, DN using Newton optimization is proposed as a novel D-MIMO

technique. Two novel hardware topologies, the DN ring and star, are introduced for FPGA

implementation to optimize interconnect bandwidth, resource consumption, latency, and

EE. Literature study is summarized in Table 2-1.

Table 2-1 D-MIMO detection techniques.

Work Research
Han et al. (2023) [13] Comprehensively analyzed novel paradigms for

XL-MIMO.
Li et al. (2019) [14] Addressed D-MIMO detection using the coordinate

descent method with distributed BS antenna clusters.
Li et al. (2017) [15] Implemented decentralized ADMM with high

computational complexity that was advantageous for
low UE scenarios.

Ouameur et al. (2019) [16] Integrated Gauss-Seidel iteration into ADMM for
improved error-rate performance in high SNR and
high UE scenarios.

Li et al. (2017) [15] Utilized the DCG method for near MMSE
performance, which was advantageous in high
UE scenarios.

Sanchez et al. (2019) [17] Conducted D-MIMO detection with SGD in a fully
decentralized architecture, removing the need for
central cluster reconfiguration during BS cluster
scaling.

Jeon et al. (2019) [18] Implemented LAMA algorithms in both partially
decentralized LAMA-PD and fully decentralized
LAMA-FD architectures, offering optimal detection
performance in the AWGN channel.

Wang et al. (2020) [20] Conducted D-MIMO detection with high
computational complexity by adapting EP, providing
high error-rate performance.

Zhang et al. (2020) [21] Utilized EP with Log Likelihood Ratio (LLR) for
D-MIMO detection, improving the performance of
the EP algorithm with log likelihood ratio.
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Work Research
Seidel et al. (2019) [22] Implemented D-MIMO detection using a binary tree

to reduce latency.
Bertilsson et al. (2016) [23] Designed a D-MIMO detection architecture for

decentralized scalable BS systems, where the growth
of interlinks was logarithmic.

Yang et al. (2022) [24] Developed a D-MIMO detection algorithm based
on approximate message passing, optimizing
decentralized computing resources.

Croisfelt et al. (2021) [25] Addressed spatial non-stationarities in XL-MIMO
and accelerated algorithm convergence.

Li et al. (2024) [26] Explored an approximated EP algorithm using
MIMO-OTFS for scenarios with high mobility and
consideration of Doppler effects.

Liu et al. (2024) [27] Applied reinforcement learning techniques for
mitigating spatial non-stationarities in D-MIMO.

Shaik et al. (2024) [28] Addressed Out-of-system noise with unknown
statistics in D-MIMO detection.

Zhang et al. (2021) [29] Integrated local means and variances from
decentralized antenna clusters for symbol
demodulation.

Zhai et al. (2024) [30] Utilized D-MIMO for decentralized federated
learning applications, analyzing convergence bounds.

Li et al. (2022) [31] Proposed a D-MIMO detection method based on EP,
suggesting star and daisy-chain topologies for optimal
hardware implementation.

Zhao et al. (2021) [32] Investigated D-MIMO detection under colored
noise conditions with a non-diagonal channel noise
correlation matrix.

Zheng et al. (2022) [33] Utilized Gaussian elimination for recursive D-MIMO
detection, proposing adaptive termination methods to
improve latency.

Datta et al. (2021) [34] Proposed decentralized optimization methods for
enhancing spectral efficiency in cell-free Massive
MIMO systems.

Ducoing et al. (2021) [35] Advocated for non-linear MIMO processing in
MIMO and a massively parallel decentralized
framework to mitigate ensuing high computational
complexity.
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Work Research
Amiri et al. (2021) [36] Presented an algorithm for D-MIMO detection

without any centralized unit, addressing scalability
and non-stationarities.

Helmersson et al. (2022) [37] Explored Kalman filters with square-root
implementation for D-MIMO detection.

2.2 Heuristic methodology for FPGA based signed approximate multiplication

circuits.

The efficient implementation of an accurate signed multiplication circuit using the Booth

algorithm [38] reduces the critical path delay by 3 Carry Chain Unit (CCU)s for generating

Partial Product (PP), thereby reducing hardware resource consumption. However, for PP

accumulation, an external hardware entity such as an adder or a compressor is necessary,

and the accuracy of the circuit depends on the methodology used for PP accumulation.

In the FPGA implementation of an accurate unsigned multiplication circuit [39], an

architecture employing LUT and CCUs for accurate signed multiplication circuit based

on Booth encoding [40], known as Booth-Opt, saves LUTs by integrating the logic of the

rightmost and leftmost carry generating LUTs into adjacent LUTs in a PP row, thereby

reducing Carry Chain (CC)s. An improvement in the critical path delay from the work in

[40] is presented in subsequent work [41] through optimization of PP generation and use of

a PP reduction tree; however, this approach leads to increased LUT resource consumption.

Performance improvements are achieved by incorporating approximations into

architectures designed for accurate multiplication. These approximations can be applied in

the accumulation of PPs using FPGA based approximate adders [42–44] or approximate

compressors [45], while maintaining accurate PP generation. Configurable architectures

for signed multiplication circuits, as described in [46], utilize both accurate methods and
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four approximate compressors for PP accumulation. These architectures employ explicit

PP accumulation methods, leading to varying levels of LUT resource consumption

depending on the circuit’s accuracy in performing operations of specific bit-widths.

Functional approximation introduces approximation into accurate circuits during

the generation of PPs. The Booth-Opt circuit is adapted to Booth-Approx [40] by

approximating the generation of PPs, specifically by approximating the carry signal

generation at the rightmost LUT for all PPs except the last PP. Booth-Approx

demonstrates reduced CC and LUT resource consumption. However, Booth-Approx lacks

configurability to balance multiplication accuracy and EE.

AxBM circuits [47] modify the functional operation of the accurate Radix-8

Booth encoding for FPGA implementation in generation of multiples of multiplicand,

particularly addressing the challenge of generating a 3×Multiplicand. AxBM1 and

AxBM2 approximates 3×Multiplicand by 4×Multiplicand. Also, -3×Multiplicand is

approximated by -4×Multiplicand in AxBM1 and by -2×Multiplicand in AxBM2,

respectively. To generate multiples of the multiplicand in AxBM1 and AxBM2, the

4× signal is generated through implicit XNOR operations of 1× and 2× signals in the

LUT of PP bit generation, configuring the Booth encoder from a 5-input 2-output LUT

configuration. However, AxBM1 and AxBM2 are characterized by non Multiply And

Accumulate (MAC) PP accumulation and exhibit poor accuracy in multiplication.

The work [48] proposes ASMPEC, an approximate multiplier framework employing

unique summation methods for PP generation and error correction, achieving substantial

area savings and improved EE. The work [49] presents AxOCS, a methodology using ML

based supersampling to design approximate operators, showing heightened optimization

across different bit-widths and improvements in quality metrics.
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Challenges in FPGA based approximate signed multiplication include the optimization

of resource usage, and increasing efficiency in PP generation and accumulation through

methods like Booth encoding and compressors. In the current work, LC methodology is a

proposed heuristic methodology which aids in creating modular arithmetic multiplication

circuits intended for FPGA implementation with controlled approximation. Literature

study is summarized in Table 2-2.

Table 2-2 FPGA based techniques for approximate signed multiplication.

Work Research
Kumm et al. (2015) [39] Developed an accurate unsigned multiplication

circuit using LUT and CCU with MAC used for
PP accumulation.

Ullah et al. (2020) [38] Reduced hardware resource consumption by 3
CCUs compared to the work [39] for PP
generation, decreasing LUT consumption in a
signed multiplication circuit using the Booth
algorithm.

Ullah et al. (2020) [40] Optimized resource consumption with Booth-Opt
architecture for signed multiplication, integrating
carry generating logic to reduce LUTs and
CCs. Introduced Booth-Approx by approximating
PP generation to lower CC and LUT resource
consumption.

Ullah et al. (2021) [41] Optimized PP generation and used a PP reduction
tree to decrease critical path delay with respect to
the work [40].

Venkatachalam et al. (2017) [45] Employed approximate compressors for PP
accumulation in multiplication circuits.

Van et al. (2020) [46] Proposed configurable architectures for
multiplication circuits using both accurate
methods and approximate compressors for PP
accumulation.

Waris et al. (2021) [47] Proposed AxBM multiplication circuits based on
Radix-8 Booth encoding, addressing challenges
in generating multiples of the multiplicand with
functional approximations.
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Work Research
Aizaz et al. (2023) [48] Proposed ASMPEC, an approximate multiplier

framework with unique summation methods and
error correction.

Sahoo et al. (2024) [49] Proposed AxOCS methodology using ML based
supersampling for approximate operators.

2.3 Systematic analysis of impact of approximate multiplication on wireless signal

detection.

In the context of next-generation communication systems, which prioritize flexible

performance targets to enhance EE [50,51], the use of approximate computing techniques

becomes relevant as another approach for improving EE. These techniques enable a

controlled trade-off by degrading system accuracy, thereby contributing to improved gains

in EE in communication systems. A comprehensive survey [52] on the potential of

approximate computing techniques in current and future B5G posits SER as a critical

KPI for channel related issues, while EE remains a primary KPI for resource allocation.

By integrating approximate computing techniques within a fixed power budget for

communication systems, it becomes viable to reduce overall system power consumption.

This reduction in power consumption subsequently creates additional capacity for system

scaling within the same power budget.

The decoder utilizing the Successive Cancellation (SC) algorithm improves the

Forward Error Correction (FEC) performance of polar codes; however, it introduces

constraints on the throughput of hardware implementations. To address this challenge,

the work [53] introduces configurable approximation units into modified computation

function blocks within the SC algorithm, aiming to boost decoder throughput. The work

[54] investigates the error-resilient characteristics of the inherent Fast Fourier Transform
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(FFT) operation in industrial wireless communication systems, illustrating the potential

advantages of approximate computing. Exact addition and subtraction operations within

the FFT’s butterfly structure are substituted with approximate adders, and the impact of

these modifications on system level performance is thoroughly evaluated. It also highlights

the significance of establishing correlations between the attributes of approximate adders

and overall system reliability and performance metrics.

The work [55] explores the application of approximate computing in the EP

algorithm used for the Sparse Code Multiple Access (SCMA) receiver. By employing

approximation technique, the complexity of the algorithm is reduced, which is

characterized by the number of arithmetic operations. Approximations are integrated into

the EP algorithm at the variable and function node updates, as well as in the calculation

of LLR to decrease computational complexity. Further, parameter optimizations are

proposed to strike a balance between detection performance and algorithm computational

complexity.

In the work [56], exact computing units are substituted with approximate ones

in Root Raised Cosine (RRC) Finite Impulse Response (FIR) filters used for pulse

shaping at the BS and decoders/equalizers at the UE in SISO and MIMO 6G downlink

operations. The Bit Error Rate (BER) performance of the proposed approximate

computing empowered 6G SISO downlink is superior to its MIMO counterpart, where

the induced approximations achieve substantial power savings. The BER performance

degradation is more pronounced in the high SNR regime compared to the low/medium

SNR regime. The work in [57] utilizes gradient bounds to propose a novel encoding

scheme for Quadrature Amplitude Modulation (QAM) mapping in the communication

system required for a federated learning model. In a fixed SNR scenario, the test accuracy
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of the model deteriorates as the QAM order increases.

While approximation techniques can improve EE and reduce hardware resource

consumption at the cost of reduced accuracy, their application often tend to compromise

system reliability. In the work [58], strategies for testing approximate circuits are detailed,

emphasizing the role of reliability in deploying approximation techniques across systems.

To tackle the reliability challenge, accurate estimation of system accuracy relative to

the level of approximation induced becomes essential. In the work [59], approximation

techniques are explored based on deterministic accuracy and granularity control.

Although approximate computing holds potential for improving EE and resource

efficiency, it presents a challenge in terms of system stability and reliability if applied

without proper control. As a result, significant research has been dedicated to

understanding the impact of approximation on the system’s QOS. This work aims

to address this challenge by conducting a systematic analysis that links the level of

approximation in the multiplication operation of signal detection to the system’s QOS.

Literature study is summarized in Table 2-3.

Table 2-3 Approximate Computing Techniques for B5G.

Work Objective of Research
Damsgaard (2023) [51, 52] Discussed the relevance of approximate computing

techniques in enhancing EE and the potential of
approximate computing techniques in B5G.

Zhou et al. (2018) [53] Introduced configurable approximation units in the
SC algorithm for polar codes to enhance FEC
performance without compromising throughput.

Hao et al. (2019) [54] Explored the use of approximate adders in FFT
operations in industrial wireless communication
systems to improve system-level performance and
reliability.
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Work Objective of Research
Xiao et al. (2019) [55] Applied approximate computing techniques to reduce

complexity in the EP algorithm used in SCMA
receivers.

Idrees et al. (2021) [56] Substituted exact computing units with approximate
ones in RRC FIR filters for 6G downlink operations,
achieving superior BER performance.

Ma et al. (2023) [57] Proposed gradient bounds for QAM mapping for
federated learning applications, balancing accuracy
degradation with modulation order in fixed SNR
scenarios.

Anghel et al. (2018) [58] Detailed testing strategies for approximate circuits,
focusing on reliability considerations.

Moreau et al. [59] Explored accuracy and granularity control in
approximation techniques.
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Chapter 3 - Algorithm decentralization for MIMO uplink detection

3.1 Résumé Long

3.1.1 Contexte de Recherche

MIMO a été intégré dans la 5G pour augmenter de manière significative l’efficacité

spectrale et la fiabilité [60, 61]. Les développements récents indiquent que XL-MIMO

promet d’atteindre une efficacité spectrale supérieure par rapport aux systèmes MIMO

traditionnels [62], ouvrant la voie des standards de communication actuels vers le B5G.

Cette avancée permet à une BS de servir simultanément un plus grand nombre de UEs,

en utilisant des milliers d’antennes et en bénéficiant potentiellement de stratégies de

déploiement sans cellule.

Pour la détection de signaux MIMO, des techniques de traitement centralisé comme

ZF et MMSE offrent des performances optimales mais posent des défis dans la mise en

œuvre matérielle [63] et sont viables avec un nombre limité de UEs et d’antennes de BS.

Cependant, l’évolutivité pour un plus grand nombre de UEs nécessite d’augmenter les

antennes de BS, ce qui accroît la bande passante d’interconnexion entre les antennes et

l’unité de traitement central au niveau du fronthaul [62, 64]. En outre, transférer toutes

les Channel State Informations (CSIs) collectées par les antennes de BS à l’unité centrale

de traitement de BS augmente la complexité du traitement et la latence, réduisant le débit

système [65]. Les techniques de détection de signaux D-MIMO facilitent la réduction

de la bande passante d’interconnexion ainsi que la complexité computationnelle et la

consommation de ressources matérielles.
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3.1.2 Méthodologie

Les techniques contemporaines de D-MIMO ont été analysées pour leur application

au XL-MIMO. L’algorithme DN a été proposé dans ce travail, en tirant parti de

l’optimisation de Newton. Une analyse comparative a été menée pour évaluer la

fidélité des signaux de l’algorithme DN par rapport aux méthodes contemporaines via

des simulations en Python utilisant les bibliothèques Numpy et Mpmath, intégrant des

scénarios de canaux réalistes du modèle de canal spatial 3rd Generation Partnership

Project (3GPP). De plus, deux topologies matérielles — en anneau et en étoile — ont

été proposées pour une implémentation sur FPGA. Ces topologies ont été conçues pour

optimiser la bande passante d’interconnexion, la latence, le débit, la consommation de

ressources matérielles et l’efficacité énergétique (EE, bits par Joule). Des prototypes

matériels des topologies en anneau et en étoile ont été développés en utilisant la synthèse

de haut niveau dans Vivado, ciblant les dispositifs FPGA Xilinx Virtex 7 et Ultrascale.

3.1.3 Synthèse Complète

Considérons une configuration D-MIMO utilisant une modulation 16-QAM avec

trois itérations. La BS dispose de 128 antennes, divisées en quatre clusters de 32

antennes chacune, desservant 8 UEs. La méthode EP-LLR présente la bande passante

d’interconnexion la plus élevée. En comparaison, la bande passante d’interconnexion de

l’anneau DN est 90× inférieure, tandis que celle de l’étoile DN est 17× inférieure. En

évaluant les performances de SER, la méthode EP excelle sous AWGN et le modèle

de canal spatial 3GPP, dépassant la détection ZF. Pendant ce temps, les performances de

DN se rapprochent de celles de la détection ZF sous AWGN et avec des itérations accrues

sous le modèle de canal spatial 3GPP. Cependant, la méthode EP présente la complexité

computationnelle du troisième ordre la plus élevée pour les clusters non-apex, avec
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une complexité linéaire pour les clusters apex impliquant des opérations exponentielles.

L’approche DN maintient une complexité linéaire constante pour les clusters apex et

non-apex. LAMA ne converge pas dans le modèle de canal spatial 3GPP.

Cependant, la méthode EP présente la complexité computationnelle du troisième ordre

la plus élevée pour les clusters non-apex, avec une complexité linéaire pour les clusters

apex impliquant des opérations exponentielles. L’approche DN maintient une complexité

linéaire constante pour les clusters apex et non-apex. LAMA ne converge pas dans le

modèle de canal spatial 3GPP.

L’étoile DN utilise environ 1,05× les DSP48E, environ 0,84× les Flip Flop (FF),

et environ 0,71× les LUT consommés par l’anneau DN. La DCD implémentée sur un

Graphics Processing Unit (GPU) atteint la latence la plus faible. L’implémentation FPGA

de l’anneau DN présente une latence 2,4× plus élevée, tandis que la latence de l’étoile

DN est 1,5× plus élevée que celle de la DCD. Concernant le débit maximal, LAMA-FD

offre le débit le plus élevé, dépassant l’implémentation FPGA de l’anneau DN de 1,9× et

l’étoile DN de 5,3×.

La consommation d’énergie est particulièrement élevée pour LAMA-FD, LAMA-PD

et DCD en raison de leurs implémentations sur GPU, tandis que l’anneau DN consomme

78,4× moins d’énergie et l’étoile DN consomme 169× moins d’énergie. En termes de

nombre de bits transmis par Joule, DCD présente la plus faible efficacité. Cependant,

l’anneau DN permet de transmettre environ 51,5× plus de bits par Joule, tandis que

l’étoile DN en transmet environ 40,5× plus par Joule.

DN démontre une faible complexité computationnelle, permettant la transmission d’un

nombre plus élevé de bits par Joule grâce à l’implémentation sur FPGA tout en atteignant
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des performances de détection SER comparables à celles de la détection ZF. La topologie

en anneau DN offre un débit élevé avec une bande passante d’interconnexion constante,

tandis que la topologie en étoile DN assure une latence plus faible avec des variations

prévisibles de la consommation des ressources matérielles à mesure que le système évolue.

La topologie en anneau DN peut accueillir des sous-porteuses supplémentaires avec une

augmentation fractionnelle de la latence et un débit système accru. Le tableau 3-2 met en

évidence une comparaison des KPIs des topologies en anneau et en étoile DN.

Table 3-1 Comparaison des topologies en Anneau et en Étoile DN.

KPI Anneau DN (FPGA) Étoile DN (FPGA)

Bande passante

d’interconnexion

90× inférieure à EP-LLR. 17× inférieure à EP-LLR.

Performance SER Approche la détection ZF sous AWGN et le modèle de canal

spatial 3GPP avec des itérations accrues.

Complexité

computationnelle

Linéaire pour les clusters apex et non-apex.

Latence 2,4× supérieure à DCD

(GPU).

1,5× supérieure à DCD

(GPU).

Utilisation matérielle L’anneau DN consomme 1,05× DSP48E, 0,84× FF, 0,71×

LUT de l’étoile DN.

Débit 1,9× inférieur à LAMA-FD

(FPGA).

5,3× inférieur à LAMA-FD

(FPGA).

Consommation

d’énergie

78,4× inférieure aux méthodes

sur GPU.

169× inférieure aux méthodes

sur GPU.

Bits par Joule 51,5× plus de bits transmis par

Joule que DCD (GPU).

40,5× plus de bits transmis par

Joule que DCD (GPU).
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3.1.4 Droits d’Auteur

L’article suivant est publié [66]. La permission est accordée en Annexe B.

3.2 Long abstract

3.2.1 Research Context

MIMO has been integrated into 5G to significantly boost spectral efficiency and reliability

[60, 61]. Recent developments indicate that XL-MIMO holds promise for achieving

superior spectral efficiency compared to traditional MIMO systems [62], paving the

way of current communication standard towards B5G. This advancement allows BS to

simultaneously serve a larger number of UEs, employing thousands of antennas, and

potentially benefiting from cell-free deployment strategies.

For MIMO signal detection, centralized processing techniques like ZF and MMSE

offer optimal performance but pose challenges in hardware implementation [63] and

are viable with a limited number of UEs and BS antennas. However, scaling to more

UEs requires increasing BS antennas, thereby raising interconnect bandwidth between

antennas and the central processing unit at the fronthaul [62, 64]. Further, transferring all

CSI gathered by BS antennas to the central processing unit of BS escalates processing

complexity and latency at the BS, reducing system throughput [65]. D-MIMO signal

detection techniques facilitate reduction in interconnect bandwidth as well as reduce

computational complexity and hardware resource consumption.

3.2.2 Methodology

Contemporary D-MIMO techniques were analyzed for their application to XL-MIMO.

The DN algorithm was proposed in this work, leveraging Newton optimization. A
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comparative analysis was conducted to evaluate the signal fidelity of the DN algorithm

against contemporary methods through simulations in Python using Numpy and Mpmath

libraries, incorporating realistic channel scenarios from the 3GPP spatial channel

model. Additionally, two hardware topologies—ring and star—were proposed for FPGA

implementation. These topologies were designed to optimize interconnect bandwidth,

latency, throughput, hardware resource consumption and EE (bits per Joule). Hardware

prototypes of the ring and star topologies were developed using high-level synthesis in

Vivado, targeting Xilinx Virtex 7 and Ultrascale FPGA devices.

3.2.3 Comprehensive Synthesis

Consider a D-MIMO configuration utilizing 16-QAM modulation with three iterations.

The BS has 128 antennas, which are divided into four clusters of 32 antennas each,

servicing 8 UEs. EP-LLR method has the highest interconnect bandwidth. In comparison,

the interconnect bandwidth of the DN ring is 90× lower, while that of the DN star is 17×

lower. When evaluating SER performance, the EP method excels under both AWGN and

the 3GPP spatial channel model, surpassing that of ZF detection. Meanwhile, the DN

approaches performance close to ZF detection under AWGN and with increased iterations

under the 3GPP spatial channel model. However, EP method exhibits the highest

third-order computational complexity for non-apex clusters, with linear complexity for

apex clusters involving exponential operations. The DN approach maintains consistent

linear complexity for both apex and non-apex clusters. LAMA does not converge in

3GPP spatial channel model.

The DN star uses approximately 1.05× the DSP48E, about 0.84× the FF, and roughly

0.71× the LUT consumed by DN ring. DCD implemented on a GPU achieves the lowest

latency. FPGA implementation of DN ring has a latency that is 2.4× higher, while the
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latency of DN star is 1.5× higher than that of the DCD. Regarding maximum throughput,

LAMA-FD offers the highest throughput, surpassing the FPGA implementation of the

DN ring by 1.9× and the DN star by 5.3×.

Power consumption is notably high for LAMA-FD, LAMA-PD, and DCD due to their

GPU implementations, while the DN ring consumes 78.4× less power and the DN star

consumes 169× less power. In terms of the number of bits transmitted per Joule, DCD

exhibits the lowest efficiency. However, the DN ring allows for approximately 51.5×

more bits to be transmitted per Joule, while the DN star achieves about 40.5× more bits

per Joule.

DN demonstrates low computational complexity, allowing for the transmission of

a higher number of bits per Joule due to FPGA implementation while achieving

performance in SER detection that is comparable to that of ZF detection. DN ring

topology offers high throughput with a constant interconnect bandwidth, whereas DN

star topology ensures lower latency with predictable variations in hardware resource

consumption as the system scales. DN ring topology can accommodate extra subcarriers

with fractional increase in latency and increased system throughput. Table 3-2 highlights

KPI comparision of DN ring and DN star.
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Table 3-2 Comparison of DN Ring and DN Star.

KPI DN Ring (FPGA) DN Star (FPGA)

Interconnect

Bandwidth

90× lower than EP-LLR. 17× lower than EP-LLR.

SER Performance Approaches ZF detection under AWGN and 3GPP spatial

channel model with increased iterations.

Computational

Complexity

Linear for both apex and non-apex clusters.

Latency 2.4× higher than DCD (GPU). 1.5× higher than DCD (GPU).

Hardware Utilization DN ring consumes 1.05× DSP48E, 0.84× FF, 0.71× LUT of

DN star.

Throughput 1.9× lower than LAMA-FD

(FPGA).

5.3× lower than LAMA-FD

(FPGA).

Power Consumption 78.4× lower than GPU based

methods.

169× lower than GPU based

methods.

Bits per Joule 51.5× more bits transmitted

per Joule than DCD (GPU).

40.5× more bits transmitted

per Joule than DCD (GPU).

3.2.4 Copyright

The following article is published [66]. Permission grant in Appendix B.
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Hardware Topologies for Decentralized Large-Scale
MIMO Detection Using Newton Method

Abhinav Kulkarni , Messaoud Ahmed Ouameur , Member, IEEE,
and Daniel Massicotte , Senior Member, IEEE

Abstract— Centralized Massive Multiple Input Multiple Out-
put (MIMO) uplink detection techniques for baseband processing
possess severe bottleneck in terms of interconnect bandwidth and
computational complexity. This problem has been addressed in
the current work by adapting the centralized Newton method
for decentralized MIMO uplink detection leveraging several
Base Station antenna clusters. The proposed decentralized
Newton (DN) method achieves error-rate performance close to
centralized Zero Forcing detector as compared to other decen-
tralized techniques. Two hardware topologies, namely the ring
and the star topologies, are proposed to assess and discuss
the trade-off among interconnect bandwidth and throughput,
in comparison with contemporary decentralized MIMO uplink
detection techniques. As such the following findings are elabo-
rated. On BS antenna cluster scaling for different MIMO system
configurations, the ring topology provides high throughput at
constant interconnect bandwidth, while the star topology provides
lower latency with a deterministic variation in the hardware
resource consumption. Due to strategic optimizations on the
hardware implementation, additional user equipment can be
allotted at a fractional increase in Field Programmable Gate
Array resource consumption, improved energy efficiency, and
increased transaction of bits per Joule. The ring topology can
process additional subcarrier at a fractional increase in latency
and improved system throughput.

Index Terms— MIMO uplink detection, Newton method,
FPGA, decentralized processing, hardware topology, interconnect
bandwidth.

