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Signal Propagation in Transmission Lines with Losses
Using Fibonacci Wave Functions

Simon Hissem and Lamine Mamadou Doumbia

Abstract — In this paper, the general model for an infinite LC
ladder network using Fibonacci wave functions that were
applied to lossless transmission lines will be extended to
transmission lines including losses. The general model that was
derived from a first order system transfer function representing
a simple RC or RL circuit will be used to model and analyze
transmission lines presenting losses. The LC ladder network
model can be applied to any order for each inductor current
with its parasitic 7, resistor and for each capacitor voltage with
its parasitic r¢ resistor. The extension of the proposed general
model to transmission lines with losses is subject to Heaviside
condition for both resistors rcand r;.

Keywords — Fibonacci wave functions, Heaviside, LC ladder,
losses, Pascal’s triangle, Transmissions lines.

1. INTRODUCTION

In the previous papers [1] and [2], Fibonacci wave
functions (FWFs) were introduced to model an infinite LC
ladder network without losses. A general model for any LC
ladder network order was also introduced.

In the literature, very few papers analyzed either LC ladder
or transmission cable including losses with exhaustive
mathematical calculations [4]. Most other papers used only
lossless modeling and analysis. Introducing losses in such
systems leads to another level of difficulties in modelling and
analyzing these systems [3], [5] and [6]. Fibonacci wave
functions may help simplify and extend the analysis to
another horizon.

In this paper, the extension of FWFs with its general model
to LC ladder network with losses to model a transmission
lines with resistive losses will be modeled and analyzed for
different orders and will be compared to MATLAB-Simulink
LC model presenting the same losses. The paper is organized
as follow. Sections II and III are dedicated to the general
model extension to resistive-capacitive including losses
Fibonacci electrical circuit (RC-FEC-Losses) and resistive
inductive including losses Fibonacci electrical circuit (RL-
FEC-Losses. Section IV describes a comparative study of
FWFs and RC-FEC-Losses using MATLAB-Simulink
model. Section V shows a comparative study of FWFs and
RC-FEC-Losses of transmission line with short and open
terminations.

II. RC-FEC-LOSSES FIBONAcCI ELECTRICAL CIRCUIT

The original Fibonacci transfer function has the following
form [1].
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(kxc) —
9*96) = (1)
with
K = wfand x, = RC
The first order electrical circuit RC-FEC-Losses is

presented in Fig. 1.
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Fig. 1. First order RC-FEC-Losses.

The equivalent impedance between the capacitor C and its
parasitic resistor 7, can be easily calculated as follows.

with a = i and changing Laplace variable s to the new
C

reference § = s + a. The impedance Z, becomes.

Furthermore, the circuit in figure 1 can easily be written in
the new Laplace reference defined by Laplace variable §

1 1
Vo B E B L_ _ K _ (K xc,a)
s L DT e T
RC RC
(ﬁ)(K,Xc:a) __t G(K‘xC’a)(S) (2)
LIt Stx. !
1
K = I and x, = RC

The second order RC-FEC-Losses circuit diagram shown
in Fig. 2 and its transfer function in (3).
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Fig. 2. Second order RC-FEC-Losses.

The equivalent impedance between the inductor L and its
parasitic resistor 1, can be easily calculated as follows:

ZL=rL+sL=(s+%)L

with aq; = TL—L and changing Laplace variable to the new

reference § = s+ a; with the condition a; = a which is
exactly the known Heaviside condition for no signal
distortion through the transmission lines. This condition does
not eliminate losses through the lines. This condition is
necessary to extend the Fibonacci wave functions to
transmission lines that present losses.

L 3
a—L—CCWl s+a 3)

The impedance Z; becomes Z; = SL.
Furthermore, the circuit in figure 2 can easily be written in
the new Laplace reference defined by Laplace variable S,,.

LC (5 + e (5)) I,

c
I K
@ T
: Stsvx
Cc

Vi = (LG9 (s) +5L) 1, =

The transfer function of the third order RC-FEC-Losses (5)
is derived from circuit diagram presented in Fig. 3.

L
LN

S

Fig. 3. Third order RC-FEC-losses

LC (5 + Gz(K'x"a)(S)) v,
L

I = (C6{*9(s) +5C)V, =

K
= — GéK,xc,a) (S)

S+ x.

( )(KXC a)

One can see that an even n‘" order RC-FEC-Losses (Fig.
4) will have voltage as input and current as output.

n=n;,+n 6)

n. total number of capacitors in the circuit.
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n;, total number of inductances in the circuit.
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Fig. 4. n*" even order RC-FEC-Losses.