I. INTRODUCTION

BEING a promising concept for future cellular networks,
Massive Multiple Input Multiple Output (MIMO) tech-

nology has now made its way to 5G as one of the means to
substantially improve both spectral and energy efficiencies [1],
[2]. Future trends for 6G suggest the use of Extremely
Large Aperture Array (ELAA) to provide order-of-magnitude
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higher area throughput compared to what massive MIMO with
compact arrays can ultimately deliver [3]. It is possible for a
BS to service several UEs simultaneously within the same
time-frequency resources using hundreds or thousands of BS
antennas. Centralized linear processing techniques for MIMO
uplink signal detection like Zero Forcing (ZF), Minimum
Mean Square Error (MMSE), and Maximum Ratio Combin-
ing (MRC) estimate the UE’s signals by Gram matrix inversion
but have caveats on hardware implementation due to high
computational complexity and impose severe bottleneck in
terms of interconnect bandwidth as well [1].

A. Related Work

Digital signal processing architecture design with practical
system constraints for the next generation Massive MIMO
uplink detection techniques is presented in [4]. For a 16-QAM
MIMO system configuration with 128 BS antennas (B) and
8 UEs (U ), the system parameters for centralized techniques
evaluated on a FPGA are compared hereafter. MIMO uplink
detection based on Neumann Series (NS) [5] achieves a
throughput of 402 Mbps and high error-rate performance for
large B/U ratio, however this method scales to computational
complexity of O(U3) for 3 series expansion terms. Conjugate
Gradient (CG) based MIMO uplink detection method [6]
achieves a throughput of 13 Mbps with lower FPGA resource
utilization and lower error-rate performance as compared to
NS method. By efficiently implementing centralized New-
ton method [7], the MIMO uplink detector implementation
achieves a staggering throughput of 610 Mbps. Co-ordinate
Descent (CD) algorithm has been adapted for MIMO uplink
detection in [8], achieving a throughput of 250 Mbps at low
computational complexity of O(BU). To alleviate the high
computational complexity of NS method, Gauss Seidel (GS)
algorithm has been adapted for MIMO uplink detection in [9]
and achieves a throughput of 32 Mbps. An improved version
of GS [10] method, that uses multiple parallel sub-carrier
instances by hardware interleaving, achieves a throughput
of 488 Mbps. An efficient implementation of MMSE detec-
tion has been presented in [11] and achieves a throughput
of 205 Mbps. By using adaptive Successive Over Relaxation
(A-SOR) to achieve fast convergence, the hardware implemen-
tation in [12] achieves a throughput of 135 Mbps with O(U2)
computational complexity. For high energy efficiency, ASIC
based implementations [11], [13] are more advantageous over
FPGA based implementations [5]–[10], [12].

1549-8328 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universite du Quebec a Trois-Rivieres. Downloaded on May 23,2024 at 20:52:46 UTC from IEEE Xplore.  Restrictions apply. 



KULKARNI et al.: HARDWARE TOPOLOGIES FOR DECENTRALIZED LARGE-SCALE MIMO DETECTION 3733

Centralized baseband processing techniques are feasible on
hardware for a small number of UE and a low number of BS
antennas for real-time processing. However, as the number
of UE grows, more BS antennas are required to achieve
optimal performance which increases interconnect bandwidth
between BS antennas and BS central processing unit [3]. Also,
all Channel State Information (CSI) has to be transferred
from BS antennas to the BS central processing unit which
increases computational complexity and latency at BS, thereby
decreasing system throughput [14] and possess a bottleneck to
ELAA implementation [3]. To address this bottleneck, several
decentralized baseband processing algorithms and accompa-
nying architectures for MIMO uplink detection have been
proposed, where the baseband processing of MIMO uplink
signal detection is shared by several BS antenna clusters.
Decentralized Co-ordinate Descent (DCD) [15] based MIMO
uplink detection computes partial uplink signal at every dis-
tributed BS antenna cluster using co-ordinate descent method.
Partial signal estimates are scaled by BS antenna cluster
variance and fused to produce the final uplink signal at the
BS. Decentralized Alternating Direction Method of Multipliers
(D-ADMM) [16] is a high computational complexity method
based on consensus exchange, providing near MMSE perfor-
mance with few iterations for low UE load with respect to
BS antenna cluster. ADMM-GS [17] embeds Gauss-Siedel
iteration in ADMM for performance enhancement in terms
of error rate. This method is suited for high SNR and high
UE load scenarios and is robust to channel estimation errors.
The Decentralized Conjugate Gradient (D-CG) [16] method
provides near MMSE performance with few iterations in high
UE load scenarios per BS antenna cluster. MIMO uplink
detection with Stochastic Gradient Descent (SGD) [18] uses
fully decentralized architecture in Daisychain topology. In this
technique, the central cluster does not have to be reconfigured
when adding new BS antenna clusters, and the interconnect
bandwidth between two clusters remains constant for a given
number of UE.

Maximum A Posteriori (MAP) estimate based decentral-
ized algorithms like large-MIMO approximate message pass-
ing (LAMA) with two architectures one for partially decen-
tralized (LAMA-PD) and another one for fully decentralized
(LAMA-FD) [19] and Expectation Propagation (EP) [20], [21]
provide high error-rate performance at expense of increased
algorithm computational complexity. MIMO uplink detection
using LAMA-PD and LAMA-FD [19] equalization provides
optimal performance given channel matrix H has i.i.d dis-
tribution and profiled with the variance of 1/B , where B
represents the number of BS antennas. However, LAMA is
not robust for realistic channel environments [22]. MIMO
uplink detection using EP [20] is a comparable algorithm to
LAMA and involves explicit matrix inversion, which increases
its computational complexity. MIMO uplink detection using
EP with Log Likelihood Ratio (LLR) [21] provides improved
performance than LAMA, especially at high SNR, but requires
high interconnect bandwidth. MAP methods incur additional
computing overheads to improve numerical stability for vari-
ance computation from noise statistics. Also, the partial local
estimates have to be fused and processed using a soft-detector

for uplink signal estimation in MAP methods, an improvement
has been suggested by [23]. Tree K-ary based MIMO uplink
detection architecture [24] discusses a decentralized scalable
BS system, where interconnect links grow logarithmically
on the addition of BS antenna clusters. Most of these tech-
niques are used herein as benchmarks to discuss the error
rate performance, throughput, interconnect bandwidth and the
computational complexity.

B. Contributions

The choice of a MIMO uplink detection technique is based
on MIMO system requirements [2] and it is a non-trivial
task. Hence, there is a trade-off between error-rate per-
formance, hardware computational complexity, latency, and
system throughput based on the wireless propagation envi-
ronment parameters [25]. With advancements in computing
and RF technology, massive MIMO will gradually evolve into
extremely large-scale MIMO systems where BS will function
with thousands of antennas and in such scenarios, decentral-
ized architectures would be more favorable. With such large
MIMO antenna configurations, even the MAP methods with
high computational complexity show diminishing benefits[25].
In the evolving communication standards towards 6G [26],
factors of interconnect bandwidth and energy efficiency would
also play a prime role along with throughput and latency
for large MIMO systems. In the current work, the following
contributions are presented:

• The adaptation of the centralized Newton method [27],
[28] for decentralized processing of MIMO uplink detec-
tion is achieved by constructing novel local objective
functions over decentralized BS antenna clusters (which
we refer to as clusters for brevity). The proposed decen-
tralized Newton (DN) algorithm provides close to the ZF
symbol-error rate performance as compared to contem-
porary decentralized MIMO uplink detection techniques,
specifically in low SNR regime and 3GPP radio channel
environment.

• At the system level, novel proposition of ring and star
topological architectures for VLSI hardware implementa-
tion to achieve gradient and Hessian sampling for the DN
method, leveraging decentralized clusters at the circuit
level to achieve trade-off among throughput, latency,
energy efficiency and interconnection bandwidth.

• Analytical analysis of the interconnect bandwidth of the
star and ring topologies with contemporary decentralized
MIMO uplink detection techniques at the system level.
The star topology provides lower interconnect bandwidth
than EP, EP-LLR and ADMM-GS. The ring topology
has lower interconnect bandwidth than the star topology
and maintains constant interconnect bandwidth on MIMO
configuration scaling.

• Analysis of computational complexity of the star and ring
topologies with contemporary MIMO uplink detection
techniques at the circuit level. Interestingly, the DN
algorithm’s computational complexity is in order in the
number of UEs and avoids signal variance computation.
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• At the system level, design space exploration for the
hardware implementation of the star and ring topologies
on FPGA and analysis of the effect of MIMO config-
uration scaling on system throughput, latency, energy
efficiency and hardware resource consumption. The star
topology provides low latency while the ring topology
provides higher throughput. The implementation of the
ring topology with additional sub-carrier requires a frac-
tional increase in hardware resource consumption.

• Provide a comparative analysis of hardware implemen-
tation of the star and ring topologies with hardware
architectures of contemporary MIMO uplink detection
techniques at the system level. The star and ring topolo-
gies are feasible to implement on FPGA with high energy
efficiency.

For notations, uppercase bold letter represents a matrix and
lowercase bold letter represents a column vector. (t) denotes tth

iteration. L2 vector norm is represented as ||.||2. ∇x represents
first degree gradient operator w.r.t to x. ∇2

x represents second
degree gradient operator w.r.t to x. E represents expectation
operator. For a matrix A ∈ CB×U , [a1 a2 a3 . . . aU ]
represents A as set of column vectors, where ai ∈ CB×1. For
a matrix A, AH represents complex conjugate transpose of
A. The operation diag(.) extracts major diagonal of a square
matrix as a column vector. The operation diagdiag(.) is the
inverse of diag(.) and constructs diagonal matrix with given
column vector as a major diagonal.

The paper is organized as follows; Section I.A discusses
related work on Massive MIMO uplink detection techniques,
specifically motivating the need for decentralized processing
techniques. Section I.B presents the novel contributions of
the current work. Section II lays the foundation for the
decentralized Newton-based MIMO uplink detection technique
and derives topological architectures for hardware implemen-
tation. Section III provides a comparative analysis against
interconnect bandwidth for contemporary decentralized MIMO
uplink detection techniques. Section IV analyses the com-
putational complexity of contemporary decentralized MIMO
uplink detection techniques. Section V discusses simulation
and error rate performance analysis for decentralized MIMO
uplink detection techniques. Section VI provides hardware
implementation for the ring and star topologies and draws
detailed hardware implementation analysis for both topologies,
with comparative analysis with other decentralized MIMO
uplink detection techniques. Section VII ends the discussion
with the conclusion and future potential of ring and star
topologies.

II. PROPOSED TECHNIQUE

For the pre-processing of the DN method, local objective
function fc for c = 1, 2, . . . ,C at every cluster is constructed.
For a generic BS model, a BS with B antennas serving U
number of UEs is considered. Without loss of generality,
every UE is assumed to be equipped with a single antenna.
Expression y=Hx+n represents MIMO uplink signal at BS,
where y ∈ CB×1 is the vector representing receive signal
over B antennas of the BS, x ∈ CU×1 being signal estimate,

which is transmitted from the UEs to BS. H ∈ CB×U

is the wireless channel model. n ∈ CB×1 is the channel
noise. x is mapped to Q bits symbol which form 2Q -QAM
modulation. As shown in Fig. 1, B antennas, H and y are
equally distributed into C clusters such that every cluster c
is characterized by local antennas Bc, local channel matrix
Hc ∈ CBc×U and local received signal vector yc ∈ CBc×1.
The total number of antennas for the BS is represented as
B = ∑C

c=1 Bc. Hc = [h1,c h2,c h3,c . . .hu,c] where u =
1, 2, 3 . . .U ; c = 1, 2, 3 . . .C . Hc and yc are known locally
only to the cluster c and are not exchanged within clusters.
Lemma 1: Given Hc and yc for c = 1, 2, 3 . . .C , uplink

estimate at t th iteration can be computed as:

x(t) = x(t−1) − (D)−1

(
C∑

c=1

(HH
c Hcx(t−1) − HH

c yc)

)
(1)

The detailed derivation of eq. (1) is postponed to the
Appendix whereas Topologies 1 and 2 show the DN algorithm
(c.f. Appendix) using two different hardware topologies as
depicted in Fig. 1. The algorithm is terminated at iteration
t = T to obtain x(T ), which is processed using QAM decoder
to obtain the uplink signal estimate. While computing eq. (1)
it is important to note quantities that are static for a specific
interval. In MIMO uplink signal transmission, the channel
statistical characteristics remain constant during a specified
interval of time. This time interval is called coherent time and
Hc for c = 1, 2, 3 . . .C remains constant during the coherent
time interval. Hence, the Gram matrix HH

c Hc for each cluster
and the approximate Hessian diagonal matrix D at apex cluster
C have to be computed once every coherent time interval.
Thus matrix multiplication of D−1 with eq. (5) involves U
complex divisions, which is insignificant as compared to the
total complex multiplications involved in overall algorithm.

On a single cluster, eq. (10) is implemented to obtain
an uplink signal estimate. However, it is essential to design
architectures that can be implemented to accumulate local
computations at a single cluster.

In essence, the ring and star topologies for the DN algo-
rithm for the MIMO uplink detection algorithm are proposed.
These topological architectures enable the provision of explicit
trade-offs among system latency, throughput, interconnect
bandwidth, energy efficiency and hardware resource consump-
tion. Fig. 1 shows the implementation of both topological
architectures. Partial computations in a cluster are represented
in eq. (6) and (5).

The ring topology is characterized by clusters organized in
daisy-chain fashion. Every cluster is exactly connected to two
adjacent clusters. Except the apex cluster, all the clusters are
identical in functionality. Thus, every cluster receives partial
computations from prior cluster, appends its local partial
computations and sends resultant computations to the next
cluster in the daisy-chain. All the cluster interconnections are
unidirectional. As shown in Fig. 1.a, cluster C acts as an apex
cluster. The apex cluster provides partial computations and
also computes eq. (10) to produce x(t) at the tth iteration.
To facilitate the flow of partial computations between the
interconnected clusters, the interconnect variables p ∈ CU×1
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Fig. 1. DN based MIMO uplink detector implemented using a) ring topology with C clusters and interconnect variables as p ∈ CU×1, q ∈ CU×1 and b)
star topology with C clusters and interconnect variables as pc ∈ CU×1, qc ∈ CU×1, where c = 1, 2, 3, . . . ,C − 1. Every antenna cluster c with Bc antennas
is responsible for processing local partial computations. Hc and yc is local to every cluster and is not exchanged between clusters.

Topology 1 DN Ring Topology
Input: Hc, yc c = 1, 2, 3 . . .C
Output: x(T )

Initialization:
Calculate Dc from Hc using eq.(8) for c = 1, 2, 3 . . .C
Initial iteration t = 1
for c = 1 to C do

xc ← D−1
c (HH

c yc)
p ← p + diag(Dc) {Accumulate: eq.(9)}
q ← q + (HH

c Hcxc − HH
c yc) {Accumulate: eq.(5)}

if c = C then
D = diagdiag(p) {Local store D at cluster C}
x(1) ← xc − D−1q {Evaluate: eq.(10)}
p ← x(1) {Broadcast x(1)}
q ← 0 {Flush}

end if
end for
for t = 2 to T do

for c = 1 to C do
q ← q + (HH

c Hcp − HH
c yc) {Accumulate: eq.(5)}

if c = C then
x(t) ← x(t−1) − D−1q {Evaluate: eq.(10)}
p ← x(t) {Broadcast x(t)}
q ← 0 {Flush}

end if
end for

end for

and q ∈ CU×1 are considered. For the initial iteration
t = 0, the variable p accumulates diagonal vector of Dc

from non-apex clusters to the apex cluster C . The aggregate
of Dc for c = 1, 2, 3 . . .C is available as D at the apex
cluster and does not need to be computed until the next
coherence time interval (since Hc remains constant during
the coherent time interval.) For the next subsequent iterations
t = 2, 3, . . . T , the variable p is set with x(t) at the apex
cluster to be broadcasted and utilized for (t + 1)th iteration
in the computation of eq. (5). Since x(t) is available at the
end of iteration t , xc is the local estimate used by cluster c
in the computation of eq. (5) for t = 0. Initial estimate xc

Topology 2 DN Star Topology
Input: Hc, yc c = 1, 2, 3 . . .C
Output: x(T )

Initialization:
Calculate Dc from Hc using eq.(8) for c = 1, 2, 3 . . .C
Initial iteration t = 1
for c = 1 to C do

xc ← D−1
c (HH

c yc)
pc ← diag(Dc)
qc ← (HH

c Hcxc − HH
c yc)

if c = C then
p = ∑C

c=1(pc) {Accumulate: eq.(9)}
q = ∑C

c=1(qc) {Accumulate: eq.(5)}
D = diagdiag(p) {Local store D at cluster C}
x(1) ← xc − D−1q {Evaluate: eq.(10)}
pc ← x(1) {Broadcast x(1)}
qc ← 0 {Flush}

end if
end for
for t = 2 to T do

for c = 1 to C do
qc ← (HH

c Hcpc − HH
c yc)

if c = C then
q = ∑C

c=1(qc) {Accumulate: eq.(5)}
x(t) ← x(t−1) − D−1q {Evaluate: eq.(10)}
pc ← x(t) {Broadcast x(t)}
qc ← 0 {Flush}

end if
end for

end for

is computed from Matched Filter HH
c yc and the approximate

Hessian Dc. For all the iterations, variable q accumulates first
gradient as partial computations of eq. (5). The DN algorithm
for MIMO uplink detection mapped onto the ring topology is
outlined in Topology 1.

The star topology is characterized by clusters connected to a
single central processing cluster. The central processing cluster
is the apex cluster denoted by C . The apex cluster is connected
to other C−1 non-apex clusters. While every non-apex cluster
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Fig. 2. Comparison of interconnect bandwidth for different decentralized
MIMO uplink detection techniques with U = 8, Bc = 32 and T = 3.

is only connected to the apex cluster, the partial computations
from all non-apex clusters are parallelly accumulated at the
apex cluster. All the cluster interconnections are bidirectional.
Similar to the ring topology, apex cluster provides partial
computations along with eq. (10) to compute x(t) at the t th

iteration. For interconnect transfers, the variables pc ∈ CU×1

and qc ∈ CU×1 for clusters c = 1, 2, 3 . . .C are considered,
which handle interconnection transfer between the apex cluster
and non-apex clusters. Partial computations for pc and qc for
apex cluster c = C are done internally. For initial iteration
t = 0, the variable pc accumulates diagonal vector of Dc

from all non-apex clusters at the apex cluster to form D,
which remains constant for the coherent time interval. For the
next subsequent iterations, pc broadcasts x(t) to all non-apex
clusters c = 1, 2, 3, . . .C −1 at the (t +1)th iteration. Similar
to the ring topology, eq. (5) is computed using the local
estimate of xc for the initial iteration t = 0. For all the itera-
tions, the variable qc for c = 1, 2, 3 . . .C accumulates partial
computations of eq. (5) to the apex cluster. The proposed DN
algorithm for MIMO uplink detection mapped onto the star
topology is outlined in Topology 2.

III. INTERCONNECT BANDWIDTH

In centralized MIMO detection techniques, data from B
antennas have to be transferred to the computing circuit
of the apex cluster, which becomes a bottleneck when the
detection technique is scaled to very large B as the bandwidth
between antennas and computing circuit is dependent on B .
So, decentralized MIMO detection techniques are employed,
where B antennas are distributed into C clusters, and every
cluster performs local partial computations. Local partial com-
putations are aggregated over to the apex cluster to produce
uplink signal estimation. For the apex cluster, the interconnec-
tion bandwidth is independent of B in decentralized MIMO
uplink detection techniques, thereby mitigating for high data
transfer between clusters. Fig.2 evaluates average intercon-
nect transaction occurring during the coherent time interval
of 1.0 millisecond (mapped to Ncoh = 14 symbols) at the
apex cluster.

TABLE I

COMPARISON OF INTERCONNECT BANDWIDTH

For interconnect bandwidth analysis, every real entity is
denoted as a word and a complex number is comprised of 2
words[14]. Interconnect bandwidth is measured by average
words transferred during a coherence interval. On considering
a prominent scenario for which the estimated channel in
the uplink is static across a coherent time interval of Ncoh

contiguous symbols, T be the number of total iterations and
C be the total number of clusters. For calculating words
transacted by apex cluster for a decentralized algorithm, input
and output signals are taken into account for every iteration.
Interconnect transfer for LAMA-PD and LAMA-FD is given
in [14]. For DN method, approximate local Hessian needs
to be transmitted to the apex cluster once every coherent
interval, which comprises of U words (real-valued diagonal
elements). Accordingly, the apex cluster in the ring topology
receives an aggregate of (2Ncoh + 1)U words during the
first iteration considering all symbols in coherence interval.
During subsequent iterations, the apex cluster transmits an
aggregate of 4Ncoh(I − 1)U words and receives an aggregate
of 2Ncoh(I −1)U words for all symbols in coherence interval.
For the star topology, the apex cluster receives an aggregate
of (2Ncoh + 1)CU words during the first iteration considering
all symbols in coherence interval. For subsequent iterations,
the apex cluster transmits an aggregate of 2Ncoh(I − 1)U
words and receives an aggregate of 2Ncoh(I − 1)U words for
all symbols in coherence interval. The average interconnect
transfer for the ring and star topologies for coherence time
interval is the average of total words transmitted and received
for Ncoh symbols for all iterations T , which is outlined
in Table. I.

EP-LLR has the highest interconnect bandwidth. The inter-
connect bandwidth of the star topology is lower than ADMM-
GS, EP and EP-LLR. For low number of BS antennas, DCD
has a lower interconnect bandwidth than the ring topology.
However, as the number of BS antennas increase, bandwidth of
DCD also increases and surpasses that of constant bandwidth
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of ring topology. DCD has a lower symbol-error rate per-
formance with higher apex cluster computational complexity
as compared to DN, which can be used to trade-off with
DN even at lower number of BS antennas. LAMA-PD and
LAMA-FD also have lower interconnect bandwidth than star
topology, however, comparatively they have higher compu-
tational complexity and are less robust in practical wireless
channel environments as investigated in [22]. The interconnect
bandwidth for the star topology, EP, EP-LLR, LAMA-PD,
LAMA-FD and DCD depends on the number of the clusters.

To improve upon the interconnect bandwidth performance
for the DN algorithm, the ring topology exhibits lower inter-
connect bandwidth than LAMA-PD. The interconnect band-
width of Daisychain SGD is lower than the ring topology,
however it has a lower symbol-error rate performance by at
least 3 dB and has a limitation of a single antenna per cluster.
K-ary is a generic topology and has the lowest interconnect
bandwidth which is provided for reference. The ring topology,
Daisychain SGD and K-ary maintain constant interconnect
word transfer on scaling the BS for large B antennas and
the apex cluster does not have to be hardware reconfigured
while varying B . Adapting the proposed DN algorithm for
K-ary topology to further reduce the interconnect bandwidth
is a non-trivial task and is part of ongoing research.

IV. COMPLEXITY ANALYSIS

The computational complexity of an algorithm is mainly
characterized by the number of complex multiplication and
division operations. It is important to evaluate the computa-
tional complexity of MIMO uplink detection algorithms when
the parameters of U, B, C, Bc, and T are varied for different
MIMO system configurations. As Bc and T are fixed in scaling
MIMO configuration, the critical parameters to be considered
are U, B and C for analyzing the computational complex-
ity. The MAP based MIMO uplink detection techniques of
LAMA-FD, LAMA-PD, EP and EP-LLR involve exponential
operation to compute the signal variance. Hence, for deriving
VLSI architectures based on these algorithms, it is critical to
explicitly account for the computational complexity for the
implementation of exponential operation to ensure numerical
stability. The performance of MAP based MIMO uplink detec-
tion algorithms depends on numerical stability, specifically at
high SNR when variance becomes infinitesimally small.

The computational complexity of decentralized MIMO
uplink detection algorithms is evaluated in Table. II. The order
of computational complexity for the proposed DN algorithm is
not affected by the choice of the topology. The EP algorithm
has the highest computational complexity of third order at
the non-apex clusters due to explicit matrix inversion. The
LAMA-FD, LAMA-PD and ADMM-GS exhibit computa-
tional complexity of second order, however ADMM-GS does
not involve the computation of the exponential operations.
The Daisychain SGD exhibits second order computational
complexity in terms of U and depends on the number of BS
antennas B , uniform across all clusters. The proposed DN,
DCD and EP-LLR exhibit linear computational complexity
across the apex cluster. The DN algorithm’s computational

TABLE II

COMPLEXITY COMPARISON

complexity is dominantly affected by computation of Gram
matrix HH

c Hc at the non-apex clusters. However, as compared
to DCD and EP-LLR, the computational complexity of the DN
algorithm is lower at apex cluster.

V. ERROR RATE PERFORMANCE ANALYSIS

Decentralized MIMO detection techniques are compared
by performing simulation of BS with 128 antennas servicing
8 UEs in Gaussian i.i.d and 3GPP SCM as channel models.
Also, each of these system configurations is simulated with
16-QAM to analyze the effect of modulation scheme over
symbol error-rate performance. DN method is simulated with
the floating-point as well as fixed-point (inline with HLS
analysis). For the simulation, 32-bit data type with 16-bit
for the real part and 16-bit for the imaginary part of com-
plex number representation is used, both for floating and
fixed-point analysis. Since, the ring and the star topologies
are architectures for VLSI hardware implementations, they do
not affect the symbol error-rate performance of the proposed
DN algorithm since both equate eq. (1) using the algorithm
outlined in Appendix X. All arithmetic operations for the sim-
ulation are performed using Python Numpy [31] and Python
Mpmath [32].

Fig. 3.a and 3.b compares the symbol-error rate performance
of the MIMO detection techniques with i.i.d Gaussian channel
model. For a realistic channel model, the statistical model of
a correlated fading channel model[33] for the channel matrix
Hc is represented by Hc = �

1/2
BS Ai.i.d�

1/2
UE , where Ai.i.d ∈

CB×U represents i.i.d Rayleigh fading channel, while �BS ∈
CB×B and �UE ∈ CU×U are correlation matrices for BS
and UE respectively. Using the correlated fading model, 3GPP
SCM channel correlation matrices are generated [34], [35] for
BS and UE. An urban scenario with micro cell distribution is
assumed for channel matrix generation, where the users are
randomly distributed within a cell radius of 500m. The carrier
frequency is set to 3.5GHz while the BS antenna elements
spacing is half the wave length. Fig. 3.c and 3.d compares
symbol-error rate performance of MIMO detection techniques
for 3GPP Spatial Channel Model.

Overall, EP algorithm provides the best symbol-error rate
performance, while Daisychain SGD requires the highest SNR
to converge. EP algorithm provides optimal performance at
cost of high interconnect bandwidth at low SNR. Output

Authorized licensed use limited to: Universite du Quebec a Trois-Rivieres. Downloaded on May 23,2024 at 20:52:46 UTC from IEEE Xplore.  Restrictions apply. 



3738 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 68, NO. 9, SEPTEMBER 2021

Fig. 3. Performance comparison of MIMO uplink detection algorithms for MIMO system configuration of B = 128, U = 8, C = 4 for 16-QAM modulation
in i.i.d Gaussian channel model with 3 iterations (a) and 4 iterations (b) and in 3GPP Spatial Channel Model with 3 iterations (c) and 4 iterations (d).

equalization by EP is followed by soft-output detection [25],
involving noise statistics computation. ADMM-GS is a second
order algorithm which achieves fast convergence with increase
in T . LAMA-PD and LAMA-FD do not converge for realistic
3GPP SCM[22]. DCD has linear computational complexity
and achieves slower convergence as compared to ADMM-GS
with increase in T . For the proposed DN method, the Hessian
is approximated using diagonal dominance characteristics of
the matrix HH

c Hc for c = 1, 2, 3, . . .C , which saves intercon-
nect bandwidth and provides close to ZF performance using
hard-output detection.

VI. HARDWARE IMPLEMENTATION PERFORMANCE

ANALYSIS

An FPGA is a reconfigurable computing technology for
VLSI implementation, the design flow being different than

ASIC. For the ring and star topologies, the XILINX VIRTEX-
7 FPGA device is used for VLSI hardware implementation
analysis. The fundamental pre-verified resource elements of an
FPGA for VLSI implementation are Flip-Flops (FF), Look-up
Tables (LUT), Digital Signal Processor slices (DSP48E),
Block RAM of 18kB (BRAM_18K). Analysis of system
parameters of throughput, resource consumption, latency, and
energy efficiency for the ring and star topologies is performed
on FPGA. As the ring topology with additional sub-carrier
processing demands more FPGA resources, XILINX VIR-
TEX ULTRASCALE+ FPGA device is used for this analy-
sis. Vivado HLS [36] is a high-level synthesis (HLS) tool
used for VLSI hardware prototyping. In the implementation,
HLS datatype x_complex [36] is used, which performs arith-
metic bit alignment operations implicitly for complex arith-
metic operations. Implementing an algorithm on FPGA and
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Fig. 4. The architecture diagram of MIMO uplink detection technique using the DN method. The star topology’s apex cluster is shown in b) inherits the
functionality of the star topology non-apex cluster shown in a). Similarly, the apex cluster for ring topology shown in d) inherits the functionality of the ring
topology’s non-apex cluster shown in c). All the clusters for a particular topology are implemented in a single FPGA fabric for evaluation.

TABLE III

FPGA HARDWARE RESOURCE ESTIMATES FOR DN RING TOPOLOGY, SINGLE SUB-CARRIER WITH 16-QAM AND Bc = 32 IMPLEMENTED ON XILINX
VIRTEX-7 (XC7VX690T)

optimizing for performance using Vivado HLS is a non-trivial
task.

HLS optimizations are applied strategically on specific
arithmetic operations in the hardware architecture [37] to
achieve trade-off in system latency, throughput and FPGA
hardware resources utilization. HLS optimizations are applied

on algorithm loop iteration or functional units. Hence,
the architecture diagram for a cluster implementation of the
ring and star topologies is provided in Fig. 4 for behav-
ioral analysis, where critical arithmetic operations involving
loop iterations and functional units are identified. The Gram
matrix computation is the key operation with significant
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computational complexity. Also, the key interconnect variables
are identified between different functional units in the archi-
tecture to analyse the dependency on loop iterations.

For every cluster c, local memory registers are synthesized
by BRAM_18K or LUT on the FPGA. Every cluster involves
Gram Matrix (HH

c Hc) and Matched Filter (HH
c yc) computa-

tions, which are computed parallelly. Hc is stored in local
memory and utilized for every iteration. The Gram Matrix
is computed at every channel coherence time interval, while
Matched Filter is computed for every uplink symbol detection.
Every cluster caches data from interconnect variables (p and
q for the ring topology, and pc and qc, where c = 1, 2, 3 . . .C
for the star topology) using local buffers. The buffers are syn-
thesized using BRAM_18K/LUT and operate in FIFO fashion.
For the star topology, the input and the output buffers are
routed to a single interconnect link, since the data flow in the
interconnect variables are bidirectional. For the ring topology,
the input and the output buffers are routed to separate input
and output interconnect link as the data flow in interconnect
variables is unidirectional.

Vivado HLS provides a pragma directive for optimizing
hardware implementation [37] on FPGA to achieve a trade-off
between system latency and FPGA hardware resource con-
sumption.

A. Hardware Implementation Strategies

In Register Transfer Level (RTL) implementation, a non-
apex cluster unit is built as a sub-function. For the first gradient
calculation, the matrix multiplier IP core from HLS linear
algebra library [36] is optimized for x_complex data-type
with a fully unrolled outer row loop using pragma directive
HLS UNROLL. In both topologies, every cluster (apex and
non-apex) is allocated with matrix multiplier IP core with
inline optimization using pragma directive HLS INLINE [37].
Inline optimization reduces processing latency of the matrix
multiplier IP core at the expense of an increase in FPGA hard-
ware resource consumption, as it constructs dedicated RTL
implementation for every instance of the cluster. Dual port
RAM resource implementation is used to store local channel
matrix Hc and local receive signal yc. Read access to HH

c Hc

and Hc are completely array partitioned in the first dimension
using pragma directive HLS ARRAY_PARTITION [37]. Array
partition optimization allows parallel access for every row vec-
tor of HH

c Hc and Hc, which is unrolled with factor of U using
pragma directive HLS UNROLL. Also, every cluster instance
is pipelined using pragma directive HLS_PIPELINE [37],
which reduces cluster initiation interval [36] and critical path
of the cluster. In the star topology, the non-apex cluster unit
only transmits pc and qc to the apex cluster unit. In the ring
topology, every cluster unit also consists of an accumulator
processing for p and q for gradient processing.
The apex cluster is built as a separate sub function and embeds
functionality of non-apex cluster to calculate first gradient
and the Hessian approximation. Additionally, the apex cluster
performs computation of eq. (10) for every iteration t. In the
star topology, the apex cluster also accumulates pc and qc

for c = 1, 2, 3, . . .C available from the non-apex cluster,

before evaluating x(t) for tth iteration. Thus, the apex cluster
in the star topology has C links for each pc and qc where
c = 1, 2, 3, . . .C . Complex division for eq. (10) performed
at apex cluster C for both topologies is fully unrolled using
pragma directive HLS UNROLL with factor of U, which
creates dedicated RTL division logic to handle each user
computation of elements of x parallelly. All variables are
implemented using dual port RAM optimized by pragma
HLS RESOURCE with RAM_2P. RTL logic is realized using
Configurable Logic Blocks (CLB) in FPGA [38], [39]. For the
current work, the ring and star topologies are implemented
on single FPGA fabric, which uses programmable intercon-
nects between Configurable Logic Blocks (CLB) for routing
algorithm.

In the ring topology, the top-level HLS synthesis function
instantiates apex cluster and non-apex clusters and creates
dedicated RTL implementation for every iteration of cluster
instantiation. This is achieved by completely unrolling the
top-level HLS synthesis function by using pragma directive
HLS UNROLL [37]. Variables p and q are updated after every
cluster processing for every iteration as outputs and become
inputs to the next cluster in ring order. This dependence is
explicitly enforced on the interconnect variables p and q using
pragma HLS DEPENDENCE with Read-After-Write (RAW)
option, which ensures these variables are read by the next
cluster only after the write operation is performed by the
current cluster. The sequential nature of ring topology enables
complete unrolling of ring topology implementation to process
additional sub-carrier in parallel.

In the star topology, non-apex clusters are connected to
the apex cluster using dedicated variables pc and qc where
c = 1, 2, 3, . . .C . In the top-level HLS synthesis function,
all non-apex clusters are instantiated with dedicated RTL
logic using pragma HLS UNROLL. Every non-apex cluster
c updates associated pc and qc parallelly and is conveyed
back to apex cluster for computing p and q and thereby x(t)

for the tth iteration. The assembly of the non-apex clusters
and the apex cluster is unrolled for every iteration using
pragma HLS UNROLL directive. Interconnect variables pc

and qc for non-apex clusters are enforced with RAW depen-
dence using pragma HLS DEPENDENCE for subsequent
iterations.

After running the behavioral simulation for the ring and
the star topologies, the respective architecture is synthe-
sized taking account of the HLS optimizations in the RTL.
After resolving critical paths, the cluster computing is time
scheduled as given in Fig. 5 for MIMO configuration of
U = 8, B = 128, C = 4 and t = 3. For ring topology time
scheduling as shown in Fig. 5.a, owing to inter-dependency
among the interconnect variables, the clusters are scheduled
sequentially for every iteration t = 1, 2, 3 . . . T . For the star
topology, the time schedule as shown in Fig. 5.b, the non-
apex clusters are scheduled parallelly since every non-apex
cluster has dedicated interconnect variables with no inter-
dependency. After every time interval of the non-apex cluster
computation, the apex cluster computes x(t) for every iteration
t. The channel matrix Hc is accessed from the local memory
and yc is accessed from the RF frontend at initial iteration
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Fig. 5. The scheduling diagram from Vivado HLS Schedule viewer for the ring topology as shown in a) and the star topology as shown in b) for MIMO
system configuration of B = 128, U = 2, C = 4, Bc = 32 and T = 3. For both topologies, Hc and yc are accessed by each cluster during the initial
iteration. The clusters are unrolled using pragma HLS UNROLL for each iteration t .

t = 0. After time scheduling, the maximum clock frequency
for the architecture is estimated by the static timing analysis.

B. Hardware Implementation Performance Analysis

In hardware analysis, evaluation of the system parameters of
latency, throughput, and on-chip power consumption for vari-
ous MIMO system configurations for star and ring topologies
is done. Specifically, a comparison between MIMO BS with
B = 64 and B = 128 is drawn, which provides insights into
change in system parameters with a change in clusters. Within
particular MIMO BS, insights are provided into MIMO system
configuration with UEs as U = 2, 4, 6 and 8 to evaluate the
change in system parameters with the change in the number of
UEs serviced by the system. Fig. 5 describes cluster scheduling
for the star and ring topology for specific MIMO system
configuration. Latency in terms of the clock cycles changes
with MIMO system configuration, however, the characteristic
scheduling order remains constant. For power profiling, Xilinx
Power Estimator [41] is used to estimate the worst-case on-
chip power consumption for different MIMO configurations
presented here. For profiling, ambient temperature (25◦C) and
250 Linear Feet per Minute (LFM) air supply with heat sinking
as environment variables are configured. Clock toggle rate
of 12.5% and enable rate of 50% is used for clock simulation.
Hardware implementation for ring topology and star topology
presented in Table. III and Table. IV, respectively.

1) Ring Topology Resource Analysis: Table. III gives com-
parative analysis for the ring topology for the system parame-
ters. When the system with B = 64 (T = 3) is scaled from
U = 2 configuration to support U = 8 configuration, overall
system throughput increases by 2.2×, however throughput per
UE suffers a decrease of 21%. On scaling from B = 64 to
B = 128 (T = 3), throughput variation remain similar for
system to that of B = 64 (T = 3) from U = 2 to U = 8.
When star topology with B = 64 (T = 3) is scaled from
U = 2 configuration to support U = 8 configuration, overall
system throughput increases by 2.4×, however throughput per
UE suffers a decrease of 15.4%. On scaling from B = 64

to B = 128 (T = 3), throughput variation remain similar to
that of B = 64 (T = 3) from U = 2 to U = 8. There is
no throughput variation for both topologies on increasing the
number of iteration.

For the ring topology, by scaling the BS station to support
additional UEs, FPGA hardware resources per UE increase
fractionally. When the system with B = 64 (T = 3) is scaled
from U = 2 configuration to support U = 8 configuration,
there is drastic change in FPGA resource consumption per
UE from U = 2 to U = 8 as 72% decrease in DSP48E,
51.7% decrease in FF, 40.7% decrease in LUT but 50%
increase in BRAM is observed. On comparing FPGA resource
consumption per UE for specific U , DSP48E and BRAM
usage gets doubled for B = 128 than that for B = 64.
However, for FF and LUT consumption per UE for specific
U , a higher number of UE requires less increase in FF and
LUT as compared to the lower number of UE, when the
system is scaled from B = 64 to B = 128. For example,
from B = 64 to B = 128, FF and LUT increases by 45.4%
and 33.8% respectively for U = 8 as compared to 73.9%
and 58% increase respectively for U = 2. For B = 64
and B = 128, adding an iteration with the same throughput
increases DSP48E, FF, and LUT by an average of 33% with no
additional BRAM requirement, for all UE cases. When system
is scaled from B = 64 to B = 128 with T = 3 for specific
number of UE, latency increase is more for higher number of
UE (58% for U = 2 as compared to 69.7% for U = 8). For
B = 64 (T = 3), addition of 2 UE to U = 2 increases latency
by 22.3% as compared to addition of 4 UE to U = 4 with
just 2% increase. Whereas for B = 128, addition of 2 UE to
U = 2 and 4 UE to U = 4 costs 26.3% and 6% increase in
latency respectively. Thus, as the number of UE increase for a
particular BS, additional UE can be added at a lower increase
in latency. Implementing additional iteration causes an 30%
average increase in latency across B = 64 and B = 128 for
all UE cases.

2) Star Topology Resource Analysis: Star topology com-
parative analysis is presented in Table. IV. By scaling BS
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TABLE IV

FPGA HARDWARE RESOURCE ESTIMATES FOR DN STAR TOPOLOGY, SINGLE SUB-CARRIER WITH 16-QAM AND Bc = 32 IMPLEMENTED ON XILINX
VIRTEX-7 (XC7VX690T)

station to support additional UE, FPGA hardware resources
per UE increase fractionally. On the contrary, there is a drastic
change in FPGA resource consumption per UE from U = 2
to U = 8 as a 70.6% decrease in DSP48E, a 61.54% decrease
in FF, 58.20% decrease in LUT is observed. FPGA resource
consumption per UE for specific U, DSP48E usage gets
doubled for B = 128 than that for B = 64. However, for FF
and LUT consumption per UE for specific U, system servicing
a higher number of UE requires less increase in FF and LUT
as compared to system servicing a lower number of UE, when
two clusters are added to the system with B = 64. For
example, from B = 64 to B = 128, FF and LUT increases by
73% and 69.15% respectively for U = 8 as compared to 90%
and 82.8% increase respectively for U = 2. For B = 64 and
B = 128, adding an iteration with same throughput increases
DSP48E, FF and LUT by an average of 33%, 30% and 28%
respectively, for U = 2, 4 and 8. When system is scaled from
B = 64 to B = 128 with three iteration, latency increase
is constant at 6 clock cycles for all UE cases. Relatively,
addition of two clusters to B = 64 costs 2.5%, 2.34% and
2.0% increase in latency for U = 2, 4 and 8 respectively.
Implementing additional iteration causes an average of 30.5%
increase in latency across B = 64 and B = 128 for all UE
cases.

3) Power Consumption Analysis: For ring topology,
although total power consumption increases with the number
of UE, the power consumed per UE decreases, and bits per
Joule increase with the number of UE for a particular BS.
For instance, from scaling U = 2 to U = 8 (T = 3), power
consumption per UE drops by 64% for B = 64 and 66.4%
for B = 128, whereas bits per Joule increase by 1.23× for
B = 64 and 1.32× for B = 128, making it more power-
efficient. The addition of cluster increases power consumption
fractionally. By scaling from B = 64 to B = 128 (T = 3),

TABLE V

FPGA HARDWARE RESOURCE ESTIMATES FOR DN RING TOPOLOGY,
MULTIPLE SUB-CARRIERS WITH 16-QAM, Bc = 32, B = 128, U =

8 AND C = 4 ON XILINX VIRTEX ULTRASCALE+ (XCVU13P)

power consumption per UE increases by 49.5%, 46.3% and
41.2% for U = 2, 4 and 8 respectively, which causes drop in
bits per Joule by 33.1%, 31.6% and 29.21% for U = 2, 4 and
8 respectively. Addition of iteration to three iteration system
increases power consumption per UE by an average of 22.4%
for B = 64 and 25.6% for B = 128, whereas decreases bits
per Joule by an average of 18.2% for B = 64 and 20.36%
for B = 128 for all UE cases. Ring topology with a single
sub-carrier can process additional sub-carrier at approximately
30% reduced latency as shown in Table. V. While process-
ing the second sub-carrier, FPGA resource consumption for
DSP48E, FF, and BRAM has almost doubled while LUT
consumption increases by 53%. Throughput is increased by
1.39× for two sub-carrier as compared to single sub-carrier
processing, with a 61% increase in power consumption per
UE and a 53% increase in bits per Joule.
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TABLE VI

COMPARISON OF DECENTRALIZED MASSIVE MIMO UPLINK DETECTION TECHNIQUES

For the star topology, although power consumption increases
with the number of UEs, the power consumed per UE
decreases, and bits per Joule increase with the number of UE
for particular BS similar to the ring topology. For instance,
from scaling U = 2 to U = 8 (T = 3), power consumption
per UE drops by approximately 70% for B = 64 and B = 128,
whereas bits per Joule increase by approximately 1.8× for
B = 64 and B = 128. The addition of clusters increases
power consumption and causes a decrease in bits per Joule.
By scaling from B = 64 to B = 128 for T = 3, power
consumption per UE increases by 69%, 69% and 66.5% for
U = 2, 4 and 8 respectively, which causes drop in bits per
Joule by 37.52%, 37.00% and 36% for U = 2, 4 and 8
respectively. Addition of iteration to three iteration system
increases power consumption per UE by an average of 19.6%
for B = 64 and 24.6% for B = 128, whereas decreases bits
per Joule by an average of 16.4% for B = 64 and 19.4% for
B = 128.

4) Comparative Performance Analysis: On comparing the
ring and star topologies, the choice of topology is dependent
on the trade-off among interconnect bandwidth, throughput,
energy efficiency and latency. On comparing similar MIMO
configurations between the ring and star topologies, ring topol-
ogy provides more throughput at expense of increased latency
as compared to the star topology for B = 64 and B = 128 for
all UE cases. Ring topology maintains constant interconnect
bandwidth on the addition of clusters, with no RTL recon-
figuration required for the apex cluster or non-apex clusters
on scaling MIMO configuration for B . For similar MIMO
configurations, star topology provides low latency as compared
to the ring topology at the expense of reduced throughput.
Also, the star topology provides a more deterministic latency
increase by scaling MIMO configuration by the number of UE
or clusters as compared to a ring topology. On the contrary,
the ring topology processes additional sub-carrier (Table. V)
at a fractional increase in latency and power consumption
per UE as compared to the star topology, providing high
throughput gain at the expense of twice the FPGA resource
consumption.

Table. VI compares decentralized MIMO detection
techniques implemented as FPGA and GPU prototypes.
FD-LAMA [40] is a variant of LAMA-FD, which implements
a hyperbolic tangent function for LAMA iterations, thereby
increasing algorithm computational complexity. LAMA
algorithm is not robust for a realistic channel environment[22].
On the application note, the star topology is favorable for
a 3GPP SCM scenario that needs to be scaled with a
large number of clusters at low latency at expense of high
interconnect bandwidth. On the contrary, the ring topology is
favorable for a 3GPP SCM scenario that requires scaling for
a large number of clusters at constant interconnect bandwidth
and high throughput, at expense of increased latency.

VII. CONCLUSION AND FUTURE WORK

In this work, decentralized Newton (DN) algorithm for
decentralized MIMO uplink is presented, which is a novel
adaptation of the centralized Newton method. Also, two novel
hardware architectures for hardware implementation are pro-
posed. Also, a comparative analysis of scaling effects on para-
meters of throughput, latency, FPGA resource consumption,
and on-chip power consumption for both topologies is carried
out. The star topology is suited for MIMO configuration
scenarios that demand low-latency, while ring topology can
be implemented in MIMO configuration scenarios demanding
higher throughput and lower interconnect bandwidth. Interest-
ingly, it is possible to switch between topologies using smart
routing hardware to route the resource blocks allocated to
enhanced mobile broadband (eMMB) services and those ded-
icated to Ultra-High Reliability and Low Latency (URLLC)
services accordingly. In terms of scaling system for thousand
of BS antennas, the ring topology maintains low and constant
interconnect bandwidth as compared to star topology. Also,
the ring topology can process additional sub-carrier at a
fractional increase in the latency and power consumption.
The star topology can be scaled for a huge number of
clusters without incurring high latency. DN is a comparatively
low complexity algorithm providing close to ZF performance
which can be implemented feasibly on FPGA. FPGA is
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inherently power efficient as compared to GPU, which makes
FPGA implementation of DN algorithm power-efficient than
GPU implementation of other decentralized MIMO uplink
detection algorithms [15], [19].

In the future work, there is scope to implement and analyze
the ring and star topologies of DN method based MIMO uplink
detection using multiple FPGA, which would make the decen-
tralized implementation more modular. Although clusters with
an equal number of antennas per cluster are considered, both
topologies can be implemented with non-uniform distribution
of BS antennas among clusters.

APPENDIX

A. Proof of Lemma 1

fc(x) with fc : CU×1 → R is considered as local cost
function of cluster c and define it as:
fc(x) = ||Hcx − yc||22 = xHHH

c Hcx − 2yH
c Hcx + yH

c yc (2)

With ensemble of sample function fc(x) with respect to
c, F(x) is constructed as system objective function given as
F : CU×1 → R >= 0 for robust stochastic optimization [29],
defined such that:

F(x) = E ( fc(x)) = 1

C

C∑

c=1

fc(x) c = 1, 2, 3 . . .C (3)

By adapting Newton Method [27] to evaluate x(t), where
iteration t = 1, 2, 3 . . . T :

x(t) = x(t−1) −
(
∇2

x(t−1)F(x
(t−1))

)−1 ∇x(t−1)F(x(t−1)) (4)

where,

∇x(t−1)F(x(t−1)) = ∇x(t−1)E
(
fc(x(t−1))

)

= 1

C

C∑

c=1

(
∇x(t−1) fc(x(t−1))

)

= 2

C

C∑

c=1

(
HH

c Hcx(t−1) − HH
c yc

)
(5)

and,

∇2
x(t−1)F(x

(t−1)) = ∇2
x(t−1)E

(
fc(x(t−1))

)

= 1

C

C∑

c=1

(
∇2

x(t−1) fc(x
(t−1))

)

= 2

C

C∑

c=1

(
HH

c Hc

)
(6)

HH
c Hc is symmetrical positive-semidefinite and is decom-

posed arithmetically as:
HH

c Hc = Dc + Lc + LH
c (7)

where Dc, Lc and LH
c are diagonal, strictly lower triangular

and strictly upper triangular matrices. As HH
c Hc is a U × U

matrix, it needs U ×U dimensional interconnect between the
clusters. But, as HH

c Hc is diagonally dominant and its column
vectors being mutually orthogonal, it can be approximated as

HH
c Hc ≈ Dc [25], [30]. With this approximation, column

vector comprising diagonal of Dc can be exchanged and
accumulated between clusters as U × 1 dimensional column
vector, thus reducing interconnect bandwidth between clusters.
Accordingly, column vectors of Hc are used to calculate Dc.

(Dc)i j =
{

||hu,c||22 when i = j = u

0 otherwise
(8)

With approximation of Dc, second gradient is calculated as:

∇2
x(t−1)F(x

(t−1))= 2

C

C∑

c=1

(
HH

c Hc

)
≈ 2

C

C∑

c=1

(Dc)�
2

C
D (9)

While using eq. (5) and eq. (9) for evaluating eq. (4), factor
2
C gets canceled:

x(t) = x(t−1) − (D)−1

(
C∑

c=1

(HH
c Hcx(t−1) − HH

c yc)

)
(10)
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Chapter 4 - Heuristic methodology for FPGA based signed

approximate multiplication circuits.

4.1 Résumé Long

4.1.1 Contexte de la Recherche

Les opérations de multiplication jouent un rôle crucial dans la détection des signaux sans

fil, influençant la capacité de traitement et l’efficacité dans la gestion des transformations

mathématiques complexes. La précision dans ces opérations est essentielle pour maintenir

l’exactitude du système, impactant directement la fidélité du signal lors de la réception. Par

ailleurs, les opérations de multiplication consomment des ressources computationnelles

substantielles. Par conséquent, l’introduction d’approximations dans les opérations de

multiplication offre une opportunité d’améliorer l’efficacité énergétique (EE) globale de

la détection des signaux.

À mesure que les circuits matériels deviennent plus grands et plus complexes, il y a une

quête croissante de méthodes novatrices pour optimiser la consommation d’énergie et des

ressources matérielles associées. Le calcul approximatif a émergé comme un paradigme

attrayant, offrant un compromis où un sacrifice limité de précision peut conduire à une

amélioration de l’EE. Des techniques dédiées au calcul approximatif sont essentielles

pour l’implémentation sur FPGA, car les avantages dérivés de techniques croisées

entre les implémentations FPGA et Application Specific Integrated Circuit (ASIC) sont

asymétriques [67].
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4.1.2 Méthodologie

Cet article introduit la méthodologie LC pour introduire systématiquement une

approximation contrôlée dans les circuits précis pour les opérations de multiplication

signée au stade pré-synthèse, destinées à une implémentation sur FPGA. La méthodologie

LC réduit efficacement l’utilisation des LUT et le PDP pour les circuits précis Booth

et BW. Le travail différencie la structure logique des entités matérielles et analyse la

logique du circuit. La méthodologie repose sur des valeurs Truth Probability (TP),

permettant la création de circuits modulaires de multiplication approximative basés sur

un seul paramètre configurable, contrairement aux circuits approximatifs statiques.

La méthodologie LC permet une gestion précise des niveaux d’approximation dans les

circuits de multiplication à l’aide d’un réglage paramétrique unique. Pour évaluer l’impact

global de ces circuits approximatifs, leur effet sur la fidélité du signal dans la détection

montante ZF MIMO est évalué comme étude de cas, en remplaçant des multiplications

précises par des opérations de multiplication approximatives.

Les circuits de multiplication conçus pour des calculs approximatifs dans

l’environnement C sont compilés dans une bibliothèque dynamique pour accélérer la

simulation et fournir une précision numérique élevée. Cette bibliothèque est ensuite

connectée à une implémentation Python de la détection MIMO, où la matrice de canal

est générée aléatoirement pour la simulation. L’implémentation en C interagit avec

l’environnement Python via la bibliothèque ctypes. La bibliothèque NumPy est utilisée

pour les calculs numériques et Matplotlib pour la visualisation des données en Python.
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4.1.3 Synthèse Complète

En comparant les opérations de multiplication contemporaines sur 16 bits, Booth-Approx

obtient les meilleures valeurs pour Mean Error Distance (MED), Mean Relative Error

Distance (MRED), et Normalized Mean Error Distance (NMED), tandis que AxBM2

excelle en Max Rel. Les circuits de multiplication AxBM et MUL_xy_k présentent

des performances inférieures en termes de MED, MRED, et NMED. Les variantes LC

montrent des améliorations variées. LC-BW-1 améliore le MED de 1,5×, le NMED

de 1,5×, et Max Rel d’environ 2×, mais dégrade le MRED d’environ 1,1×. LC-BW-2

offre des améliorations encore plus importantes, augmentant le MED, NMED, et Max

Rel d’environ 3×, 3×, et 5×, respectivement, bien qu’il dégrade le MRED d’environ 6×.