The FWF of the n*" even order of the circuit in Fig. 4 is:

I, K

(K, x.a) (K x,a)
()50 = e = (S (7
vt S+6% s " 2

For the n** odd order in the circuit in Fig. 5, the FWF is:

K
(Kxea) _ (K X))
( ) = e ) O] (8)

Fig. 5. n™" odd order RC-FEC-Losses.

Table I shows general FWFs in RC-FEC-Losses for all
orders.

TABLE I: RC-FEC-LOSSES FIBONACCI WAVE FUNCTIONS IN REFERENCE

LS, a)
K v K
Kxca) _ ~(Kxca) _ Yo\ (Kxc) — (K.xc,a) —
( ) =G T S+x, @ G 18 + 1x,
(Kxea) _ ~(Kxea)
(CV 2 - G I, (Kxea) _ ~(Kxea)
K (C_VL 2 =G,
= 571( KS + Kx,
+ _
S+x, 18* + 1x.S + 1K
( )(K Xy a) (K'xcra)
LI; K 3 = )(Kxca) — G(Kxca)
-~ LI;
S+LK _ KS? + KSx, + K2
Stsia 18% + 1x.8” + 2KS + 1Kx,
( (Kxea) _ G (K.xca)
cv Lo \(Kxea) _ (Kxea)
K (C_Vl 4 - G4
T s+ K - _ KS®+Kx 8" +2K2S + K%x,
S+ P 18"+ 1x,8° + 3KS® + 2Kx,S + 1K?
+
S+x,
( I, ;K Xe) _ G (K, xc.a) gr(lK'xC'a) (5)
e Kden(XeD(s)
S_I_g(xxca)(s) Sden(Kxca)(S) +num(Kx°a)(S)
n even
e 5, — Kem i VS)
( )(K x) _ (K Xc@) n densll(,xc,a) )
K
S +6IT(S)
n odd
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All currents through each inductor and voltages through
each capacitor are determined by their corresponding FWFs.
For nt"* = 40 of RC-FEC-Losses in Fig. 6, its general model
can be easily generated with all FWFs for all currents in each
inductor and all voltages in each capacitors in Fig. 7.
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Fig. 6. n*" even order RC-FEC-Losses.
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Fig. 7. n*" = 40 even order RC-FEC-Losses Model using FWFs for each
current and voltage branch in reference £(S, a).

III. RL-FEC-LOSSES FIBONACCI ELECTRICAL CIRCUIT

As RC-FEC-Losses Fibonacci wave functions FWFs, RL-
FEC-Losses can be calculated easily. The first order circuit in
Fig. 8 and its FWF is presented in (9).

o ——x—=> -
J a—pn—s—a T =
ol |vi = 2
Amplitude
Fig. 8. First order RL-FEC-Losses.
I, (K,xL,) (K.xp,a)
—); M =——=G, """ (S
(CVL- 1 S+x; 1 ©) ®)
K = ! d
TRl
K= 1
T LC

For the 2" order RL-FEC-Losses the FWF is expressed in
(10).

Fig. 9. Second order RL-FEC-Losses
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V;
(_o)gK,xL,a) — — GZ(K,xL,a) (S)
LI

S (10)

The third order RL-FEC-Losses will be defined with an
input voltage and output current (Fig. 10) and its FTF in (11).

lo ﬁ L N L
_an -WHJ H'WH -l’ml-

Fig. 10. First order RL-FEC-Losses.
I K
(C_IU/' gI(,xL,a) — 7 — G§K,XL,a)($)
i S+ —p— (1)
P
S+ Xy,

an even n‘"order RL-FEC-Losses in figure 11 has its FWF
expressed in (13).
(12)

n=n,+n;

n. is the total number of capacitors in the circuit.
ny, is the total number of inductance in the circuit.

i L .

Amgiue

Fig. 11. n** even order RL-FEC-Losses.

Vo (Kxp,a) _ K

(CroN = G (s)

== 13
S+ 6Hr(s) (13)

An odd n*"order RL-FEC-Losses in Fig. 12 has its FWF
expressed in (14).

K
S+ GHI(s)

Io (Kxpa) _ _ ~(Kxp,a)
(C—Vin b= =G, V(S (14)

Fig. 12. n** odd order RL-FEC-Losses.