LC-Booth-1 présente une dégradation du MED, MRED, et NMED d’environ 1,5×, 1,6×,

et 1,5×, respectivement. Cependant, il améliore significativement Max Rel par un ordre

de 103. LC-Booth-2 améliore le MED, MRED, et NMED d’environ 1,4×, 1,1×, et 1,4×,

respectivement, et Max Rel par un ordre de 103. LC-Booth-2 surpasse les circuits de

multiplication approximative contemporains dans toutes les métriques d’erreur.

Pour l’implémentation matérielle, Booth-Approx est le meilleur en termes de #LUT,

AxBM2 excelle pour le Critical Path Delay (CPD), et MUL_xy_k (x=1, y=3, k=4) est

optimal pour la puissance et le PDP. LC-Booth-1 et LC-Booth-2 sont respectivement

environ 1,4× et 1,3× plus efficaces en termes de #LUT, tandis que LC-BW-1 et LC-BW-2

utilisent environ 1,2× et 1,3× plus de LUT. Concernant le CPD, LC-BW-1 et LC-BW-2

présentent des CPD environ 3× plus élevés, alors que LC-Booth-1 et LC-Booth-2 sont

environ 2,3× plus élevés. La consommation énergétique est environ 2× plus élevée pour

LC-Booth-1 et LC-Booth-2, et environ 2,4× plus élevée pour LC-BW-1 et LC-BW-2.

Les valeurs de PDP pour LC-BW-1 et LC-BW-2 sont environ 4,6× plus élevées, tandis
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que pour LC-Booth-1 et LC-Booth-2, elles sont environ 2,7× plus élevées.

Pour l’analyse SER dans la détection montante MIMO à l’aide de ZF, les circuits de

multiplication AxBM ne convergent pas, tandis que les circuits MUL_xy_k nécessitent

une opération de 16 bits plus élevée pour converger. En revanche, les circuits LC-BW

montrent les meilleures performances, avec LC-BW-2 surpassant LC-BW-1. Pour un

SER de 1%, les circuits LC divergent d’environ 3 dB pour une opération sur 8 bits

et d’environ 1 dB pour une opération sur 16 bits. Les performances des circuits de

multiplication basés sur LC sont présentées dans le tableau 4-1.

LC démontre les meilleures performances d’erreur, tandis que les circuits LC-Booth

réduisent la consommation de ressources en termes d’utilisation de LUT. Les

caractéristiques d’erreur des circuits de multiplication approximative deviennent cruciales

pour atteindre une détection ZF robuste, en particulier dans des configurations à faible

largeur de bits et avec des modulations QAM élevées, soulignant la nécessité de prendre

en compte attentivement les métriques d’erreur dans le choix du circuit.
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Table 4-1 Performances des circuits de multiplication LC.

KPI État de l’art (Meilleur) Circuits de multiplication LC.

MED Booth-Approx LC-BW-1 : Amélioration de 1,5×
LC-BW-2 : Amélioration de 3×
LC-Booth-1 : Dégradation de 1,5×
LC-Booth-2 : Amélioration de 1,4×

MRED Booth-Approx LC-BW-1 : Dégradation de 1,1×
LC-BW-2 : Dégradation de 6×
LC-Booth-1 : Dégradation de 1,6×
LC-Booth-2 : Amélioration de 1,1×

NMED Booth-Approx LC-BW-1 : Amélioration de 1,5×
LC-BW-2 : Amélioration de 3×
LC-Booth-1 : Dégradation de 1,5×
LC-Booth-2 : Amélioration de 1,4×

Max Rel AxBM2 LC-BW-1 : Amélioration de 2×
LC-BW-2 : Amélioration de 5×
LC-Booth-1 : Amélioration d’un ordre de
103

LC-Booth-2 : Amélioration d’un ordre de
103

#LUT Booth-Approx LC-BW-1 : 1,2× plus élevé
LC-BW-2 : 1,3× plus élevé
LC-Booth-1 : 1,4× plus efficace
LC-Booth-2 : 1,3× plus efficace

CPD AxBM2 LC-BW-1 : 3× plus élevé
LC-BW-2 : 3× plus élevé
LC-Booth-1 : 2,3× plus élevé
LC-Booth-2 : 2,3× plus élevé

Puissance MUL_xy_k (x=1, y=3, k=4) LC-BW-1 : 2,4× plus élevé
LC-BW-2 : 2,4× plus élevé
LC-Booth-1 : 2× plus élevé
LC-Booth-2 : 2× plus élevé

PDP MUL_xy_k (x=1, y=3, k=4) LC-BW-1 : 4,6× plus élevé
LC-BW-2 : 4,6× plus élevé
LC-Booth-1 : 2,7× plus élevé
LC-Booth-2 : 2,7× plus élevé

SER en MIMO Booth-Approx LC-BW-1 : Surpasse Booth-Approx
LC-BW-2 : Surpasse LC-BW-1
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4.1.4 Droits d’Auteur

L’article suivant est publié sous licence Creative Commons Attribution (CC BY 4.0). [68].

4.2 Long abstract

4.2.1 Research Context

Multiplication operations play a heavy role in wireless signal detection, influencing

processing capability and the efficiency of handling complex mathematical

transformations. Precision in these operations is essential for maintaining system

accuracy, directly impacting signal fidelity during reception. Also, multiplication

operations consume substantial computational resources. Therefore, introducing

approximations in multiplication operations offers an opportunity to enhance the overall

EE of signal detection.

As hardware circuits grow larger and more complex, there is a growing pursuit

of novel methods to optimize energy and hardware resource consumption associated

with the circuits. Approximate computing has emerged as a compelling paradigm,

offering a trade-off where sacrificing some degree of system accuracy can lead to EE.

Dedicated techniques for approximate computing are essential for FPGA implementation,

as the benefits derived from cross-porting techniques between FPGA and ASIC

implementations are asymmetric [67].

4.2.2 Methodology

This article introduces the LC methodology to systematically introduce controlled

approximation into accurate circuits for signed multiplication operations at the

pre-synthesis stage intended for FPGA implementation. The LC methodology effectively
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reduces LUT utilization and PDP for accurate Booth and BW circuits. The work

differentiates the logic structure from hardware entities and analyzes the circuit logic.

The methodology relies on TP values, enabling the creation of modular approximate

multiplication circuits based on a single configurable parameter, contrasting with static

approximate circuits.

The LC methodology facilitates precise management of approximation levels in

multiplication circuits using single parameter tuning. To assess the broader impact of

these approximate circuits, their effect on signal fidelity in ZF MIMO uplink detection

is evaluated as a case study, by substituting accurate multiplication with approximate

multiplication operations.

Multiplication circuits designed for approximate computations in the C environment

are compiled into a dynamic library to accelerate simulation and provide high numerical

precision. This library is then connected to a Python implementation of MIMO detection,

where the channel matrix is randomly generated for simulation. The C based circuit

implementation interacts with the Python environment through the ctypes library. The

NumPy library is used for numerical computations and Matplotlib for data visualization

in Python.

4.2.3 Comprehensive Synthesis

Comparing contemporary 16-bit multiplication operations, Booth-Approx achieves the

best values for MED, MRED, and NMED, while AxBM2 excels in Max Rel. AxBM

and MUL_xy_k multiplication circuits exhibit poorer performance in MED, MRED, and

NMED. The LC variants show varied improvements. LC-BW-1 improves MED by 1.5×,

NMED by 1.5×, and Max Rel by about 2× each, but suffers degradation in MRED by
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about 1.1×. LC-BW-2 offers even greater improvements, boosting MED, NMED, and

Max Rel by approximately 3×, 3×, and 5×, respectively, although it degrades MRED by

about 6×. LC-Booth-1 shows a degradation in MED, MRED, and NMED by about 1.5×,

1.6×, and 1.5×, respectively. However, it significantly improves Max Rel by an order of

103. LC-Booth-2 improves MED, MRED, and NMED by about 1.4×, 1.1×, and 1.4×,

respectively, and Max Rel by an order of 103. LC-Booth-2 outperforms contemporary

approximate multiplication circuits in all error metrics.

For hardware implementation, Booth-Approx has the best #LUT, AxBM2 has the best

CPD, and MUL_xy_k(x=1,y=3,k=4) excels in both Power and PDP. LC-Booth-1 and

LC-Booth-2 are about 1.4× and 1.3× more efficient in terms of #LUT, respectively, while

LC-BW-1 and LC-BW-2 use about 1.2× and 1.3× more LUTs. In terms of CPD,

LC-BW-1 and LC-BW-2 have approximately 3× higher CPD, whereas LC-Booth-1 and

LC-Booth-2 exhibit about 2.3× higher CPD. Power consumption is about 2× higher for

LC-Booth-1 and LC-Booth-2, and about 2.4× higher for LC-BW-1 and LC-BW-2. PDP

values for LC-BW-1 and LC-BW-2 are about 4.6× higher, while for LC-Booth-1 and

LC-Booth-2, they are about 2.7× higher.

For SER analysis in MIMO uplink detection using ZF, AxBM multiplication circuits

do not converge, while MUL_xy_k circuits require a higher 16-bit operation to converge.

In contrast, LC-BW circuits show the best performance, with LC-BW-2 outperforming

LC-BW-1. For a 1% SER, the LC circuits diverge by approximately 3 dB for 8-bit and by

1 dB for 16-bit operations. The performance of LC based multiplication circuits is shown

in Table. 4-2.

LC approximate circuits demonstrate best error performance, while LC-Booth

circuits exhibit reduced resource consumption in terms of LUT utilization. The error
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characteristics of approximate multiplication circuits become significant in achieving

robust ZF detection, especially under conditions of high QAM and low bit-width

configurations, emphasizing the need for careful consideration of error metrics in circuit

selection. It can also be inferred that no single error metric can be used to optimally choose

the approximate multiplication circuit for ZF MIMO signal detection.
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Table 4-2 Performance of LC multiplication circuits.

KPI State-of-art (Best) LC multiplication circuits.

MED Booth-Approx LC-BW-1: Improves 1.5×
LC-BW-2: Improves 3×
LC-Booth-1: Degrades 1.5×
LC-Booth-2: Improves 1.4×

MRED Booth-Approx LC-BW-1: Degrades 1.1×
LC-BW-2: Degrades 6×
LC-Booth-1: Degrades 1.6×
LC-Booth-2: Improves 1.1×

NMED Booth-Approx LC-BW-1: Improves 1.5×
LC-BW-2: Improves 3×
LC-Booth-1: Degrades 1.5×
LC-Booth-2: Improves 1.4×

Max Rel AxBM2 LC-BW-1: Improves 2×
LC-BW-2: Improves 5×
LC-Booth-1: Improves order of 103

LC-Booth-2: Improves order of 103

#LUT Booth-Approx LC-BW-1: 1.2× higher
LC-BW-2: 1.3× higher
LC-Booth-1: 1.4× efficient
LC-Booth-2: 1.3× efficient

CPD AxBM2 LC-BW-1: 3× higher
LC-BW-2: 3× higher
LC-Booth-1: 2.3× higher
LC-Booth-2: 2.3× higher

Power MUL_xy_k (x=1, y=3, k=4) LC-BW-1: 2.4× higher
LC-BW-2: 2.4× higher
LC-Booth-1: 2× higher
LC-Booth-2: 2× higher

PDP MUL_xy_k (x=1, y=3, k=4) LC-BW-1: 4.6× higher
LC-BW-2: 4.6× higher
LC-Booth-1: 2.7× higher
LC-Booth-2: 2.7× higher

SER in MIMO Booth-Approx LC-BW-1: Outperforms Booth-Approx
LC-BW-2: Outperforms LC-BW-1
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4.2.4 Copyright

The following article is published [68]. Copyright is owned by the author under Creative

Commons Attribution (CC BY 4.0) license.
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A B S T R A C T

As hardware circuits become larger and more intricate, there is a growing need for approximate circuit
techniques. These approaches offer a trade-off, sacrificing some system accuracy in exchange for greater
hardware resource efficiency and energy conservation. In the context of FPGA-based computation-intensive
arithmetic multiplication, Logic Cloning (LC) is introduced to systematically induce controlled approximation.
LC-Baugh Wooley (BW) circuits deliver exceptional error performance with precise approximation, while LC-
Booth circuits are characterized by reduced Look-Up Table (LUT) resource consumption. In the case of 16-bit
operands, LC methods effectively reduce LUT resource consumption by 31.05% for Booth and 36.85% for
BW. Additionally, compared to their accurate counterparts, they lower the Power Delay Product (PDP) by
34% for Booth and 35% for BW. When it comes to symbol error-rate performance for Zero Forcing (ZF)
Multiple Input Multiple Output (MIMO) uplink detection, these LC approximate multiplication circuits exhibit
robust performance, particularly LC-BW circuits, which closely match the accuracy of ZF detection, followed
by LC-Booth circuits.

1. Introduction

Modern applications involving multimedia and communication sys-
tems require extensive data processing and therefore need high com-
puting resources. Also, energy dissipation has become a fundamental
barrier to scale computing performance across multiple hardware com-
puting platforms. To accommodate the requirement for next-generation
computing applications, several techniques are put forth that leverage
the existing hardware capability to provide demanding application
performance, while simultaneously optimizing resource and energy effi-
ciency. Approximate computing [1,2] is one such emerging technology
that enables explicit control over the energy and hardware resource
consumption for the intended application by incurring penalties in the
system accuracy. The philosophy behind approximate computing is that
application systems do not always have to provide the most accurate
results for acceptable system performance [3].

In a logic circuit, the system functionality of the circuit is repre-
sented by a Boolean logic function. Logic circuits have been conven-
tionally designed using deterministic logic gates with the input/output
deterministic bit signals being logic ‘1’ or ‘0’. The work [4] explores
a pre-synthesis iterative approach to Application Specific Integrated
Circuit (ASIC) approximation by pruning the logic gates based on the
probability of active logic. Probabilistic bit signals are transformed to

✩ This work was supported in part by the Natural Sciences and Engineering Research Council of Canada (NSERC), in part by Prompt, in part by the Canadian
Foundation for Innovation (CFI), in part by CMC Microsystems, in part by OPAL-RT Technologies Inc. and in part by Hydro-Québec. Laboratoire des signaux et
systèmes intégrés and Chaire de recherche sur les signaux et l’intelligence des systèmes haute performance (www.uqtr.ca/lssi).
∗ Corresponding author.
E-mail addresses: Abhinav.Kulkarni@uqtr.ca (A. Kulkarni), Messaoud.Ahmed.Ouameur@uqtr.ca (M.A. Ouameur), daniel.massicotte@uqtr.ca (D. Massicotte).

intended probabilities with deterministic combinational logic [5]. The
characteristic of Boolean functions to output signal logic ‘1’ and ‘0’
with certain probability is exploited in [6] to form Probabilistic Boolean
Logic (PBL) gate models. PBL employs implicit probabilistic logic gates.
However, randomized circuits [7] use random input bits with de-
terministic gates for circuit output approximation, where the circuit
operates with random inputs. Furthermore, gate-level methodologies
are suited for ASIC implementation and cannot be ported for FPGA
implementation because of architectural differences between both [8].

In reconfigurable computing, FPGA hardware implementation is
characterized by adaptable hardware reconfiguration with uniform fun-
damental hardware structures, unlike ASIC hardware implementation.
Resource and energy optimization of Register Transfer Level (RTL) cir-
cuits is a strategic task for both ASIC and FPGA implementations. At the
RTL stage, ASIC circuits are composed of logic gates, while the FPGA
circuits are composed of Configurable Logic Block (CLB), primarily
comprising of LUTs, which are spread across the FPGA fabric. For a
specific RTL architecture, ASIC hardware implementation is inherently
about 35× efficient in terms of silicon area utilization, 14× efficient in
terms of dynamic power consumption and about 4× faster than FPGA
hardware implementation [8]. Hence, the ASIC implementations show
asymmetric gains when they are ported to FPGA and vice versa. The

https://doi.org/10.1016/j.mejo.2024.106135
Received 30 October 2023; Received in revised form 14 January 2024; Accepted 18 February 2024
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proposed work is focused on the discussion of comparative techniques
for FPGA hardware implementation. Therefore, can the probabilistic
nature of Boolean logic be utilized for inducing approximation in specific
FPGA circuits?

For the computationally intensive operation of arithmetic multi-
plication, optimal utilization of FPGA resources and power can be
achieved either by efficiently implementing RTL of the circuit or by
introducing approximation in the accurate RTL [9]. Dedicated het-
erogeneous ASIC DSP blocks are embedded in the FPGA fabric for
efficient multiplication operation. However, these blocks improve the
area and power consumption efficiency without providing any further
scope for approximation based on the FPGA application [8]. Also,
applications have to stringently adhere to the operand bit-width of the
DSP block for significant efficiency gains. Hence, research on soft-core
FPGA multiplication circuits is gaining ground.

1.1. Preliminary

The multiplication operation of multiplicand and multiplier gen-
erates Partial Product (PP)s, which are accumulated to produce the
multiplication product. Carry Save Adder (CSA) structure is employed
with a configuration like Wallace [10] or Dadda [11] for accumulation
of PPs. Booth algorithm encodes the circuit operand bits which effec-
tively reduces the total number of PPs required for the computation
of the multiplication product. Unsigned multiplication involves un-
signed operands with unsigned multiplication product, whereas signed
multiplication is characterized by signed operands with signed mul-
tiplication product. Multiplier architectures have been adapted for
FPGA by utilizing LUT and Carry Chain (CC) (comprising several
Carry Chain Unit (CCU)s) primitives for the accurate multiplication
operation. Guidelines for efficient implementation of accurate unsigned
multiplication for FPGA implementation [12] are suggested in the form
of efficient mapping and arithmetic transformation for improvement
in the logic density of the implementation. However, this approach
requires an explicit compressor tree for the accumulation of PPs and
the implementation is suited for a 3-input LUT [13]. In the Multiply
And Accumulate (MAC) architecture of FPGA multiplication circuits,
the PP bits are simultaneously generated and accumulated using LUTs
and CCUs. An accurate unsigned multiplication circuit [14] using Booth
encoding eliminates the need for an explicit compressor tree for PPs
accumulation by employing MAC operation and utilizes a contempo-
rary 6-input LUT structure for FPGA implementation. However, its
RTL implementation suffers from the under-utilization of LUT inputs
for PP bit generation and is specifically intended for the unsigned
multiplication operation.

For achieving signed multiplication using unsigned circuit imple-
mentation, the operands in two’s complement format are segregated
into sign and magnitude using sign-converters. The unsigned multi-
plication is performed with the magnitude of these operands and the
multiplication product is converted back to two’s complement by the
sign-converter using signs of operands. Signed multiplication operation
using sign-converters adds computational overhead for multiplication
operation [15,16] in terms of increased LUT resource consumption.
A smart approach for signed multiplication is by modifying the PPs
generation by employing sign-extension for PPs using BW method,
which avoids any kind of explicit sign conversion of operands. Also, the
Booth encoding technique is modified for PPs generation [17], further
reducing the number of PPs for signed multiplication.

1.2. Relevant work

Efficient implementation of an accurate signed multiplication cir-
cuit employing the Booth algorithm [16] reduced the CC by 3 CCUs
for the generation of PPs, thereby optimizing the hardware resource
consumption. However, an external hardware entity like an adder or
a compressor was required for PPs accumulation and the accuracy of

the circuit thus depends on the PP accumulation methodology utilized.
Using the FPGA implementation of an accurate unsigned multiplica-
tion circuit [14], an architecture using LUTs and CCs for accurate
signed multiplication circuit based on Booth encoding [18] known as
Booth-Opt saved LUTs by embedding the logic of the carry generating
rightmost LUT and the leftmost LUT into adjacent LUT in a PP row,
thereby achieving a reduction in CC. An improvement in critical path
delay of the work in [18] was presented in the further work [19]
by optimizing the PPs generation and employing PP reduction tree,
however, it was characterized by increased LUT resource consumption.

Performance gains were obtained by introducing approximations in
accurate multiplication architectures. Approximations can be employed
in PP accumulation by using FPGA implementation of approximate
adder [20–22] or by approximate compressor [23], while the PPs
are generated accurately. Configurable signed multiplication circuit
architectures [24] were built using a combination of accurate and
four approximate compressors for PPs accumulation. As these circuit
architectures utilized explicit PP accumulation method, the LUT re-
source consumption was variable with circuit accuracy for a particular
bit-width operation.

The functional approximation was introduced in the accurate circuit
while generation of PPs. The Booth-Opt circuit was further modified for
Booth-Approx [18] by approximating its PPs generation, specifically by
approximating the carry signal generation at the rightmost LUT for all
PPs, except the last PP. Booth-Approx was characterized by a reduction
in CC chain and LUT resource consumption. However, Booth-Approx
was non-configurable to achieve a trade-off with multiplication accu-
racy and energy efficiency. AxBM circuits [25] functionally modified
the accurate Radix-8 Booth encoding for FPGA implementation to alle-
viate the generation of challenging 3×Multiplicand. The 3×Multiplicand
was approximated by 4×Multiplicand in AxBM1 and AxBM2, while
−3×Multiplicand was approximated by −4×Multiplicand in AxBM1
and −2×Multiplicand in AxBM2 respectively. For generating multiples
of multiplicand for AxBM1 and AxBM2, 4× signal was generated by
implicit XNOR operation of 1× and 2× signals in LUT of PP bit gen-
eration, thereby mapping the Booth encoder to a two output 5-input
LUT configuration. However, AxBM1 and AxBM2 were characterized
by non-MAC PPs accumulation and very poor multiplication product
accuracy.

The presented work introduces a heuristic methodology designed
to induce approximation in arithmetic multiplication circuits suitable
for FPGA implementation at the pre-synthesis stage. The study dis-
tinguishes the logic structure from hardware entities and analyzes
the circuit logic. The methodology relies on Truth Probability (TP)
values, allowing for the creation of modular approximate multiplication
circuits based on a single configurable parameter, in contrast to static
approximate circuits in the works [18,25]. Additionally, the proposed
approach employs aMAC architecture for PP accumulation, eliminating
the need for explicit PP accumulation found in works [24,25]. In the
work [24], the reduction stages for PP accumulation increase with the
operand bit-width and have under-utilization of inputs for approxi-
mate compressors in certain instances, which is not the case for MAC
architecture implementations.

1.3. Contributions

The following contributions are presented in the current work:

• Devise LC methodology for heuristically approximating the accu-
rate multiplication circuits for FPGA implementation. In this pio-
neering work, LC methodology systematically utilizes the prob-
ability of logic ‘1’ of the LUT logic structure output to induce
approximation in the accurate circuit.

• Proposition of novel LC-BW and LC-Booth approximate circuits
for signed multiplication. LC-BW circuits are characterized by
high multiplication accuracy, their approximation being con-
trolled with finer granularity, while LC-Booth circuits are char-
acterized by low LUT resource consumption.
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Fig. 1. LUT-LS and CCU-LS for Xilinx FPGA device [26].

• Analysis of proposed LC approximate circuits for LUT consump-
tion and energy efficiency for 8-bit and 16-bit configurations
with competitive signed approximate multiplication circuits. The
approximation induced by LC methodology in accurate multipli-
cation circuits is effective in reducing the LUT consumption and
PDP.

• Evaluation of approximate signed circuit for symbol error-rate
performance ofMIMO uplink detection using ZF algorithm for 16-
QAM and 64-QAM configuration. LC approximate signed circuits
provides close to accurate ZF detection.

The paper is organized as follows; Section 1 discusses related work
on approximate circuits techniques, motivating the need for softcore
FPGA circuits. Section 2 explains the proposed methodology for the
approximation of FPGA implementation of multiplication circuits in
detail. Section 3 explains the application of the proposed methodology
for signed circuits. Section 4 presents an error analysis of the proposed
work with contemporary signed approximate multiplication circuits,
while Section 5 discusses FPGA implementation analysis. Section 6
evaluates approximate signed multiplication circuits for MIMO uplink
detection and discusses gains of the LC circuits for various MIMO
configurations. Section 7 concludes the discussion by summarizing the
LC methodology for FPGA implementation and its further potential.

2. Proposed methodology

2.1. Notations

{𝒢 } denotes the probability of occurrence of any event 𝒢 . The
notation |G| denotes the cardinality of any finite set G. Operators ∨
and ∧ denote logical OR and AND operations. The symbol .̂ denotes the
approximate evaluation of the signal or value. Terms ‘LUT’, ‘CC’ and
‘CCU’ are used to denote the respective hardware entities henceforth,
while the term with the suffix ‘-LS’ denotes the logic structure of
the corresponding hardware entity. The row of LUTs and CC which
performs the MAC operation involving PP is denoted as MAC PP (MPP)
for dexterity. (.)(𝑖) denotes evaluation of any signal or value at the
𝑖th simulation step. [.]2 denotes integer values represented in two’s
complement form.

2.2. FPGA hardware architecture

A FPGA device consists of CLBs spread across the FPGA fabric. For
implementing arithmetic circuits, the carry logic is implemented using
a dedicated CC chain comprising multiple CCUs. A CLB structure is
comprised of slice units and each slice unit comprises four 6-input
LUTs, a CC chain, and an associated circuit [26]. Every LUT is physi-
cally connected to a single CCU as shown in Fig. 1. For the Xilinx FPGA
device, every LUT-LS can implement either two 5-input logic functions
with shared inputs or a 6-input and 5-input logic function with shared

inputs and shared logic values [27]. Every LUT is configured with a
64-bit hexadecimal value defining its characteristic LUT-LS.

In MAC architecture, MPPs are produced by rows of LUTs and
CCs. The LUT-LS of the LUTs of MPP performs the MAC operation
and the intermediate value produced is denoted as 𝛽−MPP value. The
associated CC-LS of the CC chain of MPP transforms the 𝛽−MPP value
into MPP value. The final MPP value is considered as the product of
the multiplication operation. The 𝑂6 signal of the LUT-LS contributes
a specific bit of the 𝛽−MPP value, while the 𝑆 signal of the CCU-LS
contributes a specific bit of the MPP value. A CCU-LS XORs the signal
from LUT-LS with a prior carry signal and also computes the carry
signal to be propagated to the next CCU-LS in the CC-LS chain. The
CCU-LS as shown in Fig. 1 computes the following Boolean functions:

𝐶𝑜𝑢𝑡 = (𝑂6 ∧ 𝑂5) ∨ (𝐶𝑖𝑛 ∧ 𝑂6) (1)

𝑆 = (𝐶𝑖𝑛 ∧ 𝑂6) ∨ (𝐶𝑖𝑛 ∧ 𝑂6) (2)

2.3. Probabilistic analysis

Signals of a FPGA multiplication circuit comprise of the inputs,
interconnects and outputs. To investigate the potential for functional
approximation in the circuit architecture, it is essential to develop a
mathematical model to perform the probabilistic analysis of the circuit
signals. The accurate multiplication circuit has inputs comprising of
two 𝑁-bit signed operands and outputs forming one 2𝑁-bit multipli-
cation product. Let the finite set B be defined such that B = {0, 1}.
Consider a FPGA multiplication circuit with 2𝑁 inputs, where each
input is represented as 𝜓𝑖 ∈ B for 𝑖 = 0, 1,… , 2𝑁 . The exhaustive
simulation of the circuit comprises 22𝑁 unique operational states based
on the input combinations. Let a particular simulation step in exhaus-
tive simulation be denoted as 𝜁 such that 0 ≤ 𝜁 ≤ 22𝑁 − 1. A specific
combination of 𝜓 (𝜁 )

𝑖 for a particular simulation step 𝜁 is represented
using a finite set P𝜁 = {𝜓 (𝜁)

𝑖 ∶ 0 ≤ 𝑖 ≤ 2𝑁}. For the exhaustive
simulation with P𝜁 for all 𝜁 , the sample space is represented using a
finite set S = {P𝜁 ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1}.

Let 𝑋 ∈ B represent a Boolean variable [28] for any signal of the
circuit. The set of all such values of 𝑋 due to exhaustive simulation is
denoted by the finite set X = {𝑋(𝜁) ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1}. The number of
logic ‘1’ in the set X is X1 = {𝑋(𝜁) ∶ 0 ≤ 𝜁 ≤ 22𝑁 − 1, 𝑋(𝜁 ) = 1}. Let [𝑌 ]2
be any arithmetic value computed in the circuit, which comprises of
arithmetic combination of different signals. Then, Y denotes the finite
set of values generated by [𝑌 ]2 such that Y = {[𝑌 ](𝜁 )2 ∶ 0 ≤ 𝜁 ≤ 22𝑁 −1}.

The probability that 𝑋 is logic ‘1’ for the exhaustive simulation
of the circuit is called the TP of 𝑋 and evaluated as {𝑋 = 1}. The
expression  (𝑋) is used to imply {𝑋 = 1} for dexterity. TP of 𝑋 is
computed as:

 (𝑋) =
|X1|
|X| =

|X1|
22𝑁

(3)

The arithmetic mean of 𝑋 is computed as:

(𝑋) =
∑

𝑋(𝜁)∈X
𝑋(𝜁 )∕|X| (4)

Similarly, the arithmetic mean of [𝑌 ]2 is computed as:

([𝑌 ]2) =
∑

[𝑌 ](𝜁 )2 ∈Y

[𝑌 ](𝜁 )2 ∕|Y| (5)

But, since the sum of elements of X is equal to cardinality of X1:

 (𝑋) =
|X1|
|X| =

∑22𝑁−1
𝜁=0 𝑋(𝜁 )

|X| = (𝑋) (6)

During circuit simulation, the calculation of the average value for any
arithmetic value within the circuit is facilitated by Eq. (5). Eq. (6)
allows for the computation of the TP value for any signal in the circuit.
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Fig. 2. (a) LUTs removed from MPP based on parameter 𝑇 # (b) Logic cloning of LUT-LS of Heavy LUT (c) CC chain reduction (d) C-𝛩 structure, where 𝛩 represents LUT-LS
configuration of Heavy LUT.

2.4. Error metrics

For evaluating approximate multiplication circuits, error metrics
[29] capture the relative accuracy of the accurate and approximate
multiplication product. For operands [𝐴]2 and [𝐵]2, [𝛷]2 and [𝛷̂]2 repre-
sent the accurate and approximate multiplication product respectively.
𝛥𝜁 = [𝛷](𝜁)2 −[𝛷̂](𝜁 )2 computes the arithmetic difference between accurate
and approximate multiplication product for the 𝜁 th simulation step.
The sum of absolute errors in terms of the arithmetic mean of the
multiplication product is computed using triangle inequality as:

22𝑁−1∑
𝜁=0

|𝛥𝜁 | ≥ |
22𝑁−1∑
𝜁=0

𝛥𝜁 |

= |
22𝑁−1∑
𝜁=0

𝛥𝜁 | + 𝛶

= |
22𝑁−1∑
𝜁=0

[𝛷](𝜁 )2 −
22𝑁−1∑
𝜁=0

[𝛷̂](𝜁 )2 | + 𝛶

= |([𝛷]2) −([𝛷̂]2)|22𝑁 + 𝛶 (7)

where 𝛶 ≥ 0 is an arbitrary constant.
Mean Error Distance (MED) considers the averaging effect of the

sum of absolute errors over the complete operand range, which is useful
in measuring the implementation accuracy of the approximate circuit.

𝑀𝐸𝐷 = 1
2𝑁

22𝑁−1∑
𝜁=0

|𝛥𝜁 | (8)

Relative Error Distance (RED) computes the relative error distance
of an approximate multiplication product with respect to its accurate
multiplication product (RED is valid only for non-zero accurate multi-
plication output). Mean Relative Error Distance (MRED) measures the

arithmetic mean of RED for all valid accurate multiplication products.

𝑀𝑅𝐸𝐷 = 1
2𝑁

22𝑁−1∑
𝜁=0

|𝛥𝜁 |
|[𝛷](𝜁 )2 |

(9)

RED and MRED are useful in evaluating approximate circuit de-
signs with varying operand ranges. Normalized Mean Error Distance
(NMED) is a metric that normalizes MED with the maximum value
of the accurate multiplication product over the operand range. Also,
the maximum relative error (Max Rel) of an approximate multiplier
circuit is a useful metric that pinpoints the worst-case operation of the
approximate circuit design.

2.5. Logic cloning

Exhaustive simulation involves simulating the accurate multiplica-
tion circuit with a range of 22𝑁 distinct input combinations. Consider
bit signals 𝑎𝑖, 𝑏𝑖, 𝜙𝑖 ∈ B for 𝑖 = 0, 1,… , 𝑁 − 1. For signed mul-
tiplication, 𝑁 bit operand multiplicand and circuit are represented
in base-2 notation as [𝐴]2 = −𝑎𝑁−12𝑁−1 +

∑𝑁−2
𝑖=0 𝑎𝑖2𝑖 and [𝐵]2 =

−𝑏𝑁−12𝑁−1+
∑𝑁−2
𝑖=0 𝑏𝑖2𝑖 respectively, while the multiplication product is

denoted as [𝛷]2. The accurate multiplication circuit is prototyped and
verified for hardware implementation by mapping the multiplication
architecture to the FPGA architecture. The input bit signals of the
circuit architecture are mapped such that 𝜓𝑖 ← 𝑎𝑖 when 0 < 𝑖 ≤ 𝑁 − 1
and 𝜓𝑖 ← 𝑏𝑖 when 𝑁 < 𝑖 ≤ 2𝑁−1. The verified FPGA circuit is modeled
in the C environment to compute the TP value of the 𝑂6 signal of
the LUT-LSs of the accurate multiplication circuit. The LUT-LS function
blocks are constructed to represent the Boolean logic function by using
LUT-LS hexadecimal configuration value. The CCU-LS function blocks
are constructed using the Eqs. (1) and (2). The FPGA interconnects
are represented with an indexed 2-dimensional array structure. During
exhaustive simulation, the occurrence of logic ‘1’ at every 𝑂6 signal is
recorded to compute its TP using Eq. (3).

For any 𝑛th 𝛽-MPP of the accurate circuit, the 𝑂6 signal of the LUT-
LS is mapped to 𝜑 signal such that 𝜑 ← 𝑂6. The 𝑂5 signal of the



Microelectronics Journal 145 (2024) 106135

5

A. Kulkarni et al.

Fig. 3. LC methodology for approximation in FPGA implementation of multiplication
circuit as explained in Section 2.6.

LUT-LS is mapped to 𝛿 signal such that 𝛿 ← 𝑂5, whose only function is
to provide the Accumulator (AC) bit supplied to the LUT-LS for MAC
operation to the CCU-LS. For any 𝑛th 𝛽−MPP of the circuit, let  (𝜑𝜆) = (𝜑𝜆+1) = ⋯  (𝜑𝜆+𝑇−1) for any 𝜆 > 0 for 𝑇 LUT-LSs. Out of 𝑇 LUT-LSs,
with a group of 𝑇 # LUT-LSs such that 0 ≤ 𝑇 # ≤ 𝑇 , the arithmetic mean
value of 𝛽−MPP can be effectively approximated with only LUT-LS
corresponding to 𝜑𝜆+𝑇 #−1 signal as given in Lemma. Thus, the 𝑂6 signal
value of (𝑇 # − 1) LUT-LSs are redundant to approximate the arithmetic
mean of 𝛽−MPP. The LUT corresponding to 𝜑𝜆+𝑇 #−1 signal is termed as
Heavy LUT and (𝑇 # − 1) LUTs are removed in the MPP row. Parameter
𝑇 # controls the amount of approximation of the arithmetic mean of
𝛽−MPP, with 𝑇 # = 0 resulting in no approximation, while 𝑇 # = 𝑇
resulting in highest amount of approximation. Approximation in every
𝑛th 𝛽−MPP contributes to inducing approximation in the arithmetic
mean value of the final multiplication product.

The approximation of the 𝑛th 𝛽−MPPmakes several LUTs redundant
thereby leaving CCU-LSs with dangling input signals as shown in
Fig. 2a, which are interlinked to propagate the carry signal. To analyze
the redundancy in the CC-LS of the 𝑛th 𝛽−MPP, the Heavy LUT-LS is
cloned as shown in Fig. 2b. Consider 𝑇 # CCU-LSs of the corresponding
𝑇 # LUT-LSs with equal TP. 𝛿𝑖 and 𝜑𝑖 represent inputs to the 𝑖th CCU,
while 𝐶𝑖 and 𝐶𝑖+1 represent the 𝐶𝑖𝑛 and 𝐶𝑜𝑢𝑡 respectively. Due to logic
cloning procedure, 𝜑𝜆 = 𝜑𝜆+1 = ⋯ = 𝜑𝜆+𝑇 #−1 ≡ 𝜑#. For 𝑛th MPP, if
𝛿𝜆 = 𝛿𝜆+1 = ⋯ = 𝛿𝜆+𝑇 #−1 ≡ 𝛿#, then in such case, the Eqs. (1) and (2)
for 𝜆th CCU-LS become:

𝐶𝜆+1 = (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#) (10)

𝑆𝜆 = 𝐶𝜆 ⊕𝜑# (11)

For evaluating the (𝜆 + 2)th carry signal, the Eq. (10) becomes:

𝐶𝜆+2 = (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆+1 ∧ 𝜑#)
= (𝜑# ∧ 𝛿#) ∨ (((𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#)) ∧ 𝜑#)

= (𝜑# ∧ 𝛿#) ∨ (𝐶𝜆 ∧ 𝜑#) (12)

It is inferred from Eqs. (10) and (12) that 𝐶𝜆+1 = 𝐶𝜆+2 = ⋯ = 𝐶𝜆+𝑇 #

and 𝐶𝜆+𝑇 # can be equated with 𝐶𝜆+1. Hence, from Eq. (11), it is also

inferred that 𝑆𝜆+1 = 𝑆𝜆+2 = ⋯ = 𝑆𝜆+𝑇 # . Thus, CCU-LS for computing
𝐶𝑖+1 and 𝑆𝑖 for 𝜆+1 ≤ 𝑖 ≤ 𝜆+ 𝑇 # −2 can be deemed redundant and the
corresponding CCUs are pruned as shown in Fig. 2c. However, every
LUT is physically connected to a single CCU, hence an additional LUT
is required to supply the 𝛿𝜆 and 𝜑𝜆 signals as shown in Fig. 2d.

2.6. Overview of LC methodology

The LC methodology for approximating FPGA implementation of
multiplication circuits is outlined in Fig. 3. In the initial phases of the
multiplication algorithm to architecture mapping, an apt behavioral
circuit model intended for implementation on an FPGA is developed,
integrating LUT and CC primitives. The behavioral circuit model is
prototyped in C by utilizing the logic structure of the primitives. The
model undergoes functional verification to guarantee accurate behav-
ior as intended by the multiplication algorithm. Through this careful
verification, it is ensured that the chosen combination of primitives
effectively captures the desired computational logic of the multiplica-
tion algorithm. Subsequently, the approximation process commences
by calculating TP values for the output signal 𝑂6 within the LUT-
LSs. Specifically, the TP values are computed by using circuit inputs
through analysis as outlined in Section 2.3 using the behavioral circuit
model. Upon analyzing the TP values of the MPPs of the behavioral
circuit model, a set of LUT-LSs with identical TP values is identified
for each MPP. Using a single parameter 𝑇 #, a selective removal of a
specified number of LUT-LS is employed. This results in corresponding
CCU-LSs dangling without any input signals. Hence, a redundancy
analysis is initiated as the Heavy LUT-LS is cloned, enabling a detailed
examination of redundancy in the CC-LS. This process results in the
subsequent removal of redundant CCU-LSs.

The behavioral circuit model obtained at this stage comprises LUT-
LS and CCU-LS barring the redundant ones. The interconnects obliter-
ated by redundant logic structures are modified, ensuring adherence
to the physical constraints imposed by the FPGA architecture. The
methodology generates various approximate circuit versions for mul-
tiplication based on the 𝑇 # parameter, providing a range of trade-offs
between computational accuracy and resource utilization.

3. Logic cloning for signed multiplication circuits

3.1. Logic cloning for BW circuit

For the computation of the signed multiplication of two operands
without the requirement of sign converters, the BW method is an effi-
cient method for generating 𝑁 PPs, which are accumulated to generate
the final product [𝛷]2. For BW architecture, LUT-LSs are configured for
implementing two 5-input Boolean functions as shown in Fig. 4. LUT-LS
of L configuration as shown in Fig. 5a performs the AND logic operation
to produce a PP output using operand bits and performs its XOR logic
operation with the AC bit to produce the 𝑂6 signal, comprising the
𝛽−MPP bit.

The functionality of controlled negation logic operation of the AC
bit and its XOR logic operation with the output of NAND logic operation
of the operand bits is configured for LUT-LS of M configuration as
shown in Fig. 5b. Constant logic ‘1’ signal is provided by LUT-LS of
J configuration as shown in Fig. 5c. Using LUT-LS configurations of
L, M and J, FPGA implementation of BW circuit for 4-bit and 8-bit
multiplication operation as shown in Figs. 6 and 7 respectively are
constructed. Considering 𝑂6 signal of LUT-LS of the BW multiplication
circuit as 𝑋, TP value of this signal for every LUT-LS is evaluated using
Eq. (6).

For the application of LC methodology for approximation in BW
circuit, TP of LUT-LS of L, M and J configuration for 4-bit and 8-bit
BW circuit are shown in Fig. 6 and Fig. 7 respectively. For a particular
MPP row, all LUT-LSs with L configuration with an equal TP pose
potential for the LC methodology. For every MPP𝑖 where 0 ≤ 𝑖 < 𝑁 −1,
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Fig. 4. Mapping of MPPs of signed multiplication circuit with the LUT-LS configura-
tions using BW method for 4-bit operands. PP output is added using XOR operation
in LUT-LS of L configuration. LUT-LS of M configuration employs MAC operation for
negated PP output and controlled negation of AC bit. LUT J is utilized for supplying
logic ‘1’ signal for the most significant MPP bit of the last MPP.

Fig. 5. LUT configuration for BW circuit with (a) L (b) M and (c) J.

Fig. 6. Signed multiplication circuit of BW circuit for 4-bit operands. TP for 𝑂6 signal
of LUT-LS of every LUT shown on its depiction.

𝑇 = 𝑁 − 𝑖 − 1 LUT-LSs of L configuration have equal TP with 𝜆 = 0. In
version 1 of the approximate BW circuit, the LC methodology is applied
by considering 𝑇 # = 𝑇 , resulting in saving of (𝑇−2) LUTs perMPP of the

Fig. 7. BW circuit for signed multiplication with 8-bit operands.

accurate BW circuit, while the (𝑇 −1)th LUT is considered as the Heavy
LUT. Version 1 of the approximate BW circuit is represented as LC-BW-
1, the 8-bit LC-BW-1 shown in Fig. 8a. In version 2 of the approximate
BW circuit, LC methodology is applied by considering 𝑇 # = 𝑇 − 1,
thereby saving (𝑇 − 3) LUTs per MPP of the accurate BW circuit, while
the (𝑇 − 2)th LUT is considered as the Heavy LUT. Version 2 of the
approximate BW circuit is represented as LC-BW-2, the 8-bit LC-BW-2
shown in Fig. 8b.

3.2. Logic cloning for Booth circuit

In BW multiplication, 𝑁 PPs of the multiplier are computed for
operands with 𝑁 bits. It is challenging to efficiently utilize LUT inputs
for FPGA implementation of the Boolean functions involved in the BW
circuit. A more efficient method of signed multiplication circuit, the
Booth algorithm [17] encodes the operand multiplier bits, such that
the number of PPs required for multiplication product is reduced. In
Radix-4 Booth encoding [17], the operand circuit is encoded as follows:

[𝐵]2 =
𝑁∕2−1∑
𝑖=0

[𝐵′
𝑖 ]22

(2𝑖) (13)

where [𝐵′
𝑖 ]2 for the 𝑖th bit position is represented as:

[𝐵′
𝑖 ]2 = −2𝑏2𝑖+1 + 𝑏2𝑖 + 𝑏2𝑖−1 (14)
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Fig. 8. LC-BW circuits for 8-bit operands (a) LC-BW-1 and (b) LC-BW-2.

Fig. 9. Signed multiplication circuit of Booth-Opt [18] circuit with TP of 𝑂6 signal of LUT-LSs evaluated for (a) 4-bit (b) 8-bit operation.

The product is calculated as :

[𝛷]2 =
𝑁∕2−1∑
𝑖=0

[𝐴]2[𝐵′
𝑖 ]22

(2𝑖) (15)

Booth-Opt [18] is utilized as FPGA implementation of a signed
multiplication circuit utilizing the Booth algorithm to demonstrate the
applicability of LC methodology.

For every LUT-LS of the Booth-Opt circuit, TP value of the 𝑂6 signals
are computed using Eq. (6) by considering 𝑂6 signal as 𝑋 for analysis.
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Fig. 10. LC-Booth circuits for 8-bit operands (a) LC-Booth-1 (b) LC-Booth-2.

Table 1
Evaluation of approximate circuits for multiplication product accuracy.
Multiplier 𝑁 = 8 𝑁 = 16

MED MRED NMED Max Rel MED MRED NMED Max Rel

MUL_14_4a [24] 512 0.9393 0.0313 2118 7.007+e6 0.0301 652.569−e5 1.000
MUL_14_6a [24] 100 0.2317 0.0061 1094 2.765+e6 0.0169 257.543−e5 1.000
MUL_13_4a [24] 647 1.2014 0.0395 2118 7.518+e6 0.0333 700.189−e5 1.000
MUL_13_6a [24] 112 0.2486 0.0068 838 3.270+e6 0.0200 304.518−e5 1.000
Booth-Approx [18] 89 0.0949 0.0054 6 0.023+e6 0.0010 2.146−e5 0.097+e6
AxBM1 [25] 1229 2.2104 0.0750 72 294.880+e6 11.4910 27470.000−e5 0.037+e6
AxBM2b [25] 1200 2.1893 0.0732 72 286.675+e6 11.4473 26698.000−e5 0.037+e6
LC-BW-1 37 0.0584 0.0022 63 0.015+e6 0.0011 1.357−e5 0.016+e6
LC-BW-2 16 0.0279 0.0010 31 0.007+e6 0.0058 0.655−e5 0.008+e6
LC-Booth-1 82 0.0830 0.0050 2 0.034+e6 0.0016 3.184−e5 3.000
LC-Booth-2 37 0.0451 0.0023 2 0.017+e6 0.0009 1.543−e5 3.000

a 16-bit variant is built using a combination of M8s variants.
b For 16-bit, nine LSBs are truncated and ‘1’ is added to the tenth bit for error compensation.
Proposed approximate multiplication circuits are shown in boldface.

TP values for LUT-LSs are evaluated for Booth-Opt circuit as shown
in Fig. 9a and Fig. 9b for 4-bit and 8-bit multiplication operations
respectively. The TP for 𝑂6 signal is constant across a chunk of LUT-
LSs with A configuration for every MPP row. Precisely, for MPP𝑖 with
𝑖 = 0, 1,…𝑁∕2 − 1 for 𝜆 = 1, about 𝑇 = 𝑁 − 1 − 2𝑖 LUT-LSs have equal
TP. For version 1 of the approximate Booth circuit, LC methodology is
applied to the accurate Booth circuit by considering 𝑇 # = 𝑇 LUT-LSs of
A configuration for every MPP, thereby saving (𝑇 − 2) LUTs and CCUs
per MPP. The 𝑇 th LUT is considered as the Heavy LUT for each MPP.
Version 1 of the approximate Booth circuit is represented as LC-Booth-
1. For version 2 of the approximate Booth circuit, LC methodology is
applied to the accurate Booth circuit by considering 𝑇 # = (𝑇 − 1) LUT-
LSs of configuration A for every MPP, thereby saving (𝑇 − 3) LUTs
and CCUs per MPP. The (𝑇 − 1)th LUT of MPP is considered as the
Heavy LUT. Version 2 of the approximate Booth circuit is represented
as LC-Booth-2. Both versions of the 8-bit LC based circuits are shown
in Fig. 10a and Fig. 10b.

4. Simulation results

Competitive circuit designs are evaluated as per the error metrics in
Table 1. For signed multiplication of 𝑁 bit operands, the operand range
is [−2𝑁−1, 2𝑁−1−1], while the multiplication product occupies 2𝑁 bits.
As the error metrics are dependent on the operand range of the circuit
according to Eqs. (8) and (9), the error performance of the approximate
multiplication circuits is also dependent on the operand range. For the
8-bit signed configuration of approximate compressor based multiplica-
tion circuits [24], PPs are generated using the BW method. For 16-bit

Table 2
LUT resource consumption of accurate and proposed LC circuits for 𝑁 bit operands (𝑁
is even).
Multiplier #LUT

BW (𝑁2 + 1)
BOOTH-OPT (𝑁2 + 2𝑁)∕2
LC-BW-1 (𝑁2 + 5𝑁 − 4)∕2
LC-BW-2 (𝑁2 + 7𝑁 − 10)∕2
LC-Booth-1 (𝑁2 + 8𝑁 − 4)∕4
LC-Booth-2 (𝑁2 + 10𝑁 − 8)∕4

signed configuration, four 8-bit unsigned approximate multiplication
circuits (built using the approximate compressors) are utilized while
the sign computation is managed by the additional 17th bit of the
PP. The signal ordering of the approximate compressors affects the
error performance of the circuit. Booth-Approx [18] is approximated
from the FPGA implementation of the Booth-Opt. For AxBM [25], the
Booth encoding of accurate Radix-8 is modified for AxBM1 and AxBM2
encoders.

For the 8-bit configuration, the LC-BW circuits have the lowest
MED, MRED and NMED among all the circuits, with LC-BW-2 of LC-BW
being the lowest than LC-BW-1. LC-Booth circuits show the best error
performance after LC-BW circuits, where LC-BW-2 performs better than
LC-BW-1. However, the maximum relative error is lower for the LC-
Booth circuits than that for the LC-BW circuits. Booth-Approx performs
best after LC-BW and LC-Booth circuits for the MED, MRED and NMED
error metrics, its maximum relative error lies in between that of LC-BW
and LC-Booth. Approximate compressor based multiplication circuits
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(MUL_xy_k; where 𝑥 and 𝑦 denote the approximate compressors used
and k denotes the approximation factor) perform better after Booth-
Approx, LC-BW and LC-Booth circuits. AxBM1 and AxBM2 have the
lowest error performance, AxBM2 performs better than AxBM1. For
circuits with 16-bit operands; MED, MRED and NMED follow a sim-
ilar pattern in error performance as the circuits with 8-bit operands.
The maximum relative error varies unevenly among the circuits. It
decreases with an increase in bit-width for multiplication circuits using
approximate compressors. However, it increases for AxBM1, AxBM2,
Booth-Approx, LC-BW and LC-Booth circuits.

5. Hardware implementation

For demonstrating the hardware evaluation of approximate circuits,
Xilinx Vivado 2021.1 tool is used for synthesis and implementation,
with XILINX VIRTEX-7 FPGA device xc7vx690tffg1930-3. FPGA circuits
are prototyped in VHSIC Hardware Description Language (VHDL). For
RTL synthesis, LUT6_2 and CARRY4 primitives are used as components.
Critical Path Delay (CPD) is the longest path delay in the circuit,
measured between the input and output signal of the circuit. The signal
propagation delay of LUT is independent of its LUT-LS configuration.

Conventional multiplication circuits are combinational in nature,
hence the logic delay of the circuit is clock invariant and the circuit
delay must be lesser than the clock cycle period. However, for estimat-
ing the routing delay, the design tool optimizes the critical path based
on the timing constraint of the inputs. Hence, the timing constraint
is adjusted to get the best possible delay value of the critical path
for a particular circuit configuration. To get the precise CPD value,
initially, the timing slack value is nullified at the synthesis level by
calibrating the timing constraint. In the next stage, implementation is
initiated with the timing constraint obtained at the synthesis level for
nullifying the timing slack. At the subsequent iterations of the synthe-
sis/implementation, the timing constraint is updated with the data path
delay from the previous iteration of synthesis/implementation. This
process is repeated until the design tool provides a relatively minimum
value for the data path delay, to be considered as CPD.

For power calculation, simulation configuration with a supply volt-
age of 1 V with Linear Feet per Minute (LFM) of 250 along with a
heat sink is considered. Precise dynamic power values are computed by
implementing multiple instances of RTL circuit design. The logic delay
time of the Xilinx IP [30] in the area-optimized mode is chosen as the
clock period to evaluate the power consumption of circuits.

The LUT consumption of non-MAC circuits of AxBM and approx-
imate compressor based multiplication circuits not only depends on
the PP generation but also on the PP accumulation method. However,
the MAC circuits have a comprehensive architecture with implicit PP
accumulation. LUT resource consumption of accurate BW and Booth
circuits and their derived accurate LC approximate circuits for 𝑁 bit
operands are depicted in Table 2. The efficiency of LUT resource
consumption of MAC approximate multiplication circuits is shown in
Fig. 11. In terms of LUT savings, LC-BW circuits show a logistic growth,
while the Booth-Approx shows an exponential decay with an increase
in the circuit bit-width 𝑁 . LC-BW circuits achieve more LUT savings as
compared to LC-Booth circuits. Also, version 1 of LC-BW and LC-Booth
shows more LUT saving than version 2.