Table II shows FWFs in the case of RL-FEC-Losses with
losses.
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TABLE II: RL-FEC-LOSSES FIBONACCI WAVE FUNCTIONS IN REFERENCE

L(S,a)
( 1 (Kxp,a) _ G(K ,XL,a)
Lvt doywna _ grna K
__K Lyt 18 + 1x;
5 +x;
( )(KxLa) GZ(K,XL.a) ( )(KxL a GZ(K'XL'u)
% _ KS + Kx;
5+5+x 18 + 12,8 + 1K
(o yna _ gk
LVi 3 3 (1_0 (Kaxpa) _ G(K,xL.u)
_ K LVL 3 , 3
s+ K KS™ +KSx; + K*?
K =
St54a, 18% + 1%, 8 + 2KS + 1Kx,
( )(K XL,a) _ G(K XL,a)
K ( )(KXLa) — G(KxLa)
+ sk | _ KS® + Kx, 8% + 2K2S + K2x,
S+-K 18* + 12,8 + 3KS® + 2Kx, S + 1K?
S+x;
n even
Kxpa) _ ~Kxpa)
=G,
( ) n GT(LK,xL) (5)
- # Kden® 39 (S)
S+ G(n—l) (5) $d (K xL a) (5) + num(K XL,a) (5)
n odd
I,
(Kxp,a) _ ~(Kxpa)
(LV n - G - G(K XL a)(s) — Kden(K e (‘S)
K deny” = )
S + G(n—l) (S)

All currents through each inductor and voltages through
each capacitor are determined by their corresponding FWFs.
For n = 40 of RL-FEC-Losses in Fig. 13, its general model
generated with all FWFs for all currents in each inductor and
all voltages in each capacitor in FigL 14.

li—
s e fM,P i

Fig. 13. n®" even order RL-FEC-Losses.
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Fig. 14. n*" = 40 even order RL-FEC-Losses Model using FWFs for each
current and voltage branch in reference£L(S, @).

IV. COMPARATIVE SIMULATION OF RC-FEC-LOSSES AND
THEIR FWFS

Comparative simulation studies were conducted between
the electrical circuits using MATLAB-Simulink model with
Fibonacci wave functions for each order in Table 1. The
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studies confirm that these electrical LC ladder circuits for
different orders representing different transmission lines
length with losses defined by r; and 7, follow the same
recurrent Fibonacci sequence modelled by FWFs [1].

Case 1: R=1Q: L=1H; C=IF: 1, = 0.020; rc———SOQ

In this case (K,x.,a) = (1,1,0.2). Pascal’s Triangle in
Table II presented in [1] will be used to determine all FWFs.

G&*eD () taken as example is an even function, using its
numerator and denominator coefficients are expressed in (15)
using Table *II in reference L(S, a).

Kden& 9 (S)

( Lo [ wxoa
den (K Xc) ( S)

_ ~(Kxa)
CVL 14 Gl4 (5)
den D (8) = 151 + 1x. S + 12KS"" + 11Kx. S""

+ 55K28° + 45K%x,S° + 120K3S’

+ 84K3x,S° + 126K*S° + 70K*x, S

+56K5S° + 21K5x,S” + 7TK5S

+ 1K%x,
den® D (8) = 15 + 1. 8" + 13KS"* + 12Kx S
+66K2S" + 55K%x,S° + 165K3S
+120K3x,S” + 210K*S°
+126K*x, S° + 126K5S*
+56K5x,S’ + 28KSS” + 7KSx,S
+ 1K’

4

(15)

8

TABLE III: PASCAL'S TRIANGLE GENERAL FORM WITH MULTIPLICATION

COEFFICIENTS
xK? x K

X _)KL)K?-IL) KET_,K‘iL; KST_) KET_) K’ L; KBT—)

10 5 1

15 20 15 6

21 35 35 21

28 56 70 56, 28 8

9 36 84 126 126 84

10 45 120 —> 210 232

11 330 462

12 __966T 495 792

13 78 786 715

14 91 364
105

@ o Wk
=)

15

CECES RN RS RS E—m—a— s eSS s

i v bt S e s i e e e e

Using input voltage V;(t) = a for all even orders FWFs
and input current [;(t) = a for all odd orders FWFs. Fig. 15
shows the block diagram in both references L(s) and L(S, a)
for voltage as input, the figure is also applicable when the
input is current. Simulation will be used in L(S, a) since all
FWFs are perfectly known.

a - X -
Vi) =a
in Laplace reference L(s)
a
Vi($) =
_ (Kxc@) L I (t
| e 2 [0
Vi(t) = ae™ e-at |

in Laplace reference L(S, a)

Fig. 15. FWFs block diagram in Laplace L(s) & L(S, @).
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This block diagram is also applicable for all odd orders
FWFs with current as input and voltage as output.