To evaluate the performance of LC methodology, circuit configura-
tions are shown in Table 3. As compared to the accurate BW circuit, the
gains in LUT consumption for LC-BW-1 are 5.88% for 4-bit, 23.07% for
8-bit and 35.40% for 16-bit configuration. LUT consumption of LC-BW-
2 for 4-bit configuration is similar to that of accurate BW circuit, while
the gains are 15.38% for 8-bit and 30.40% for 16-bit configuration. LUT
consumption for LC-BW-1 is lower than that for LC-BW-2 for similar
configurations. Similarly, as compared to the accurate Booth circuit,
gains in LUT consumption for LC-Booth-1 are 8.33% for 4-bit, 32.5%
for 8-bit and 34.02% for 16-bit configuration. LUT consumption of LC-
Booth-2 for 4-bit configuration is equal to that of the accurate Booth

Fig. 11. LUT saving due to induced approximation of MAC signed approximate circuits.

circuit, while gains in LUT consumption are 15% for 8-bit and 29.17%
for 16-bit configuration. Gains in LUT resource consumption increase
with an increase in bit-width for all approximate circuits.

The Power Delay Product (PDP) of a circuit is the product of its
CPD and power consumption. For 4-bit circuit configurations, in terms
of PDP efficiency, LC approximate circuits have similar PDP efficiency
compared to the accurate BW circuit, while LC-Booth-1 and LC-Booth-
2 circuits are 20% and 3% more efficient than the accurate Booth
circuit. For 8-bit circuit configuration, LC-BW-1 and LC-BW-2 show an
efficiency of 23% and 4% in PDP respectively as compared to accurate
BW circuit, while LC-Booth-1 and LC-Booth-2 show an average of 18%
efficiency in PDP as compared to accurate Booth circuit. For 16-bit
circuit configuration, LC-BW-1 and LC-BW-2 show an average of 36.5%
PDP efficiency as compared to the accurate BW circuit, while LC-Booth-
1 and LC-Booth-2 show an average of 29% PDP efficiency as compared
to accurate Booth circuit. Efficiency in PDP increases with an increase
in bit-width for all circuit configurations.

On comparing LUT consumption for competitive approximate mul-
tiplication circuits for 8-bit and 16-bit configurations, it is lowest
for LC-Booth circuits, followed by Booth-Approx. AxBM1 and AxBM2
have comparable LUT consumption with LC-BW circuits, for 16-bit
circuit configuration. For the 8-bit circuit configuration, the CPD of
multiplication circuits with approximate compressors is higher than
that of Booth-Approx and does not increase drastically with an increase
in the bit-width of the operands. CPD performance of LC-circuits is
comparable to multiplication circuits utilizing approximate compres-
sors, however, the former’s CPD increases more drastically as compared
to the latter on increasing the bit-width. For the 16-bit circuit con-
figuration, the low power consumption is more critical than low CPD
in lowering the PDP of multiplication circuits with approximate com-
pressors as compared to the PDP of AxBM1 and AxBM2 circuits. PDP
of LC-Booth circuits lies in between that of multiplication circuits
with approximate compressors and Booth-Approx. LC-BW circuits are
characterized by the highest CPD, compensated by their better error
performance.

Fig. 12 captures the relationship between PDP, NMED and LUT
resource consumption of approximate multiplication circuits. LC-Booth
circuits have the lowest LUT consumption with average PDP and low
NMED. LC-BW circuits have the lowest NMED, average LUT consump-
tion and highest PDP. LUT consumption and PDP increase while NMED
decreases with the version of approximation for LC-Booth and LC-BW
circuits. While having a comparable NMED with an LC-based approx-
imate circuit, Booth-Approx has an average LUT consumption and
PDP. Multiplication circuits with approximate circuits (MUL_xy_k) are
characterized by the lowest PDP and high LUT consumption. AxBM1
and AxBM2 circuits have an overall average PDP and LUT consumption,
however, have an extremely high NMED for 16-bit operands.
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Table 3
Hardware implementation analysis of signed approximate multiplication circuits on XILINX VIRTEX-7 FPGA device. CPD in ns, Power in 𝑊 and PDP in pJ.

Multiplication circuits 𝑁 = 4 𝑁 = 8 𝑁 = 16

#LUT CPD Power PDP #LUT CPD Power PDP #LUT CPD Power PDP

Accurate

Xilinx(Speed) [30] 19 1.85 0.34 0.63 73 2.76 1.35 3.73 281 3.73 3.70 13.78
Xilinx(Area) [30] 25 2.82 0.60 1.69 86 3.41 1.95 6.66 314 5.03 5.50 27.69
BW 17 2.71 0.23 0.63 65 5.67 1.20 6.80 257 11.64 3.55 41.31
Booth-Sign-1 [16] 18 1.65 0.68 1.13 66 2.80 2.36 6.60 243 4.48 5.92 26.52
Booth-Sign-2 [19] 14 2.59 0.51 1.31 54 4.37 1.66 7.26 208 5.28 5.90 31.14
Booth-Opt [18] 12 2.31 0.26 0.60 40 4.13 1.00 4.13 144 7.96 2.75 21.90

Approximate

MUL_14_4a [24] – – – – 48 4.15 0.30 1.25 208 5.85 1.30 7.60
MUL_14_6a [24] – – – – 59 4.65 0.43 2.01 212 5.85 1.32 7.72
MUL_13_4a [24] – – – – 45 3.92 0.26 1.02 163 5.62 1.00 5.62
MUL_13_6a [24] – – – – 57 4.57 0.35 1.60 176 5.63 1.04 5.86
Booth-Approx [18] – – – – 37 3.41 1.24 4.23 137 6.88 2.78 19.13
AxBM1 [25] – – – – – – – – 194 3.68 4.90 18.03
AxBM2 [25] – – – – – – – – 161 3.45 4.12 14.21
LC-BW-1 16 2.76 0.23 0.64 50 5.20 1.00 5.20 166 10.65 2.45 26.10
LC-BW-2 17 2.72 0.23 0.63 55 5.39 1.00 5.39 179 10.84 2.45 26.55
LC-Booth-1 11 2.08 0.23 0.48 27 4.04 0.85 3.43 95 7.95 1.90 15.10
LC-Booth-2 12 2.23 0.26 0.58 34 3.93 0.85 3.34 102 8.22 1.90 15.61

a Clock frequency of 100 MHz.

Fig. 12. Comparative analysis of PDP, NMED and LUT resource consumption for (a)
8-bit (b) 16-bit configuration. PDP is given in 𝑝𝐽 .

6. Case study: Massive MIMO detection

Being a promising concept for future cellular networks, massive
MIMO has been at the forefront in substantially improving both spectral
and energy efficiencies of communication systems. A MIMO system is
characterized by several Base Station (BS) antennas interacting with
several User Equipment (UE)s over a wireless communication channel
by spatial multiplexing [31]. The power dissipation at MIMO BS is
significant when the system has to be scaled on a massive level for
servicing an increasing number of UEs [32]. MIMO uplink detection

with the ZF algorithm is explored to evaluate the impact of approximate
signed multiplication circuits on symbol error-rate performance.

Approximate circuits are evaluated for the ZF MIMO uplink de-
tection algorithm. For a generic BS model, a BS with B antennas
servicing U number of UE is considered. Every UE has a single antenna.
Accordingly, y = Hx + n represents MIMO uplink signal at BS, where
𝐲 ∈ C𝐵×1 is the vector representing receive signal over B antennas of
BS, 𝐱 ∈ C𝑈×1 is transmit signal estimate from UEs to BS. 𝐇 ∈ C𝐵×𝑈
is the channel model whose entries follow identical distribution (i.i.d).
𝐧 ∈ C𝐵×1 is the channel noise. The ZF MIMO uplink signal is obtained
as:

𝐱̂ = (𝐇𝐻𝐇)−1𝐇𝐻𝐲 (16)

Typically, the more critical case is when the number of transmit
antennas is negligible to number of receive antennas i.e. 𝐵 ≫ 𝑈 . In such
scenarios, statistical methods of optimization are used to estimate the
transmit vector 𝐱̂ from receive signal 𝐲. Symbol error rate performance
of MIMO uplink signal detector improves with increasing the number of
BS antennas as the single-user channels become more decorrelated and
approaches optimal uplink detection performance when the number
of BS antennas is infinite [33]. However, this scenario is practically
not possible to engineer due to resource constraints, signal processing
complexity and energy requirements. Hence, optimization is introduced
in the MIMO uplink signal detection to achieve optimal detection with
bounded resource constraints.

Approximate multiplication circuits functionally implemented in the
C environment are compiled into a dynamic library for accelerated
simulation, which is linked to high-level Python implementation of
the MIMO uplink detection, channel matrix being randomly generated
for simulation. The circuit implementation in the C environment is
interfaced with the Python environment using ctypes library. The 64-
bit data type unsigned long long is used in C to handle multiplication
operands and the multiplication product is interfaced with c_int64 data
type provided by ctypes library. To compute Eq. (16), matrix inverse
operation is performed using the state-of-art Gauss-Jordan elimina-
tion method and accurate multiplication operations are replaced with
approximate multiplication operations. To perform a multiplication
operation, the operands are left bit shifted by𝑁−1 and truncated to the
nearest signed integer since all the operands are in the range (−1,1).
After the multiplication operation, the product is right bit-shifted by
2(𝑁 − 1).

Simulation result with 5000 randomly generated symbols for ZF
MIMO uplink detection using various approximate multipliers circuits
is presented in Fig. 13. For the 8-bit simulation of 16-QAM and 64-
QAM based MIMO detection, circuits with approximate compressors,
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Fig. 13. Symbol error rate vs. SNR simulation for ZF MIMO uplink detection using 8-bit circuits for MIMO configuration 𝐵 = 128, 𝑈 = 4 given as (a) 16-QAM (b) 64-QAM and
16-bit circuits for MIMO configuration 𝐵 = 128, 𝑈 = 4 given as (c) 16-QAM (d) 64-QAM.

AxBM1 and AxBM1 show the worst error-rate performance. Booth-
Approx diverges for higher Signal-to-Noise Ratio (SNR) for 16-QAM
and 64-QAM configurations. LC based circuits converge towards a 1%
symbol error-rate at a difference of less than 3 dB for 16-QAM as
compared to the accurate ZF MIMO uplink detector. Symbol error-rate
performance of version 2 of both LC-BW and LC-Booth is better than
that of version 1 of both circuits respectively. ZF detector with LC-
BW circuits provides more optimal detection than ZF detector with
LC-Booth circuits. For 16-bit ZF MIMO uplink detection, detectors of
all approximate circuits except AxBM1 and AxBM2, achieve a 1%
symbol error-rate at an SNR difference of less than 1 dB for 16-QAM.
Approximation in circuits increases inter-symbol interference which is
prominently sensitive to higher QAM modulations.

ZF detection with LC-BW circuits shows close to accurate ZF detec-
tion performance, specifically at 16-QAM configuration for both 8-bit
and 16-bit ZF detection, but the LC-BW circuits are characterized by
relatively high PDP. ZF detection with LC-Booth circuits show close
to that of ZF detection with LC-BW and the LC-Booth circuits have
a relatively lower PDP than LC-BW circuits. Multiplication circuits
with approximate compressors have the lowest PDP, however, their
ZF detection stringently requires 16-bit operation for convergence.
LC-Booth circuits are more advantageous than Booth-Approx for ZF
detection symbol error rate performance as well as PDP efficiency.

7. Conclusion

LC methodology is an approximation technique employed on the
accurate multiplication circuit for FPGA implementation to harness
gains in energy and resource consumption by penalizing the accuracy
of the multiplication product. The application of LC methodology for
approximate signed multiplication circuits based on BW and Booth
provides a systematic control over LUT resource consumption and PDP.
LC-BW circuits show the best performance in terms of multiplication
accuracy by cutting down on the PDP of the accurate BW, however,
have more LUT consumption than other competitive approximate cir-
cuits. LC-Booth circuits require fewer LUTs and have lower PDP as
compared to LC-BW circuits. However, since the number of MPPs is
less in LC-Booth circuits, the granularity of approximation is lower

for them and hence they incur more penalty in error performance as
compared to LC-BW circuits. LC methodology provides explicit control
over the approximation for LUT consumption, energy efficiency and
accuracy for LC-BW and LC-Booth circuits, by selectively choosing the
eligible LUTs of a MPP row for the particular circuit by using 𝑇 #

parameter. Massive MIMO detection involves computationally inten-
sive matrix-matrix and matrix–vector multiplication operations, which
are fundamentally optimized by substituting accurate multiplication
with approximate multiplication. For the application of approximate
circuits for MIMO uplink detection, the ZF detector with LC-BW cir-
cuits achieves close to accurate ZF detection performance. It is also
observed that the error performance of approximate multiplication
circuits is critical for ZF detection for high QAM and low bit-width
configurations. It can also be inferred that no single error metric can
be used to optimally choose the approximate multiplication circuit for
the ZF MIMO detection. CPD for circuits increase with bit-width and
can prove a critical factor in configuring the circuit with high clock
frequency. The proposed work presents a heuristic methodology for
approximating arithmetic multiplication circuits for FPGA and such
analysis for higher bit-widths is a topic of further research exploration
with future computing capabilities.
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Appendix A

A.1. Lemma

The following derivation explains that if a group of LUT-LSs of the
MPP have equal TP value of 𝑂6 signal, then the arithmetic mean of
𝛽-MPP can be approximated without using all LUT-LSs of the MPP.
Let the multiplication product [𝛷]2 have 𝑁𝑅 MPPs, each comprised
of 𝑁𝐶 bits. The 𝑛th MPP denoted as [𝛷𝑛]2 is comprised of the 𝑛th 𝛽-
MPP denoted as ∑𝑛−1

𝑖=0 [𝛷𝑖]2 and the CC offset denoted as 𝑛. Therefore,
[𝛷𝑛]2 = [𝑛]2 + ∑𝑛−1

𝑖=0 [𝛷𝑖]2 with [𝛷0]2 = 0 and the final product given
as [𝛷]2 = [𝛷𝑛=𝑁𝑅 ]2. 𝜌𝑖 represents the power values of radix 2 such
that 𝜌0 < 𝜌1 < ⋯ < 𝜌𝑁𝐶−1. Hence, 𝑛th 𝛽-MPP is represented as∑𝑛−1
𝑖=0 [𝛷𝑖]2 = −𝜑𝑁𝐶−12

𝜌𝑁𝐶−1 +
∑𝑁𝐶−2
𝑖=0 𝜑𝑖2𝜌𝑖 . The value of the 𝑛th 𝛽−MPP

for the 𝜁 th simulation step is computed as:
𝑛−1∑
𝑖=0

[𝛷(𝜁 )
𝑖 ]2 = −𝜑(𝜁 )

𝑁𝐶−1
2𝜌𝑁𝐶−1 +

𝑁𝐶−2∑
𝑖=0

𝜑(𝜁)
𝑖 2𝜌𝑖 (17)

The arithmetic mean of 𝑛th 𝛽−MPP evaluated over the exhaustive
simulation range:


(𝑛−1∑
𝑖=0

[𝛷𝑖]2

)
= −(𝜑𝑁𝐶−1)2

𝜌𝑁𝐶−1 +
𝑁𝐶−2∑
𝑖=0

(𝜑𝑖)2𝜌𝑖 (18)

From Eq. (6), as  (𝜑𝜆) = ⋯ =  (𝜑𝜆+𝑇 #−1) ⟹ (𝜑𝜆) = ⋯ =(𝜑𝜆+𝑇 #−1)
Hence, Eq. (18) is transformed as:


(𝑛−1∑
𝑖=0

[𝛷𝑖]2

)
= −(𝜑𝑁𝐶−1)2

𝜌𝑁𝐶−1 +
𝑁𝐶−2∑
𝑖=𝜆+𝑇 #

(𝜑𝑖)2𝜌𝑖 …

+(𝜑𝜆+𝑇 #−1)
𝜆+𝑇 #−1∑
𝑖=𝜆

2𝜌𝑖

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
critical term

+
𝜆−1∑
𝑖=0

(𝜑𝑖)2𝜌𝑖 (19)

The critical term in Eq. (19) is approximated as:

(𝜑𝜆+𝑇 #−1)
𝜆+𝑇 #−1∑
𝑖=𝜆

2𝜌𝑖 ≈ (𝜑𝜆+𝑇 #−1)2
𝜌𝜆+𝑇 #−1 (20)

Using Eq. (20) in Eq. (19):


(𝑛−1∑
𝑖=0

[𝛷̂𝑖]2

)
= −(𝜑𝑁𝐶−1)2

𝜌𝑁𝐶−1 +
𝑁𝐶−2∑
𝑖=𝜆+𝑇 #

(𝜑𝑖)2𝜌𝑖 …

+ (𝜑𝜆+𝑇 #−1)2
𝜌𝜆+𝑇 #−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
approximated term

+
𝜆−1∑
𝑖=0

(𝜑𝑖)2𝜌𝑖 (21)

Thus for every 𝑛th MPP, by using the approximation in Eq. (20), an
error is generated in the 𝛽−MPP value with arithmetic mean given as:


(𝑛−1∑
𝑖=0

[𝛷𝑖]2

)
−

(𝑛−1∑
𝑖=0

[𝛷̂𝑖]2

)
= (𝜑𝜆+𝑇 #−1)

𝜆+𝑇 #−2∑
𝑖=𝜆

2𝜌𝑖 (22)

The arithmetic mean error in Eq. (22) is accumulated at every 𝛽−MPP
till the final multiplication product value is computed, provided  (𝜑𝜆)
= ⋯ =  (𝜑𝜆+𝑇 #−1) for every MPP.
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Chapter 5 - Systematic analysis of impact of approximate

multiplication on wireless signal detection.

5.1 Résumé Long

5.1.1 Contexte de la Recherche

La QOS dans la réception de signaux sans fil englobe un ensemble de composants qui

définissent et gèrent collectivement le niveau de QOS. Des métriques telles que le BER,

le SER et le Frame Error Rate (FER) sont utilisées pour mesurer la QOS, influençant

directement la fidélité des signaux reçus. Surveiller et contrôler ces facteurs est crucial

pour maintenir la fiabilité et la stabilité de la détection des signaux, en particulier dans les

applications sensibles à la précision. La prise de conscience de la consommation d’énergie

au niveau algorithmique pour diverses applications sans fil est analysée comme un facteur

significatif pour l’évaluation de la QOS. Étant donné le rôle critique des opérations de

multiplication dans ces systèmes, l’application de techniques de calcul approximatif aux

opérations de multiplication peut entraîner des améliorations au niveau du système en

termes d’efficacité énergétique (EE) et de consommation de ressources.

Les unités fonctionnelles arithmétiques, telles que celles effectuant des multiplications,

fonctionnent intrinsèquement comme des systèmes non linéaires, et l’introduction

d’approximations peut créer des irrégularités dans ces systèmes. Le défi réside dans le

fait que les métriques statistiques actuelles ne capturent souvent pas complètement ces

irrégularités causées par l’approximation, ce qui freine l’adoption généralisée des circuits

arithmétiques approximatifs en raison des préoccupations concernant la fiabilité au niveau

du système. Pour améliorer la fiabilité du système et prendre des décisions éclairées sur

les techniques d’approximation, il est crucial de mesurer avec précision les irrégularités
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introduites par l’approximation dans les systèmes de calcul. De plus, l’utilisation du calcul

approximatif pour la multiplication dans la détection de signaux peut réduire la fidélité du

signal lorsque la résilience aux erreurs du système est dépassée, entraînant une diminution

de la fiabilité et de la stabilité du système.

5.1.2 Méthodologie

Ce travail analyse systématiquement l’impact de l’utilisation de la multiplication

approximative pour la détection de signaux sans fil. L’introduction de la multiplication

approximative introduit des irrégularités dans la détection, qui sont modélisées à l’aide

d’un modèle de bruit constant. Ce modèle est évalué pour le TM utilisé dans la détection

QPSK MMSE. La fidélité du signal, évaluée en termes de SER, est analysée à l’aide

de ce modèle. Une analyse d’approximation évalue les bénéfices obtenus en tronquant le

circuit de multiplication précis.

Le travail introduit des métriques de résilience conçues pour évaluer l’efficacité du TM

à réaliser des gains d’approximation significatifs avec un minimum de SER. Ces métriques

sont formulées sur la base de la fidélité du signal et des gains d’approximation. L’analyse

systématique englobe la fidélité du signal, l’approximation et la résilience. Toutes les

simulations nécessaires au projet sont réalisées en Python, en utilisant la bibliothèque

NumPy pour les calculs numériques et Matplotlib pour la visualisation des données.

5.1.3 Synthèse Complète

La relation entre la fidélité du signal et les conditions de canal indique que, pour un

gain de canal fixe, une augmentation du SNR entraîne un élargissement de l’intervalle

de bornes. À mesure que le gain du canal augmente, la borne inférieure du SER

diminue ; cependant, l’intervalle de bornes global s’élargit considérablement. Ainsi, une
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approximation accrue entraîne une plus grande dégradation du SER lorsque les gains du

canal augmentent. Lorsque le niveau d’approximation augmente, le système démontre

une meilleure résilience à des gains de canal élevés pour un SNR constant. Les niveaux

d’approximation inférieurs maintiennent leur résilience à mesure que le SNR augmente

pour un gain de canal fixe.

Le gain d’approximation et l’EE s’améliorent avec un niveau d’approximation plus

élevé pour toutes les valeurs de largeur de bit. L’analyse de Normalized Resiliency

Ratio (NRR) montre que les niveaux d’approximation inférieurs présentent une résilience

plus faible à faible SNR mais s’améliorent à un SNR élevé. En revanche, les niveaux

d’approximation plus élevés montrent plus de résilience dans des scénarios à faible

SNR. À mesure que le SNR et le gain de canal augmentent, l’étendue des creux de

résilience augmente également. Dans des conditions de faible SNR, NRR affiche des

creux minimaux, qui deviennent plus prononcés avec l’augmentation du gain de canal.

Les niveaux d’approximation plus élevés sont avantageux à faible SNR, tandis que les

niveaux d’approximation inférieurs ont tendance à mieux performer à SNR élevé. À

mesure que la largeur de bit des opérandes augmente, le taux d’augmentation de Average

Normalized Resiliency Ratio (ANRR) ralentit. Les creux de résilience dans ANRR

deviennent plus prononcés et les creux de résilience diminuent avec une largeur de bit

plus élevée. L’analyse systématique a été résumée dans le Tableau 5-2.

Grâce à une analyse complète au niveau du système englobant la fidélité du signal,

l’approximation et la résilience, la recherche vise à établir des lignes directrices concernant

les implications de l’adoption des opérations de multiplication approximatives pour la

détection de signaux sans fil. Globalement, ce travail représente un effort pionnier dans

son domaine, établissant un cadre fondamental pour les recherches futures visant à relier
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Table 5-1 Analyse Systématique.

Analyse Métrique Description
Fidélité du Signal SER L’intervalle de bornes augmente avec le SNR et le gain

du canal, indiquant une dégradation accrue du SER.
Approximation Gain d’Approximation Le gain d’approximation augmente avec M pour tout N,

tandis que le taux d’augmentation diminue avec N.
Approximation Efficacité Énergétique L’efficacité énergétique augmente avec M pour tout N,

tandis que le taux d’augmentation diminue avec N.
Résilience NRR Un NRR élevé est atteint par un faible M dans un régime

de SNR élevé et un M élevé dans un régime de SNR
faible.

Résilience ANRR Le taux d’augmentation de ANRR diminue avec N et les
creux de résilience augmentent avec N.

le niveau d’approximation à la QOS dans la détection des signaux.

5.1.4 Droits d’Auteur

L’article suivant est publié [69]. Les droits d’auteur sont détenus par l’auteur sous la

licence Creative Commons Attribution (CC BY 4.0).

5.2 Long Abstract

5.2.1 Research Context

QOS in wireless signal reception encompasses a set of components that collectively define

and manage the level of QOS. Metrics such as BER, SER, and FER are employed

to gauge QOS, directly influencing the fidelity of received signals. Monitoring and

controlling these factors are critical for maintaining the reliability and stability of signal

detection, particularly in applications that are accuracy sensitive. Energy consumption

awareness at the algorithmic level for various wireless applications is being analyzed as a

significant factor for QOS assessment. Given the critical role of multiplication operations

in these systems, the application of approximation computing techniques to multiplication

operations can yield system-level improvements in EE and resource consumption.
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Arithmetic functional units, such as those performing multiplication, inherently operate

as nonlinear systems, and introducing approximations can create irregularities within

these systems. The challenge is that current statistical metrics often fail to fully capture

these irregularities caused by approximation, which impedes the widespread adoption of

approximate arithmetic circuits due to concerns about system-level reliability. To improve

system reliability and make informed decisions about approximation techniques, it is

crucial to accurately measure the irregularities introduced by approximation in computing

systems. Also, using approximate computing for multiplication in signal detection can

reduce signal fidelity when the system’s error resilience is exceeded, resulting in decreased

system reliability and stability.

5.2.2 Methodology

This work systematically analyzes the impact of employing approximate multiplication

for wireless signal detection. The introduction of approximate multiplication introduces

irregularities in detection, which are modeled using a constant noise model. The constant

noise model is evaluated for TM used in QPSK MMSE detection. Signal fidelity,

assessed in terms of SER, is analyzed using this model. An approximation analysis

evaluates the benefits gained from truncating the accurate multiplication circuit.

The work introduces resilience metrics designed to evaluate the effectiveness of TM

in achieving significant approximation gains with minimal SER. These metrics are

formulated based on signal fidelity and approximation gains. The systematic analysis

encompasses signal fidelity, approximation, and resiliency. All simulations required for

the project are performed in Python, using the NumPy library for numerical computations

and Matplotlib for data visualization.
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5.2.3 Comprehensive Synthesis

The relationship between signal fidelity and channel conditions indicates that, for a fixed

channel gain, an increase in SNR leads to a wider bound interval. As the channel gain

increases, the lower bound of the SER decreases; however, the overall bound interval

expands significantly. Hence, greater approximation results in greater SER degradation

when channel gains are increased. When approximation level is increased, the system

demonstrates improved resiliency at higher channel gains for a constant SNR. Lower

approximation level maintain their resiliency as SNR increases for a fixed channel gain.

Approximation gain and EE improve with higher approximation level across all

values of bit-width. The NRR analysis shows that lower approximation levels exhibit

lower resilience in low SNR but improves at higher SNR level. Conversely, higher

approximation level demonstrate more resilience in low SNR scenarios. As SNR

and channel gain increase, the extent of resiliency dips also expands. In lower SNR

conditions, NRR displays minimal dips, which become more pronounced with increased

channel gain. Higher approximation levels are advantageous in low SNR, while lower

approximation levels tend to perform better under high SNR. As bit-width of operands

increase, the rate of increase in ANRR slows down. Resiliency dips in ANRR become

more pronounced and resiliency trough decreases with higher bit-width. The systematic

analysis has been summarized in Table 5-2.

Through a comprehensive system-level analysis encompassing signal fidelity,

approximation, and resiliency, the research aims to establish guidelines regarding

the implications of adopting approximate multiplication operations for wireless signal

detection. Overall, this work represents a pioneering effort in its domain, establishing

a foundational framework for future research aimed at linking the level of approximation
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Table 5-2 Systematic Analysis.

Analysis Metric Description
Signal Fidelity SER The bound interval increases with both the SNR and channel

gain, indicating greater degradation in SER.
Approximation Approximation Gain Approximation gain increases with M for all N, while the rate

of increase decreases with N.
Approximation Energy Efficiency Energy efficiency increases with M for all N, while the rate of

increase decreases with N.
Resiliency NRR High NRR is achieved by low M in high SNR regime and high

M in low SNR regime.
Resiliency ANRR Rate of increase in ANRR decreases with N and resiliency

dips increase with N.

with the QOS in signal detection.

5.2.4 Copyright

The following article is published [69]. Copyright is owned by the author under Creative

Commons Attribution (CC BY 4.0) license.
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Abstract: In the pursuit of energy efficiency in next-generation communication systems, approximate
computing is emerging as a promising technique. In the proposed work, efforts are made to address
the challenge of bridging the gap between the level of approximation and the Quality-of-Service
(QOS) of the system. The application of approximate multiplication to wireless signal detection is
explored systematically, illustrated by employing Truncated Multiplication (TM) on Quadrature
Phase Shift Keying (QPSK) Minimum Mean Square Error (MMSE) detection. The irregularities
induced by approximation in the multiplication operation employed in wireless signal detection
are captured by the Approximate Multiplication Noise (AMN) model, which aids in the analysis
of signal fidelity and resiliency of the system. The energy efficiency gains through approximation
are highlighted in the approximation analysis. Signal fidelity analysis provides the capability to
predict system output for varying levels of approximation, which aids in improving the stability of
the system. The higher approximation levels are advantageous in low Signal-to-Noise Ratio (SNR)
regimes, whereas lower approximation levels prove beneficial in high SNR regimes.

Keywords:wireless signal detection; approximate computing; energy efficiency; arithmetic multiplication;
noise; resiliency

1. Introduction.

The explosive growth of mobile traffic, driven by the emergence of new services
and applications [1] is propelling the development of next-generation communication
systems. This surge in mobile traffic necessitates an increase in the communication system
capability [2]. Crucial enabling technologies for next-generation communication systems
operate at the spectrum-level, protocol-level, and infrastructure-level [3]. On the spectrum
level, efforts are concentrated on increasing carrier frequencies, while at the protocol level,
gains are projected through adjustments in data packet packaging. Infrastructure-level
advancements in hardware technology play a pivotal role in enabling next-generation
communication systems, where energy consumption is a key design factor impacting the
scalability of the system [4].

The work [5] emphasizes the increasing importance of energy efficiency in system
design, aligning it with considerations of spectral efficiency and spatial reuse. In wireless
communication systems, energy consumption at Base Station (BS) and core networks be-
came a noteworthy concern due to the imperative for extensive coverage, heightened BS
density in populated areas, and management of data. Remarkably, a substantial portion,
ranging from 60% to 80%, of the overall energy consumption is attributed solely to BS [6].
This energy consumption in active mode at the physical layer of BS is linked to base-
band processing, RF processing, and signal power amplification. The average baseband
energy consumption for a 4G LTE and 5G NR BS is approximately 150 and 220 Watts,
respectively, constituting up to 5–15% of the total BS energy consumption [7]. Moreover,
the energy efficiency of RF and power amplification is influenced by the efficiency of
baseband processing [8].
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The work [9] underscores the importance of integrating energy-efficient techniques
into the design of baseband processing, addressing both operational costs and environ-
mental concerns related to BS operation. Enhancing the energy efficiency of baseband
processing, which plays a crucial role in BS operation, has a cascading effect on the overall
energy consumption of the BS. Likewise, since wireless signal detection is fundamental
to baseband signal processing, enhancing the energy efficiency of the former leads to an
improvement in the energy efficiency of the latter. Going further, a system-wide perspective
needs to include a real-time assessment and control of the energy consumption for wireless
signal detection to cater to the incorporation of future technologies.

The following contributions are presented in this work:

• Modeling of a constant noise model for wireless signal detection to evaluate the impact
of irregularities caused by approximate multiplication. AMN is a novel constant noise
model that effectively captures irregularities of TM for QPSK MMSE signal detection.

• Gauging the effect of TM on Symbol Error Rate (SER) of QPSK MMSE signal detection.
The derived analytical expression computes SER by using AMN.

• Proposition of resiliency metrics to provide insights into resilient TM configurations
for QPSK MMSE signal detection. A TM configuration characterized by a low level
of approximation proves advantageous in high SNR regimes, whereas one with a
high level of approximation is preferable in low SNR regimes.

In Section 1, the motivation for the work is established, and the contributions of the
proposed work are laid out. Section 2 outlines the related work. In Section 3, the method-
ology is detailed, utilizing components to derive entities and primary metrics for the
proposed work. Section 4 presents the derivation of secondary metrics and analysis. Finally,
in Section 5, the conclusion of the proposed work is presented.

2. Related Work

QOS in wireless communication encompasses a set of components that collectively
define and manage the level of service quality. Bit Error Rate (BER), SER, and Frame
Error Rate (FER) are key factors in ensuring the QOS, directly impacting received signal
fidelity [10]. Monitoring and controlling these factors is crucial for maintaining the reliabil-
ity and stability of communication systems, especially in accuracy-sensitive applications.
Several efforts are made in integrating energy efficiency with QOS. Energy awareness has
been induced at the algorithmic level for Internet-of-Things (IOT) application and analyzed
as a QOS factor in the work [11]. The work [12] highlights the integrated approach of
QOS parameters including energy efficiency and their influence on the dynamic network
condition and mobility of wireless sensor nodes. The work [13] explores the development
of an optimal radio resource allocation method in 5G LTE networks based on adaptive
selection of channel bandwidth depending on the QOS requirements.

As there has been a recent outburst to employ Artificial Intelligence (AI) techniques
for intelligent automation, this approach has also been explored to achieve energy efficiency
in communication systems [14,15]. However, the direct application of this approach at
the physical layer of communication systems can incur additional computational over-
heads [16] related to ancillary data processing, which could potentially negate the energy
efficiency benefits obtained at the foremost. Moreover, baseband processing of the physical
layer is also being incorporated into resource-constrained edge computing devices, where
the power budget is very stringent, but the performance constraints might be relaxed.
The work [17] underscores the challenges of meeting the commercial budget requirements
of power consumption of communication systems designed for THz frequency, which
limits their operating frequency.

Approximate computing intentionally introduces errors into systems to enhance
energy and resource consumption efficiency, albeit at the expense of tunable accuracy
loss [18,19]. This methodology relies on the error-resilient nature of applications and
employs disciplined methods for inserting errors into the system. The approach spans
hardware, software, and cross-layer methodologies across diverse application domains to
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achieve efficiency improvements [20]. The work [21] delves into approximate computing
techniques, exploring security issues and analyzing the impact of application level on
neural network processing, as well as image, speech, and baseband signal processing.
The work [22] specifically investigates the analysis of the impact of approximate computing
on application quality through a three-step process involving error characterization, error
propagation, and linking errors with the quality metric of the application. The work [23]
explores the integration of approximation techniques with conventional computing tasks
to enhance the efficient utilization of computational infrastructure. By characterizing
a library of approximated operators, the work [24] proposes a Bayesian model for pre-
dicting error propagation. Their work demonstrates improved accuracy evaluations and
computational efficiency, positioning it as a valuable tool for design space exploration in
approximate computing.

In the context of next-generation communication systems, which prioritize flexible
performance targets for enhanced energy efficiency [5,25], the use of approximate com-
puting techniques becomes relevant, which is another approach for improving energy
efficiency. These techniques allow a controlled trade-off in system performance, contribut-
ing to improved efficiency in communication systems. A comprehensive survey [26] on the
potential of approximate computing techniques for existing and future B5G communication
highlights SER as a crucial Key Performance Indicator (KPI) for channel-related problems
while energy efficiency as a prime KPI for resource allocation. By employing approxi-
mate computing techniques within a fixed power budget for communication systems, it
becomes possible to reduce overall system power consumption. This reduction in power
consumption consequently frees up additional capacity for system scaling within the same
power budget.

Recent advancements in approximate computing techniques for communication sys-
tems are summarized in Table 1. The decoder based on the Successive Cancellation (SC)
algorithm enhances the Forward Error Correction (FEC) performance of polar codes; how-
ever, it limits the throughput of its hardware implementations. To tackle this challenge,
configurable approximation units are introduced in optimized computation function blocks
used in the SC algorithm to improve the throughput of the decoder in the work [27].
The work in [28] harnesses the error-resilient nature of the inherent Fast Fourier Trans-
form (FFT) operation in the industrial wireless communication system to demonstrate the
potential of approximate computing. The exact add/subtract operators in the butterfly
structure of the FFT are replaced with approximate adders, and the impact of the modi-
fied FFT operations is analyzed at the system level. Additionally, the work emphasizes
the challenges related to system reliability and suitable error metrics, stressing the need
to establish a connection between the characteristics of approximate adders and system
performance. The work in [29] explores the application of approximate computing in the
expectation propagation algorithm used for the Sparse Code Multiple Access (SCMA)
receiver. By employing approximation techniques, the complexity of the algorithm is re-
duced, which is characterized by the number of arithmetic operations. Approximations are
incorporated into the expectation propagation algorithm at the variable and function node
updates, as well as the log-likelihood ratio calculation, to decrease algorithmic complexity.
Moreover, parameter optimizations are proposed to strike a balance between detection
performance and algorithm complexity. In the work [30], exact computing units are substi-
tuted with approximate ones in Root Raised Cosine (RRC) Finite Impulse Response (FIR)
filters used for pulse shaping at the BS and decoders/equalizers at the User Equipment
(UE) in Single Input Single Output (SISO) and Multiple Input Multiple Output (MIMO)
6G downlink operations. The BER performance of the proposed approximate computing-
empowered 6G SISO downlink is superior to its MIMO counterpart, where the induced
approximations achieve substantial power savings. The BER performance degradation
is more pronounced in the high SNR regime compared to the low/medium SNR regime.
The work in [31] exploits gradient bounds to propose a novel encoding scheme for Quadra-
ture Amplitude Modulation (QAM) mapping in the communication system required for a
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federated learning model. The results highlight the significance of quantifying the effects
of approximation on the overall application. In a fixed SNR scenario, the test accuracy of
the model deteriorates as the QAM modulation order increases.

Table 1. Approximate computing techniques for communication systems.

Work Description Approximation Modulation QoS

Zhou (2018) [27]

Throughput
improvement by

utilizing approximate
computation blocks for
decoding FEC polar

codes.

SC decoder. - FER

Hao (2019) [28]

Reliability assessment
on utilizing

approximate adders for
industrial wireless
communication.

FFT. QPSK FER

Xiao (2019) [29]

Complexity reduction
of expectation

propagation algorithm
utilized for SCMA.

Variable and functional
node update, log
likelihood ratio
computation.

- BER

Idrees (2021) [30]

Gains by utilizing
approximate

computing units in
digital signal

processing filters in 6G
downlink operation.

FIR filter at pulse
shaping/equaliza-
tion/decoding.

BPSK, QPSK, 8-PSK

BER (link), Structural
Similarity Index and

Correlation Coefficient
(Image transmission)

Ma (2023) [31]

Approximate
communication scheme
for federated learning

application.

Gradients. QPSK, 16-QAM,
256-QAM Test accuracy

While approximation techniques can enhance performance at the expense of reduced
accuracy, their application tends to diminish the reliability of the system. In the work [32],
strategies for testing approximate circuits are delineated, emphasizing the critical role
of reliability in the application of approximation techniques to any system. To address
the reliability challenge, it is necessary to precisely estimate the accuracy of the approxi-
mate system in correlation to the level of induced approximation. The work [33] delves
into approximation techniques grounded in the determinism of system accuracy and the
granularity control provided by these techniques. The objective is to bolster the reliabil-
ity of approximate systems by accurately estimating system accuracy reflecting the level
of approximation.

Multiplication operations are pivotal in communication systems, influencing overall
processing capability and the efficiency of handling complex mathematical transformations.
Precision in these operations is vital for maintaining system accuracy, directly impacting
signal fidelity during reception. Moreover, the resource-intensive nature of multiplication
operations consumes substantial computational resources. In the context of energy efficient
communication system design, particularly in environments with resource constraints and
battery-powered devices, optimizing the efficiency of multiplication operations becomes
paramount. Therefore, the introduction of approximations in multiplication operations
presents an opportunity to improve the overall energy efficiency of communication systems.

Arithmetic functional units performing operations like multiplication inherently func-
tion as nonlinear static systems and approximating them introduces irregularities in the
system. The challenge lies in the insufficient capacity of current statistical metrics to
fully capture these irregularities arising from approximation, creating a barrier to the
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widespread adoption of approximate arithmetic units as concerns about system reliability
emerge. In one such attempt, the work [34] seeks to assess the impact of a nonlinear
approximate adder on the application using statistical metrics. Accurately measuring the
irregularities introduced in the computing system due to approximation is essential for
enhancing the reliability of approximated systems and making more informed choices
regarding the selection of approximation techniques.

Noise models are prevalent to model the cause of irregularities in the system, which
may be deterministic or non-deterministic [35]. The peak value evaluation error method
in wireless receivers was studied in the work [36] for urban noise impulses using past
experimental data for different frequency bands, modulation schemes, and bit rates. Non-
Gaussian noise was statistically modeled in the work [37] for signal processing applications.
The work [38] provides an overview of impulse noise and its models, highlighting their
similarities and differences in communication systems and by comparing the performance
of single-carrier and multi-carrier communication systems under impulse noise. A compu-
tationally intensive Gaussian mixture model is employed to model the impulsive noise for
computing analytical expression of SER [39].

In the systematic analysis depicted in Figure 1, the preliminary entities are derived
from components. These entities are utilized to formulate primary metrics, while secondary
metrics are derived from the primary ones. All analyses are conducted using primary
and secondary metrics. The proposed work introduces an AMN model to characterize
irregularities resulting from the approximate multiplication operation in wireless signal
detection as shown in Figure 2. The TM structure is used as an approximate multiplication
technique, while the MMSE technique is utilized for signal detection in the proposed
work. Utilizing the AMN, a closed-loop expression for the SER is derived for QPSK
MMSE signal detection with TM. This expression serves to assess the resilience of various
configurations of TM for MMSE detection.

Components Entities Metrics Analysis

Approximate Multiplication
Noise

Regression estimate 

Average energy per
operation

Circuit latency

Signal Fidelity

Approximation

Resiliency

Primary

Secondary

Symbol Error Rate

Approximation Gain

Energy Efficiency

Resiliency Ratio

Normalized Resiliency
Ratio

Average Normalized
Resiliency Ratio

Approximate
multiplication circuit

Signal detection
technique

Minimum Mean
Square Error

(MMSE)

~
~

~

~ ~

~

~

~

~

~

~

~

~

~

Truncated
Multiplication

(TM) 
with Radix-4

Booth encoding

Figure 1. System analysis for energy-efficient wireless signal detection using approximate mul-
tiplication circuit. The relationship between entities, metrics, and analysis with components is
explicitly demonstrated.
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AWGN
Transmitter

Wireless Channel MMSE Detection

~

AMNAWGN

Transmitter

Wireless Channel MMSE Detection

(a)

(b)

Figure 2. (a) MMSE detection using approximate multiplication. (b) Equivalent model for computing
x̂ using AMN and accurate multiplication.

3. Methodology
3.1. Preliminary

The notation |.| signifies the absolute value, while E denotes the expectation operator.
The symbols ℜ and ℑ represent the real and imaginary components, respectively. P{G } de-
notes the probability of occurrence of any event G . [.]2 denotes integer values represented in
two’s complement form. The Probablity Distribution Function (PDF) of normal distribution

with mean µ and variance σ2 is represented as N (µ, σ) = 1
σ
√
2π

exp
(
− 1

2

(
x−µ

σ

)2)
, where

exp(.) is the exponential function. Adding a constant k to N (µ, σ) results in a new distribu-
tion, N (k+ µ, σ). Multiplying a normal distribution by k yields new normal distribution
N (kµ, kσ). For two normal distributionsN (µ1, σ1) andN (µ2, σ2), the resultant normal dis-

tribution is given as N (µ1, σ1) +N (µ2, σ2) = N (µ1 + µ2,
√

σ2
1 + σ2

2 ). The complementary
error function, erfc(.), evaluates to 0 as ∞ is approached and to 2 as −∞ is approached.
Using the symmetry property of erfc(.), it can be inferred that erfc(−x) = 2− erfc(x).
The integration of a normal distribution within the interval [a, b] is expressed as the definite
integral [40]:

∫ b

a
N (µ, σ) =

1
2

(
erfc

(
a− µ

σ
√
2

)
− erfc

(
b− µ

σ
√
2

))
(1)

Cov(.) represents the covariance operation. The linear operations performed on a
complex random variable apply to its real and imaginary components. The symbol ×∼ is
used to denote the approximate multiplication of two operands.

3.2. Truncated Multiplication

Consider bit signals ai, bi, ϕi ∈ {0, 1} for i = 0, 1, . . . ,N − 1. In the context of signed
multiplication, the N-bit multiplicand and multiplier operands are represented in two’s
complement form as [A]2 = −aN−12N−1 + ∑N−2

i=0 ai2i and [B]2 = −bN−12N−1 + ∑N−2
i=0 bi2i,

respectively. The multiplication product is denoted as [P]2 = −ϕ2N−122N−1 + ∑2N−2
i=0 ϕi2i.

In the Radix-4 Booth algorithm for encoding the multiplier [41], the multiplication product
[P]2 is computed using the Algorithm 1.
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Algorithm 1 Signed multiplication using Radix-4 Booth algorithm.

1: [A]2 and [B]2 are N-bit multiplicand and multiplier.
2: procedure ([A]2, [B]2,N)
3: Initialize product [P]2 as 0 with 2N bits.
4: Initialize b−1 as 0.
5: for i← 0 to N/2− 1 do ▷ N2 clock cycles
6: if b2i+1b2ib2i−1 = 001 or b2i+1b2ib2i−1 = 010 then
7: [P]2 ← [P]2 + ([A]2 ≪ 2i) ▷ 2N clock cycles
8: else if b2i+1b2ib2i−1 = 101 or b2i+1b2ib2i−1 = 110 then
9: [P]2 ← [P]2 − ([A]2 ≪ 2i) ▷ 2N clock cycles

10: else if b2i+1b2ib2i−1 = 011 then
11: [P]2 ← [P]2 + ([A]2 ≪ 4i) ▷ 2N clock cycles
12: else if b2i+1b2ib2i−1 = 100 then
13: [P]2 ← [P]2 − ([A]2 ≪ 4i) ▷ 2N clock cycles
14: end if
15: end for
16: return [P]2
17: end procedure

The multiplication operation is approximated for TM by truncating the M least signif-
icant bits of every partial product generated by the multiplication operation, as illustrated
in Figure 3. Thus, a TM configuration is decided by M. The TM product is obtained as
[P̂]2 = −ϕ2N−122N−1 + ∑2N−2

i=M ϕi2i.

~

Figure 3. TM implemented using Radix-4 Booth algorithm for signed N bit operands [A]2 and [B]2.

However, the operands used in baseband processing are rational numbers with a
fractional part. Therefore, N-bit signed multiplication with fixed-point representation is
considered for baseband processing, with N/2 bits allocated for the integer part and N/2
bits for the fractional part. Consequently, the operands for baseband processing are scaled
by a factor of 2N/2 to convert them into two’s complement form. The multiplication product
is then converted back to fixed-point representation from two’s complement form by using
a scaling factor of 2−N . With operands [A]2 = A · 2N/2 and [B]2 = B · 2N/2, the accurate
multiplication is represented as P = ([A]2[B]2)2−N , while the TM product is represented
as P̂ = ([A]2 ×∼ [B]2)2−N .

The mean of the error between accurate multiplication and TM is given by
µP̂ = E{[A]2[B]2} −E{[A]2 ×∼ [B]2}. Considering the two’s complement form of operands,
the exact value of µP̂ is obtained through exhaustive simulation of all possible multiplication
values for a particular N, as given in Table 2. For exhaustive simulation, all integer values
from range [−2N−1, 2N−1 − 1) are considered for multiplicand and multiplier operand.
However, when it is not feasible to perform exhaustive simulation for a particular N, µP̂ is
point estimated with selective multiplication values. For point estimating µP̂, KN samples
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from range [−2N−1, 2N−1− 1) are considered for multiplicand and multiplier operand with
an equal step size of 2N−1−1

KN/2−1 = 2N−2
KN−2 . The mean of the error for fixed-point representation

is given by:

νP̂ = E{P− P̂} = E{P} −E{P̂} = µP̂2
−N (2)

Table 2. Error mean νP̂ values for N = 8, 12, 16, 20. νP̂ values for N = 8, 12 are calculated with ex-
haustive simulation of operands, while νP̂ values for N = 16, 20 are point estimated using KN = 4096
and represented by †.

νP̂

M N = 8 N = 12 N=16 † N=20 †

1 9.77× 10−4 6.10× 10−5 3.81× 10−6 2.38× 10−7

2 3.91× 10−3 2.44× 10−4 1.57× 10−5 9.56× 10−7

3 1.37× 10−2 8.54× 10−4 5.64× 10−5 3.35× 10−6

4 3.71× 10−2 2.32× 10−3 1.55× 10−4 9.09× 10−6

5 9.96× 10−2 6.23× 10−3 4.13× 10−4 2.44× 10−5

6 2.40× 10−1 1.50× 10−2 9.88× 10−4 5.89× 10−5

7 5.84× 10−1 3.65× 10−2 2.38× 10−3 1.43× 10−4

8 1.33× 100 8.34× 10−2 5.41× 10−3 3.27× 10−4

9 - 1.93× 10−1 1.24× 10−2 7.56× 10−4

10 - 4.27× 10−1 2.75× 10−2 1.67× 10−3

11 - 9.58× 10−1 6.15× 10−2 3.76× 10−3

12 - 2.08× 100 1.33× 10−1 8.16× 10−3

13 - - 2.93× 10−1 1.80× 10−2

14 - - 6.27× 10−1 3.85× 10−2

15 - - 1.36× 100 8.35× 10−2

16 - - 2.88× 100 1.77× 10−1

17 - - - 3.81× 10−1

18 - - - 8.04× 10−1

19 - - - 1.71× 100

20 - - - 3.59× 100

3.2.1. Regression Estimate for P̂

The P̂ values are obtained through the operation of TM. To derive an analytical
expression for the SER, there is a necessity for a mathematical model representing P̂.
The P̂ values exhibit slight deviation from the P values for a specific operand pair. This
relationship between approximate and accurate multiplication values is depicted in Figure 4
for N = 8, where P and P̂ values display linear co-variation. This inference can be extended
to other values of Nwithout loss of generality. Utilizing this sufficient statistical information
about covariance, it is possible to estimate P̂ from P as the predictor variable in a linear
regression model [42].
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Figure 4. Variance of accurate multiplication values P and TM values P̂ for N = 8 for varying M.
P and P̂ have linear covariance.

Consider a linear regression model P̂ = β0 + β1P+ ϵ, where β0 and β1 are regression
coefficients and ϵ ∼ N (0, σ2) is the error term. The estimated regression model is given as
P̂ ≈ β0 + β1P and the values of estimated regression coefficients β̂0 and β̂1 are calculated
as follows:

β̂1 =
Cov(P̂, P)
Cov(P, P)

(3)

and
β̂0 = E{P̂} − β̂1E{P} (4)

Since Cov(P̂, P) ≈ Cov(P, P) as inferred from Figure 4, it implies that β̂1 ≈ 1; hence,
β̂0 can be evaluated from Equation (4) and Equation (2) as follows:

β̂0 = E{P̂} −E{P} = −νP̂ (5)

The estimated regression model can be calculated as follows:

P̂ ≈ P− νP̂ (6)

The linear regression model for P̂ in Equation (6) provides a crude estimate of the
multiplication product values of TM, which will be used for SER computation.

3.2.2. Energy Efficiency

The energy efficiency of TM for a particular N and M is computed with respect to the
accurate multiplication. For the analysis of energy efficiency, an approximate expression
is computed henceforth. For any multiplication operation performed using a digital logic
processor, the total power consumed can be expressed as E · # multiplication/sec, where
E is the average energy consumed per multiplication operation. The latency T of the
multiplication operation is computed as the product of total clock cycles and the processor
clock frequency. The number of multiplication operations per second is thus 1

T . Low E
signifies a more energy-efficient multiplication operation.

For accurate multiplication operation using the Radix-4 Booth algorithm, the total
clock cycles consumed by the multiplication operation stem from the steps outlined in
Algorithm 1. Primarily, every partial product computation consumes about 2N clock cycles
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for a typical ripple carry addition operation. As there are N/2 partial products to be
computed, the total clock cycles consumed are about N/2(2N) = N2. In the case of TM as
shown in Figure 3, the operand bit-width for partial product addition is 2N −M. Hence,
the total clock cycles for TM are:

N
2
(2N −M) = N2 − NM

2
(7)

For a processor operating at a clock frequency of F Hz, the latency of accurate multi-
plication and TM is computed as:

TP = N2F, TP̂ =

(
N2 − NM

2

)
F (8)

For a power budget of Q Joule intended for multiplication operation on the processor,
consider both accurate multiplication and TM for a specific task. Then, the relation between
energy per operation for accurate multiplication denoted as EP and EP̂ for TM can be
derived as follows:

Q =
EP
TP

, Q =
EP̂
TP̂

=⇒ EP
TP

=
EP̂
TP̂

(9)

To quantify the reduction in average energy consumed per multiplication operation,
the fractional gain due to approximation caused by TM can be computed as approximation
gain as follows:

Approximation Gain =
EP
EP̂

=
TP
TP̂

=
N2F(

N2 − NM
2

)
F
=

2N
2N −M

(10)

The relative change in EP̂ with respect to EP is calculated as:

EP − EP̂
EP

= 1− EP̂
EP

(11)

Expressing Equation (11) in terms of N and M as:

Energy Efficiency =
EP − EP̂

EP
=

M
2N

(12)

The expressions for approximation gain and energy efficiency enable us to compare
the gains achieved due to approximation for multiplication operation with accurate multi-
plication and TM.