Simulations of (1" W02 _ ¢y Gié’l’o'z)(S) model and RC-

FEC-losses Slmuhnk model for order 40 shown in figure 16
are identical with input voltage V;(t) = a = 1V.
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Fig. 16. RC-FEC-Losses (-2 )(1 10D = ¢+ 60P(8) & Simulink circuit
Model.
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= 40 RC-FEC-Losses for all voltages with FWFs & Simulink
circuit model.
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Fig. 17. n®*

ol

M0

°
@

12. 4. 15......

&

[

L L L
100

L L
200 250 300

150
Time in seconds
Fig. 18. n'* = 40 RC-FEC-Losses for currents with FWFs & Simulink
circuit model.

Steady states values (SSV) can be easily found using Table
IV below with (K, x., a) = (1,1,0.2).

TABLE IV: RC-FEC-L0OSSES FWFS SYSTEM GAIN (S = a)

(Kxea) _ ~(Kxea)
=G,
( ) ( )(K Xe) _ G(K X)) _ K
— K T la+ 1x,
a+x,
( LN A
i lo \(Kxea) _ ~(Kxea)
(K, xc0) 20 yKxea) _ L(Kxea
GZ (CVl 2 2
___ K _ Ka+Kx,
Ot ot " 1a?+1x.a+ 1K
( )(K X a) (K.xc,a)
3 ( )(K X a) (K,xc,a)
K 3
= 174 Ka® + Kax, + K?
a+ =
as K 1a® + 1x.a” + 2Ka + 1Kx,
a+x,
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Iy (K xea)
(_ 4 I
CVL (_0 Kxe,a) _ G(K.Xc;a)
_ G(K,xc,a) CV,- 4 — Yy
* K _ Ka®+Kx.a® +2K%a+ K2x,
= o+ K - " 1a* + 1x.a3 + 3Ka® + 2Kx.a + 1K?
a+ e
a+——
atx,
1,
Kxea) _ ~(Kxca)
(cv n = Gn %D ()
= % Kden®™* (q)
a+G, ;"% (@) BN CER) Kxod)
n even aden, 7 (a) + num, 7" (a)
K.xc,a
( )(Kxc) G(K Xc,a) G;EK'xE'a) (a) Kderzy(lz x1c a)) (a)
K ()
T a+GEFD (q)
n odd
V. TRANSMISSION LINES WITH LOSSES IN SHORT AND OPEN

LoAD

In radio frequency telecommunication field, analyzing
transmission cables quality is crucial in RF design. Voltage
Standing Wave Ratio (VSWR) return losses (RL) and
distance to fault (DTF) are the main three ways to check the
transmission cable quality and to detect any damage issues.
The analysis performed with antenna termination, load
termination, short and open load termination. In this
paragraph, Fibonacci wave functions FWFs will be
determined in both open and short transmission cable
termination and compared with recurrent RC-FEC-losses
Simulink model order 40 in Fig. 12.

The input impedance or admittance can be found using
Pascal’s triangle for the case R=1 L=1H; C=IF; 1, =
0.02Q; ¢ ———SOQ

This is a partlcular case of Pascal’s triangle general form
detailed in [1].

Below is an example of G,3(S) and G,4(S) using Pascal’s
triangle in Table III.

For 13" and 13" order RL-FEC-Losses circuit in Fig. 19
is used to determine the corresponding FWFs.

( 1 (Kxpa) _ G(KxL a)(s) KdeniKXL a)(S)
CV 13 EI;XLa)(‘S)
( )(K XL a) G(K'XL"I)(S) KdeniK X,a) (S) (16)
14 - (I( X1,a) (5)
R
X, = Z

For RC-FEC-Losses circuit in Fig. 16 for order 13 and 14.

Kden®*+9(8)

( Lo kxea)
den (K Xc,a) (5)

— (Exqa)
CVL 14 - Gl4 (5) -

(17
Kden& 9 (8)

(K xca) (Kxca)
=G, S) =
( ) () de (Kxca)(s)

1
xc=ﬁ
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For RC-FEC-Losses or RL-FEC-Losses, the input
impedance or admittance for any order n and for both short-
circuit and open-circuit is as follow.

For short-circuit (R = 0Q2), x, = o using RC-FEC and
x; = 0 using RL-FEC-losses. Equations (19), (20) and (21)
become.