3.3. SER Expression

For the QPSK constellation of symbols with each symbol represented by 2 bits, the al-
phabets for symbols are represented by set X = {−1− j1,−1+ j1, 1− j1, 1+ j1}. Let x be
the signal representing the transmit symbol such that x ∈ X considering Additive White
Gaussian Noise (AWGN) channel and constant fading channel h. Es represents the energy
per symbol. AWGN for the receiver system is represented by w and the random variableW is
used to represent the values of w such thatW ∼ CN (0,σ2

n), where σ2
n = N0 and N0 being the

Noise Spectral Density (NSD). Es/N0 is used to denote the SNR. The noise variance is evenly
distributed between real and imaginary components of the symbol such that the variance per

component is σ2
n
2 . The scaling factor for energy normalization for x is given as S =

√
Es
2 .

The received signal is represented as:

y = Shx+ w (13)
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Consider AMN as δ = δℜ + jδℑ. The received signal with AMN:

y = Shx+ w+ δ = y+ δ (14)

MMSE detection [43] is a signal detection technique derived using optimization of the
mean square error between transmit and receive symbols. MMSE detection achieves near-
optimal performance while maintaining low computational complexity, rendering it highly
suitable for implementation across a wide array of computing platforms, particularly those
with limited computing resources. Additionally, MMSE detection exhibits high robustness
across various SNR conditions, particularly in scenarios characterized by low SNR levels.
This robustness enhances error resilience within the system, which enables expansion of
the scope for approximation with high reliability.

The transmit symbol is estimated using MMSE at the receiver represented by x̂ such that:

x̂ =
1
S

E{|x|2}
E{|x|2}|h|2 + N0

h∗y =
h∗

S|h|2 y (15)

as E{|x|2}|h|2 ≫ N0.

3.3.1. AMN Model

The MMSE computes x̂ for transmit symbol x; however, by employing TM at the
detection stage, an approximated x̂ is obtained. To compute expression for δ, the signal x̂
approximated by using TM at the receiver as shown in Figure 2a is equated to equivalent
model of x̂ approximated by employing AMN and accurate multiplication as shown in
Figure 2b. The approximate value of x̂ using TM at the receiver is computed as follows:

x̂ ≈ h∗

S|h|2 ×∼ y =
1

S|h|2 (hℜ ×∼ yℜ + hℑ ×∼ yℑ) +
j

S|h|2 (hℜ ×∼ yℑ − hℑ ×∼ yℜ)

≈
(

hℜ
S|h|2 yℜ +

hℑ
S|h|2 yℑ −

2ν
P̂

S|h|2
)
+ j
(

hℜ
S|h|2 yℑ −

hℑ
S|h|2 yℜ

)
(16)

The approximate value of x̂ using accurate multiplication by employing AMN is
computed as follows:

x̂ ≈ h∗

S|h|2 y =

(
hℜ

S|h|2 yℜ +
hℑ

S|h|2 yℑ
)
+ j
(

hℜ
S|h|2 yℑ −

hℑ
S|h|2 yℜ

)

≈
(

hℜ
S|h|2 yℜ +

hℑ
S|h|2 yℑ +

hℜδℜ + hℑδℑ
S|h|2

)
+

j
(

hℜ
S|h|2 yℑ −

hℑ
S|h|2 yℜ +

hℜδℑ − hℑδℜ
S|h|2

)
(17)

Equating Equations (16) and (17):

hℜδℜ + hℑδℑ = −2νP̂ (18)

and hℜδℑ − hℑδℜ = 0 (19)

From Equations (18) and (19), the values of δℜ, δℑ and eventually δ can be evaluated as:

δ =
−2ν

P̂
hℜ

|h|2 − j
2ν

P̂
hℑ
|h|2 =

−2hν
P̂

|h|2 (20)

AMN facilitates use of signal ȳ in x̂ detection.

3.3.2. SER Evaluation Using AMN

With signal x, consider the approximate detection of x̂ using MMSE detection by using
signal ȳ. For AWGN channel, the random variable for ȳ is modeled as Y = Shx+W + δ.
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Separating Y into real and imaginary components Yℜ ∼ N (Shℜxℜ − Shℑxℑ + δℜ, σn/
√
2)

and Yℑ ∼ N (Shℜxℑ + Shℑxℜ + δℑ, σn/
√
2). Hence,

x̂ ≈ h∗

S|h|2 y =⇒ X̂ ≈ h∗

S|h|2Y (21)

X̂ ≈
(

hℜ
S|h|2Yℜ +

hℑ
S|h|2Yℑ

)
+ j
(

hℜ
S|h|2Yℑ −

hℑ
S|h|2Yℜ

)
(22)

The linear combination of two random variables also results in a random variable [44].
Using the PDF for Yℜ and Yℑ in Equation (22) and δ, the PDF expressions for real and
imaginary parts for X̂ are evaluated as follows.

fX̂ℜ ≈
1

S|h|2N
(
hℜ(Shℜxℜ − Shℑxℑ + δℜ) + hℑ(Shℜxℑ + Shℑxℜ + δℑ),

σn√
2

√
h2ℜ + h2ℑ

)

≈ 1
S|h|2N

(
xℜS(h2ℜ + h2ℑ)− 2 νP̂,

σn√
2
|h|
)

≈ N
(
xℜ −

2ν
P̂

S|h|2 ,
σn√
2S|h|

)
(23)

fX̂ℑ ≈
1

S|h|2N
(
hℜ(Shℜxℑ + Shℑxℜ + δℑ)− hℑ(Shℜxℜ − Shℑxℑ + δℜ),

σn√
2

√
h2ℜ + h2ℑ

)

≈ 1
S|h|2N

(
xℑS(h2ℜ + h2ℑ),

σn√
2

√
h2ℜ + h2ℑ

)

≈ N
(
xℑ,

σn√
2S|h|

)
(24)

To compute the area under the inference regions for QPSK as shown in Figure 5,
consider integrals I1, I2, I3, and I4. Using fX̂ℜ and fX̂ℑ when xℜ, xℑ = ±1, these integrals
are computed as follows:

Figure 5. Inference regions for the QPSK constellation.
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I1 =
∫ ∞

0
fX̂ℜ

∣∣∣
xℜ=1

=
∫ ∞

0
N
(
1−

2ν
P̂

S|h|2 ,
σn√
2S|h|

)

=
1
2
erfc

(
−S|h|2 + 2ν

P̂
σn|h|

)
(25)

I2 =
∫ 0

−∞
fX̂ℜ

∣∣∣
xℜ=−1

=
∫ 0

−∞
N
(
−1−

2ν
P̂

S|h|2 ,
σn√
2S|h|

)

=
1
2

(
2− erfc

(
S|h|2 + 2ν

P̂
σn|h|

))
=

1
2
erfc

(
−S|h|2 − 2ν

P̂
σn|h|

)
(26)

I3 =
∫ ∞

0
fX̂ℑ

∣∣∣
xℑ=1

=
∫ ∞

0
N
(
1,

σn√
2S|h|

)
=

1
2
erfc

(−S|h|
σn

)
(27)

I4 =
∫ 0

−∞
fX̂ℑ

∣∣∣
xℑ=−1

=
∫ 0

−∞
N
(
−1, σn√

2S|h|

)

=
1
2

(
2− erfc

(
S|h|
σn

))
=

1
2
erfc

(−S|h|
σn

)
(28)

These integrals are used in evaluating the probability of correct symbol detection by
the receiver for every symbol in X . The SER for QPSK is computed by evaluating the
union probability that each of the symbols in X is transmitted and received correctly at the
receiver [45]. The SER expression is computed as follows:

SER = 1− 1
4

4

∑
i=1
P(x̂ = si|x = si)

= 1− 1
4
(I1 I3 + I2 I3 + I2 I4 + I1 I4) = 1− 1

4
(I3+ I4)(I1+ I2)

= 1− 1
8
erfc

(−S|h|
σn

)(
erfc

(
−S|h|2 + 2ν

P̂
σn|h|

)
+ erfc

(
−S|h|2 − 2ν

P̂
σn|h|

))
(29)

Substituting the values of S and σn,

= 1− 1
8
erfc

(
−|h|

√
Es

2N0

)(
erfc

(
−|h|2√Es + 2

√
2ν

P̂
|h|√2N0

)
+

erfc

(
−|h|2√Es − 2

√
2ν

P̂
|h|√2N0

))
(30)

SER is computed by simulation in Figure 2a using 5000 symbols in Python. The
analytical expression of Equation (30) tracks SER obtained using simulation for N = 8, 16
as shown in Figure 6. It can be observed that for both N = 8 and N = 16, the SER starts
increasing with an increase in SNR after M = N/2.
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Figure 6. Comparison of SER for N = 8, 16 with channel gain |h|2 = 0.25 for varying M calculated
analytically using Equation (30) and by simulation for (a) N = 8; (b) N = 16.

4. Analysis
4.1. Signal Fidelity Analysis

The SER of the QPSK MMSE signal detection using TM is evaluated in Figure 7
under varying channel gain conditions. The SER for a specific N, a specific channel gain
and a specific SNR is bounded within an interval. The SER exhibits resilience for a range
of M, forming the lower bound and begins to degrade thereafter with an increase in M.
Furthermore, after a certain value of M, it becomes constant with a further increase in M,
establishing the upper bound of SER.
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Figure 7. Signal fidelity analysis for QPSK MMSE signal detection using TM for varying M for
N = 8, 16, 12 and 20 for channel gain (a) |h|2 = 0.25; (b) |h|2 = 1.
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For a given channel gain, the bound interval increases with an increase in SNR.
Although the lower bound of SER decreases with an increase in channel gain, the bound
interval increases significantly. This implies that approximation causes more degradation
of SER for high channel gain. However, the resiliency is sustained for higher values of M
when channel gain is increased for the same SNR. Additionally, resiliency is maintained
for lower values of M, when SNR is increased for the same channel gain.

4.2. Approximation Analysis

TM configurations for N = 8, 12, 16 and 20 are analyzed for approximation gain and
energy efficiency in Figure 8. Approximation gain is assessed using Equation (10) and
energy efficiency is evaluated using Equation (12). Both approximation gain and energy
efficiency increase with an augmentation in M for all values of N. However, the rate
of increase in approximation gain and energy efficiency decreases as N increases. This
observation implies that the approximation gain and energy efficiency are lower for higher
values of N for a specific value of M.
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Figure 8. Approximation analysis with varying M truncation bits: (a) Approximation Gain; (b) En-
ergy efficiency.

4.3. Resiliency Analysis

For achieving high energy efficiency of the TM configuration in QPSK MMSE signal
detection, it is crucial to choose a configuration that exhibits a high approximation gain for
high energy efficiency. However, high approximation gain necessitates a corresponding
increase in the value of M, resulting in a rise in the SER. Balancing a high approximation
gain and minimizing the SER is key to achieving optimal performance when utilizing a TM
for QPSK MMSE signal detection. The resiliency of TM configuration can be considered
high if it provides high approximation gain without degrading much of the SER.

The Resiliency Ratio (RR) serves as a metric to quantify the resiliency of TM opera-
tion for QPSK MMSE detection for a specific combination of M, SNR and channel gain
computed as follows:

RR |SNR,|h|2 =
Approximation Gain

SER |SNR,|h|2
(31)

The Normalized Resiliency Ratio (NRR), defined as the ratio of RR to the maximum
RR for a given h and SNR across all values of M scales the RR in range of [0, 1] and is
computed as follows:
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NRR |SNR,|h|2 =
RR |SNR,|h|2

max
M≤N

(
RR |SNR,|h|2

) (32)

While the NRR is a useful metric to analyze resiliency, it depends on SNR and channel
gain. Hence, Average Normalized Resiliency Ratio (ANRR) provides insights into overall
resiliency of the TM and is computed by averaging NRR values for KSNR samples of SNR
in range [−10, 10) and K|h| samples of channel gain in range of [0, 1) as follows:

ANRR =
1

KSNRK|h|

1

∑
|h|=0

10

∑
SNR=−10

(
NRR |SNR,|h|2

)
(33)

The graph of NRR and ANRR exhibits a distinct resiliency dip, commencing at the
resiliency crest and concluding at the resiliency trough. An examination of Figure 9 reveals
that for lower values of M, NRR tends to be lower for lower SNR regime, as depicted in
Figure 9a,d, in contrast to its behavior in high SNR regime seen in Figure 9c,f. Conversely,
at higher values of M, NRR significantly rises at low SNR compared to its performance at
high SNR. The resilience of approximations with low M is more pronounced in the high SNR
regime, while those with high M are more resilient in the low SNR regime. The extent of the
resiliency dips expands with an increase in both SNR and channel gain. Also, the value of M
required to reach the resiliency crest rises with SNR.
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Figure 9. NRR analysis for QPSK MMSE signal detection using TM for varying M. NRR evaluated
for (a) |h|2 = 0.25, Es/N0(dB) = −10; (b) |h|2 = 0.25, Es/N0(dB) = 0; (c) |h|2 = 0.25, Es/N0(dB) =
10; (d) |h|2 = 1, Es/N0(dB) = −10; (e) |h|2 = 1, Es/N0(dB) = 0; (f) |h|2 = 1, Es/N0(dB) = 10.
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In the lower SNR regime, NRR experiences low resiliency dips, while dips begin to form
with an increase in channel gain. NRR approaches 0 after the resiliency trough for high M in
high SNR regime and high channel gain. The resiliency trough decreases with an increase in
SNR for all values of N. After a resiliency dip, surpassing the NRR beyond the resiliency crest
towards 1 becomes increasingly difficult with an increase in SNR and channel gain. Until the
resiliency crest is achieved, the rate of increase of NRR amplifies with an increase in both
SNR and channel gain. Approximation with higher M is advantageous in low SNR regime,
while that with lower M is advantageous in high SNR regime.

From the ANRR analysis presented in Figure 10 using KSNR = 20 and K|h| = 100, it
is evident that the rate of increase in ANRR diminishes with an increase in N. Resiliency
dips for ANRR intensify with an increase in N and the resiliency trough decreases with an
increase in N.
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RR

N = 8
N = 12
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Figure 10. ANRR analysis for QPSK MMSE signal detection using TM for varying M with
KSNR = 20 and K|h| = 100.

5. Conclusions

The proposed work systematically investigates the impact of employing approximate
multiplication, represented by TM, on wireless signal detection, represented by QPSK
MMSE detection. It aims to address the challenge of linking approximation level with QOS
of the system through analyses of signal fidelity, resilience, and approximation. The study
evaluates the AMN model to understand the effects of irregularities induced in the system
by approximation and derives an analytical expression for the SER using the AMN model
for signal fidelity analysis. A summary of all the simulations conducted for the proposed
work is depicted in Table 3.

Signal fidelity analysis forecasts system output at different approximation levels,
thereby enhancing the stability of the system. Energy efficiency increases with higher levels
of approximation in TM. However, an increase in TM approximation leads to degradation
of SER, and system reliability begins to decline after error resilience has been exhausted
beyond a certain level of approximation. Resilience metrics capture this phenomenon and
provide insights into reliable approximate configurations. Higher levels of approximation
exhibit more resilience in low SNR scenarios, while lower levels of approximation are more
resilient in high SNR scenarios. In the context of the proposed work, future avenues for
exploration include extending the AMN model to accommodate high modulation schemes,
diverse channel models, a variety of approximate multiplication schemes, and alternative
receiver techniques.
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Table 3. Simulation Summary.

Analysis Metric Parameter Description

Entities

Computation νP̂
N = 8, 12; M = 1 . . .N; KN = 2N ;
Operand range [−2N−1, 2N−1 − 1)

As given in Table 2, νP̂ values are com-
puted by exhaustive simulation.

Computation νP̂

N = 16, 20; M = 1 . . .N; KN =
4096; Operand range:[−2N−1, 2N−1− 1);
step size = 2N−2

KN−2

As given in Table 2, νP̂ values are com-
puted by point estimation.

Covariance P, P̂ N = 8; M = 1 . . .N; KN = 2N ;
Operand range [−2N−1, 2N−1 − 1)

As depicted in Figure 4, P and P̂ have
linear covariance.

Verification SER N = 8, 16; M = 1 . . .N; |h|2 = 0.25,
5000 symbols per Es/N0(dB)

As depicted in Figure 6, the analytical
expression for SER tracks the SER com-
puted by simulation.

System

Signal Fidelity SER N = 8, 12, 16, 20; M = 1 . . .N;
|h|2 = 0.25, 1; Es/N0(dB) = −10, 0, 10

As depicted in Figure 7, the bound in-
terval increases with both the SNR and
channel gain, which indicates a greater
degradation in SER.

Approximation Approximation Gain N = 8, 12, 16, 20; M = 1 . . .N
As shown in Figure 8a, approximation
gain increases with M for all N, while
the rate of increase decreases with N.

Approximation Energy Efficiency N = 8, 12, 16, 20; M = 1 . . .N
As shown in Figure 8b, energy efficiency
increases with M for all N, while the rate
of increase decreases with N.

Resiliency NRR N = 8, 12, 16, 20; M = 1 . . .N;
|h|2 = 0.25, 1; Es/N0(dB) = −10, 0, 10

As shown in Figure 9, high NRR is
achieved by low M in high SNR regime
and high M in low SNR regime.

Resiliency ANRR N = 8, 12, 16, 20; M = 1 . . .N;
KSNR = 20; K|h| = 100

As shown in Figure 10, rate of increase in
ANRR decreases with N and resiliency
dips increase with N.
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Chapter 6 - Concluding Remarks

6.1 General Discussion

The scope for further improvement in DN includes improving its latency and throughput.

With antenna scaling to extremely large number, the advantages of using soft detection

methods, such as MAP approaches begin diminishing in terms of SER. Linear

computational complexity methods like DN can provide significant gains in SER in

such scenario. However, exploration of this aspect can be done for DN with increased

computing capabilities and tools to conduct such simulation and development. A focus

on optimizing interconnect bandwidth between BS antennas is essential along with

improving detection accuracy and throughput. Investigating hybrid topologies could yield

more flexible performance gains in MIMO systems.

When designing signed multiplication circuits for FPGA using the LC methodology,

a key challenge lies in computing the TP values either analytically or through selective

simulation of operands. It would also be valuable to explore the potential gains of the LC

methodology in the context of ASIC implementation by adapting the methodology for the

ASIC design flow. The performance of approximate multiplication circuits is generally

evaluated using Pareto-optimal analysis. Further research into novel metrics for assessing

error rate performance and hardware implementation efficiency could lead to a unified

metric for evaluating the suitability of an approximate multiplication circuits for specific

applications.

For a systematic analysis of the effects of approximate multiplication circuits on

wireless signal detection, the use of the AMN model should be further explored to

accommodate high modulation schemes, diverse channel models, various approximate

multiplication schemes, and novel receiver techniques. Analytically computing the mean
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error value νP̂ could strengthen the mathematical estimation of P̂. Further analysis could

also focus on effectively capturing the nonlinear and spatial correlations that arise in

MIMO systems to improve the overall analysis, in which the current work provides a

guideline.

6.2 Conclusion

The research investigates strategies to improve EE in B5G for MIMO wireless signal

detection. Drawing on a thorough analysis of current literature, this research posits two

level approaches each offering individual gains in KPIs: algorithm decentralization and

approximate computing. These approaches are the focus of three research articles aimed

at advancing the overarching goal of enhancing the EE. The work paves way for exploring

further application of approximate computing techniques for D-MIMO detection for

heightened EE, making it a topic of further interest.

The algorithm decentralization approach is applied to MIMO detection to score on

KPIs for B5G. This research introduces a novel D-MIMO algorithm and its hardware

implementation topologies based on centralized Newton optimization algorithm. In

the second approach, the work explores the application of approximate computing

technique for arithmetic signed multiplication operations, which are phenomenal in

deciding the QOS of wireless signal detection. A heuristic methodology is proposed

to induce approximation into accurate signed multiplication circuits for FPGA, and

the system-level impact of these approximate multiplication circuits on MIMO signal

detection is analyzed. To determine the appropriate level of approximation relative to

QOS in signal detection, a systematic framework is proposed for SISO. Drawing from the

conceptual understanding of this framework for SISO, guideline is derived in Appendix.

A for selecting an optimal level of approximation in MIMO by considering the tractability
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of the problem.

The first article introduces the DN algorithm for D-MIMO uplink detection, achieving

performance close to ZF signal detection with relatively low computational complexity.

Additionally, it proposes and analyzes two hardware topologies—ring and star—for

FPGA implementation across various configuration scenarios. The second article

presents LC methodology for creating approximate FPGA softcore circuits designed

for signed multiplication operations. LC-BW circuits prioritize high accuracy, while

LC-Booth circuits primarily focus on minimizing hardware consumption. Furthermore,

it analyzes the application of approximate multiplication circuits for ZF MIMO uplink

signal detection, studying the impact on signal fidelity. The third article systematically

investigates the effects of approximate multiplication on wireless signal detection,

particularly in QPSK MMSE detection utilizing TM operations. The AMN model is

employed to characterize system irregularities induced by approximation in wireless signal

detection. Signal fidelity, approximation, and resilience analyses contribute to maintaining

system stability and reliability.

6.3 Future Work

The research work can lead to future possibilities which are being discussed in

contemporary literature:

• Robustness to realistic channel environments [13]: Investigate methods to

enhance robustness to channel estimation errors and varying channel conditions.

Develop algorithms that dynamically adapt to changes in CSI without significant

performance degradation. Consider colored noise when designing algorithms for

signal detection.
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• Lower interconnect bandwidth [23]: Explore decentralized algorithms with

reduced interconnect bandwidth to improve scalability of D-MIMO.

• Integration with emerging technologies [30], [26]: Integrate MIMO detection

with emerging technologies such as OTFS, ML frameworks, sensing, and Intelligent

Reflecting Surfaces (IRS) to achieve synergistic gains.

• Utilization of novel electromagnetic modelling techniques [13]: Leverage

distributed processing benefits while mitigating issues such as high inter-symbol

interference or spatial non-stationarities.

• Configurable architectures [70]: Develop approximate computing enabled

wireless signal detection architectures that can be configured to varying network

conditions. Investigate novel technique to configure these architectures intelligently.

• Utilization of ML Methods for Design Space Exploration for EE [27], [71], [72]:

Explore ML techniques for decision making in approximate computing enabled

MIMO detection systems.

• Increased Interoperability [30]: Develop techniques for seamless cross-platform

solution deployment and enhance interoperability between resource-constrained IoT

devices and large-scale systems to improve application integration.
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Appendix A - Titre de l’annexe A

Approximate multiplication for general matrix-vector operation.

This section demonstrates the analysis of the effect of approximate multiplication on

matrix-vector operations in the context of MIMO uplink signal detection. Unlike SISO

systems, where signals are transmitted and received through a single antenna, MIMO

systems involve simultaneous transmission and reception of multiple signals through multiple

antennas. The interaction between these signals results in nonlinear effects such as inter-channel

and spatial interference. Having multiple antennas at both the transmitter and receiver

introduces a vast number of possible channel states. Each channel state corresponds to a

different combination of fading coefficients, interference levels, and noise characteristics,

posing challenges in deriving a closed-form expression for SER that accurately.

Quantitatively, the QOS of MIMO systems can be assessed in terms of metrics like

SER, BER, FER or Mean Square Error (MSE). However, as closed form expression is

challenging to obtain, an upper bound on the MSE is evaluated henceforth, which provides

valuable insights for application of approximate multiplication for MIMO uplink signal

detection. Accordingly, the concept of AMN is extended to MIMO uplink system and an

upperbound on MSE is derived using the AMN.

For a MIMO uplink detection system with U transmit and B receiver antennas, channel

matrix H ∈ CB×U is represented as:
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H =




h11 h12 · · · h1U

h21 h22 · · · h2U

...
... . . . ...

hB1 hB2 · · · hBU




Hermitian matrix HH ∈ CU×B is represented as:

HH =




h∗11 h∗21 · · · h∗B1

h∗12 h∗22 · · · h∗B2
...

... . . . ...

h∗1U h∗2U · · · h∗BU




With transmit signal x, the receive signal y is given by:

y = SHx+w (A.1)

Detected signal after application of Matched Filter (MF) is obtained as:

x̂ =
1
S

HHy (A.2)

However, after application of approximate multiplication at the receiver instead of

accurate multiplication, the estimate of x̂ denoted as ˆ̂x is computed as:

ˆ̂x =
1
S

HH ×∼ y (A.3)
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x̂ =
1
S




h∗11 h∗21 · · · h∗M1

h∗12 h∗22 · · · h∗M2
...

... . . . ...

h∗1K h∗2K · · · h∗MK



×∼




y1

y2

...

yM



=

1
S




h∗11 ×∼ y1 +h∗21 ×∼ y2 + · · ·+h∗M1 ×∼ yM

h∗12 ×∼ y1 +h∗22 ×∼ y2 + · · ·+h∗M2 ×∼ yM

...

h∗1K ×∼ y1 +h∗2K ×∼ y2 + · · ·+h∗MK ×∼ yM




=
1
S




h∗11y1 +h∗21y2 + · · ·+h∗M1yM

h∗12y1 +h∗22y2 + · · ·+h∗M2yM

...

h∗1Ky1 +h∗2Ky2 + · · ·+h∗MKyM



+

1
S




−2MνP̂

−2MνP̂
...

−2MνP̂



=

1
S

HHy+
1
S




−2MνP̂

−2MνP̂
...

−2MνP̂




(A.4)

When AMN is used, the received signal is ȳ given as:

y = SHx+w+δ = y+δ (A.5)

ˆ̂x =
1
S

HHy =
1
S

HH(y+δ ) =
1
S

HHy+
1
S

HH
δ = x̂+

1
S

HH
δ (A.6)
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Comparing eq. (A.4) and (A.6),

HH
δ =




−2MνP̂

−2MνP̂
...

−2MνP̂




=⇒ δ = (HH)−1




−2MνP̂

−2MνP̂
...

−2MνP̂




(A.7)

The Degradation MSE is defined as the D-MSE between the output by detection

scheme and that by employing the approximate multiplication.

D-MSE ≤ 1
K
E
{
(x̂− ˆ̂x)T (x̂− ˆ̂x)

}

≤ 1
K
E

{
K

∑
i=1

(x̂i − ˆ̂xi)
2

}

≤ 1
K
E

{
K

∑
i=1

(
2MνP̂

S

)2
}

≤
4M2ν2

P̂
S2

S
2M

√
D-MSE ≤ νP̂ (A.8)

The above equation provides a lower bound on the value of νP̂, given a specific D-MSE

to be tolerated in the system. The availability of νP̂ aids in the choice of appropriate TM

configuration based on the required D-MSE.
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