Vs k,x1,=0, k,x1,=0,
G = 6L T0s)
i

1813 + 12KS'" + 55K%5° + 120K3S7
+126K*S° + 56K5S3 + 7K°S
1514 + 13KS12 + 66K2S1° + 165K3S58
+210K*S6 + 126K5S* + 28K652 + 1K7

=K *

I k,x1,=0, k,x1,=0,
G =63
13
1812 + 11KS'° + 45K%58 + 84K3S°
+70K*S* + 21K5S% + 1K®
1813 + 12KS'! 4+ 55K2S9 + 120K3S7
+126K*S5 + 56K553 + 7K6S

(18)

=K *

I =00, ,XC=00,
(™™ = 67 s)
13
1512 + 11KS'° + 45K258 + 84K3S°
+70K*Ss* + 21K°S% + 1K®
1813 + 12KS11 4+ 55K289 + 120K3S7
+126K*S5 + 56 K553 + 7K6S

=K *

|4 —oo, =oo
RO
LI

18 + 10KS° + 36K2S7
«__ +T56K3S° + 35K*S3 + 6K5S?
1512 + 11KS10 + 45K2S8 + 84K3S°6
+70K4S% + 21K582 + 1KS

For an open-circuit (R = 0.Q), x, = 0 using RC-FEC-
Losses and for RL-FEC-Losses x; = co. Equations are
determined below.

I - -
(™™ = G0
13
1813 + 12KS' + 55K25° 4+ 120K3S7
+126K*S5 + 56K°S3 + 7K°S
181 + 13KS'2 + 66K2510 + 165K3S8
+210K*S6 + 126K55* + 28K652 + 1K

=K *

v, _ -
G = 6 Ts)
1812 + 11KS'° + 45K?S® + 84K3S°
+70K*S* + 21K5S% + 1K
1513 + 12KS11 + 55K285° + 120K3S7
+126K*S5 + 56K553 + 7K6S
(%)(K,Jq:oo,a) _ Gl(f,xL=oo,a)(S)
13

(19

=K %

14 -
1512 + 11KS'° + 45K2S58 + 84K3S°
+70K*S* + 21K°S% + 1K®
18513 + 12KS11 + 55K25° + 120K3S7
+126K*S5 + 56K553 + 7K6S

=K *

1 = =
(G =6 TS
15 + 10KS° + 36K%S7
«__ T56K3S° + 35K*S3 + 6K>S*
18512 + 11KS10 + 45K258 + 84K3S6
+70K*S* + 21K55% + 1K®

Simulations were conducted using general model shown in

Fig. 7 and RC-FEC-Losses Simulink model for n = 40
(1,%=0,02) 1,(1,%=0,0.2)
Iy Vo

20).
All current across inductors and all voltages across

capacitors are also shown for both FWFs and Simulink model
for RC-FEC-Losses order 40 in Fig. 21 and 22.

are perfectly the same (Fig. 19 and

DOI: http://dx.doi.org/10.24018/ejece.2021.5.5.360

EJECE, European Journal of Electrical Engineering and Computer Science
ISSN: 2736-5751

Output current 140
5

S
L

ol

L L L L
o 50 100 150 200 250 300
Time in seconds

Fig. 19. RC-FEC-Losses and general model (Iié'o'o'z), V; =1V,R = c0Q).

15

Output voltage V21

ol L L L L L
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Time in seconds

Fig. 20. RC-FEC-Losses and general model (‘/2(11,0,0.2)’ V; =1V,R = c0Q).

... V39

V1. V3. V5........

100 150 200 250 300
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Fig. 21. RC-FEC-Losses and general model (Vl(;go%’ V;=1V,R = c0Q).

1.2 T T

w40

12. 4. 16...

o 50 100 150 200 250 300
Time in seconds

Fig. 22. RC-FEC-Losses and general model (I 530, Vi = 1V, R = 00 Q).

VI. CONCLUSION

In this paper, a complete Fibonacci wave functions FWFs
model that was first applied to an LC ladder network
representing lossless transmission line [1] and [2] is extended
to LC ladder network presenting losses (7, 1) to model a
transmission line with no distortion subject to Heaviside
condition. The general model with losses proposed in this
paper helps find automatically all transfer functions, any
input impedance or admittance for any recurrent LC network
order.
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This research shows the importance of Fibonacci wave
functions and their application in modelling recurrent
complicated systems. These FWFs model research is still
ongoing to model LC ladder network presenting losses
(1, 1,) with distortion non subject to Heaviside condition.
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